Rates of Change and the Slope of a Curve

The average rate of change (ARoC) of a function f(x) between two points P(a, f(a)) and

O(a+h, f(a+h)) refers to the slope of the secant line, mg, joining P and Q:

y y=f(x)

Q(a+h, f(a+h))

Ay _ flath)-f(a)

Ax (a+h)—a
LA _ flath)-f(a)
Ax h

S

m :M“O

This expression is called the
“Difference Quotient”

As Q gets closer and closer to P, the slope of the secant line can be used to approximate the
slope of the line tangent to f at P, which we called the instantaneous rate of change

(IRoC) of f(x) at P.

The instantaneous rate of change (IRoC) of
function f(x) at point P(a. f(a)) on the function can
be determined by the slopes of the secant lines PQ as
point Q(a+ h, f(a+ h)) gets closer and closer to point P
(a, f(a)), ie, as h gets closer and closer to zero, a+4
gets closer and closer to «, thus Q gets closer and

closer to P and the slope of the secant line PQ gets
closer and closer to the slope of the tangent line, m, .

as h—>0

faxh-f@ _
h T

Y/

Tangent to f(x) at
the tangent point P

x



Rates of Change and the Slope of a Curve

Average rate of change refers to the rate of change of a function over an interval. It

corresponds to the slope of the secant connecting the two end points of the interval.

Instantaneous rate of change refers to the rate of change at a specific point. It

corresponds to the slope of the tangent passing through a single point, or tangent point, on
the graph of a function.

For a given function y = f(x), the instantaneous rate of change at x = a is estimated by
calculating the slope of a secant over a very small interval, a < x < a + h, where / is a very
small number (i.e. approaching zero). The slope of the secant between P(a, f(a)) and

Q(a+h fla+h))is:
A fla+h)-f(@)
Ax (a+h)—a

Ay _flath=f@ .
Ax h '

/'

This expression is called the difference quotient.

Example: A decorative balloon is being filled with helium. The table shows the volume of
helium in the balloon at 3 second intervals for 30 seconds.

1 (s) 0 3 6 9 12 15 18 21 24 27 30

V(em®)| 0 | 42 | 335 | 113.0 | 267.9 | 523.3 | 904.3 | 1436.0 | 2143.6 | 3052.1 | 4186.7

a) Calculate the slope of the secant for each interval. What does the slope of the secant

represent?

(i) 21s to 30s (i21sto 27 s (iii)21sto 24 s
Ay _H1863-1436.0 A% 305.21-14936.0 Ay _ A43.6-1436.0
3_7?' 30 -2l AX T a3-a\ AX ~  24-al

“The slope of the secant represents he average rote. of charoe.

In dhis case, 1+ represents the vote o which +he volume of the
kalloon 1s chamjmq over on intenol of +me. (Note: o posthve value
represents an increase in the volume.)



b) Graph the information in the table using the GDC. Draw an approximate tangent at the
point on the graph corresponding to 21 s and calculate the slope of this line. What does

this graph ||IusTr'aTe') What does the slope of the tangent represent?
V4 V=6.4%t7-79.8+ +1s0 Tange nt line usmgﬂ-l’ne GDC: y=213%-2330.
'ﬂ\e. slope of Fhe (ine'is 3\3

“The T-o.Ph represents -the volume 2t —the balloon

mc_reaS\ over Fime. The siope. of the ‘ongent-
seK the. instantaneous rode of change.

al . off the. volume of the balloon ok exacty ats.

c) Compare the secant slopes in a) to the slope of the tangent. What do you notice? What
information would you need to calculate a secant slope that is even closer to the slope of

the tangent?

“the. slopes of Hhe seants in part o) are. 30bum’s, A4 um’/s and
B6 (m¥s. These values ore o.p\amadmng ‘he. value. of -the slope. of

+he -\-mqerﬂ' To calwiate. a secont slope. thad- is aven oser +o +the
sope of -Hhe +anoent, doka. for o smaller interval of fime should

be used.

DETERMINING TANGENTS USING THE GDC

A graphing calculator can be used to draw a tangent to a curve when the equation for the

function is known.

Steps: 1. Enter the equation: Y=

2. Press| 2™ |and | PRGM |to access the DRAW menu

3. Choose 5:Tangent(
4. Enter the x-value of the tangent point. [Press ENTER.]

Note: Equation of the tangent is at the bottom left of the screen at the given x-value.



Rates of Change {Jsing EGuations

<<

y=f(x)

Q(a+h, f(a+h))

2

h

a+h X

For a given function y = f(x), the instantaneous rate of change at x = a is estimated by
calculating the slope of a secant over a very small interval, a < x < a + h, where h is a very
small number.

Slope of secant (average rate of change):

Ay fla+h) - f(a)
Ax (a+h)—a

Ay fla+h) - f(a) This expression is called the
E = P  h#0 "Difference Quotient”

Example 1: Write a difference quotient that can be used to obtain an algebraic expression for
estimating the slope of the tangent to a function f(x)= x> at x=2.

a+th) - 3 3 3

—%;%—: *( 3_\ 16 or  {G)=x = £(®=3" , §(arh) = (3+h)
=3
(+h)-
h . L\;% _ (2th)*-3
= (a+h)>-3 & h

h



Example 2: Aliis cleaning the outside of the balcony windows at his apartment which is
located 90 m above the ground. He accidentally kicks a flowerpot, sending it over the edge of
the balcony. The height of the flowerpot above the ground at any instant after it begins to

fall is s(f) =90 —4.91*, where t is the time in seconds and s is the height in metres.

a) Determine the average rate of change of the flowerpot's height above the ground in
the interval between 1 s and 3 s after it fell from the edge of the balcony.

b) Estimate the instantaneous rate of change of the flowerpot's height at 1 s and 3 s.

c) Determine the equation of the tangent at ¢ = 1 by hand.

d) Verify your results in part c) using the GDC.

Solwhon :
Q) &s _ s@-s(i)
ot ” 34
_ [20-4.4(Y] -[q0-440Y’]
- Q

= -19.6

b) Defference Quotient:
As _ _S(on)- s(o)
ot o h
_ [a0-4.a(a+}] - [a0-490%]
h
_[a0-44(a2+2sh+h®)] -q0 + 42"
h
- 90-4.30>-9.80h-4.9h' -2D+4.94>

h
= —A8ah-4h*

h
= h(-9.20-4.9h)
h

= -q-ﬁa' ‘I-qk ) h 0

+.The average rate of change. is ~1%.6 m/s.

Instontanesus Kede of (havge :
At s, using h=0.001:

e ~a.2(1)-4.9(0.001)

£-9.30
% The instantaneous rote. of change
af Is is approx. -9.30 m/s.

At 3s, USing h=0.00I:
As _ _ - .
£ - - a,3(3) -4.9(0-00D
= -2q.4
~The IRoC is approx. -3a.4ms.



&) Fom pavt b) the TRoC ot Is is appox -4:30 nys.

s()= 90-4,4(1) Tanognt point is (1,85.0.

= g5.1
avﬁwnuC«mgm¥hmu
x=1 =mxtb or Y=Y, =m(x-%)
y=1385. (35.)= a.80)()+b s-(: g5.0)= (-q .?o)[-b - (l)]
m=-49.20 49=b S=-9,80t +2.80+35.l

s=-980t +34 .9
~The eqyaﬁon ot the, -\-arxﬁe,n{- line at =\
s s=-9.80t+94.9

d) From 4he GDC, qua:\‘!on of -Hn+an3en\' is: Y=-q.8x+949



Experiencing Limits
Evaluating Limits of Convergent Sequences

A sequence is a function whose domain is the set of positive integers n=1,2,3,....

The values or individual terms of a sequence are generally denoted by a subscript
of n on t. In other words, we use tn rather than f(n).

For example, the list of all positive odd numbers forms the sequence 1,3,5,7,....
This sequence could be represented algebraically by two different formulas:

1. Recursive Formula ;= %+ 3 ;= £+
t =t _,+2wheret, =1 =1+a =3+a
. . =3 =5
2, Arithmetic Formula |
= — 'I:,:.J(')"l =
t,=1+2(n-1) PRy <

=2n-1 for n=1,2,3,.. t:: 2(3)-1=5

If we continue this sequence of numbers, would this sequence approach a single value?
In other words, as n—+® does tn approach a limit?

As n increases, we see that tn becomes arbitrarily large in value.

Therefore, as n—+o, th—+c.

We could use limits to write this as
lim(2n—-1)=o0

The behavior of infinite sequences
It is often very important to examine what happens to a sequence as n gets very large.
There are three types of behavior that we shall wish to describe explicitly. These are
> sequences that ‘tend to infinity’;
» sequences that ‘converge to a real limit’;

» sequences that ‘do not tend to a limit at all’.

First we look at sequences that tend to infinity. We say a sequence tends to infinity if,
however large a number we choose, the sequence becomes greater than that number,
and stays greater. Here are some examples of sequences that tend to infinity.

4
© = z.
an_n ,n}l n an=n2
20 *
[
o
10 :
° as
L . 10 loo
T T T T ‘7{ T T T T l;, T v " 50 3500




Now we look at sequences with real limits. We say a sequence tends to a real limit if
there is a real number, L, such that the sequence gets closer and closer to it. We say
L is the limit of the sequence.

1
a =—;n=1
n
1
a =—
n "on
1 |
2 0.5
] []
5 0.1
[ ]
R . 10 0.|
T T 1 .0é
d 10 n 5 °

And finally we look at sequences that cannot approach any specific number L as n

grows large.
. ([ nx
an:sm[zj 4 =sin _7[)
l ) . b4 . n n 6
O 12 0 O
- 3 I
L J L J 6 o
71 L ] ° L ] 9 _l
12 (=)
Definitions:

We say that the sequence {a,, } converges (or is convergent or has limit) if
it tends to a number L.
A sequence diverges (or is divergent) if it does not tend to any number.

Exercises
Decide whether each of the following sequences tends to infinity , tends to a real limit,
or does not tend to a limit at all. If a sequence tends to a real limit, work out what it is.

1. q-=2" 2. a =1000-n 3. a -1
SNOve , A SO S bo "

4. a, =sin[n7”j 5 a, =35 6. a, =2—l2

n

ASV‘"’DO) on—> Sl‘l,o,‘i A< h%oo.ah—%l AsneooJ a,‘—>.?



The limit of a Function
Calculus has been called the study of continuous change, and the
limit is the basic concept that describe and analyze such change.
The limit of a function describes the behaviour of the function L
when the variable is near, but does not equal, a specific
number (Fig.1).

If the values of f(x) get closer and closer, as close as we want, to |
one number L. as we take values of x very close to ( but not equal c
to) anumber ¢ ,then we say: Fig. 1

The limit of f(x), as x approaches c is L. and we write: lim f (x) =L.

X—>C

J(c) is the ONLY number that describes the behaviour (value) of f AT the point x=c.
lim /(x) is a single number that describes the behaviour of f NEAR, BUT NOT AT

pointx=c. \|ofes 7\;\_2'\('-\3(70 does mot hawe o eopnl o) for dhe imt 4o fist

Example #1:
Use the graph of y=f(x) and determine the

following limits.

@tms(x)= 3 Note:$(2) ONE

(b) lim f(x)= |

x—3

@ lm/x)= 2 A A T
@ tm/()= DNE  Nefe: Does not exist

One- Sided Limit

Sometimes, what happens to us at a place depends on the direction we use to approach
that place. Similarly, the values of a function near a point may depend on the direction
we use to approach that point. On the number line we can approach a point from the left
or right, and that leads to one-sided limits.

The left limit as x approaches c of f(x) is L if the values of f(x) get as close to

L as we want when x is very close to the left of ¢, x< ¢ : limf(x)=L

xX—c’

The right limit, written with limf(x) requires that x lie to the right of ¢, x>c.

X—>C

One-sided Limit Theorem:

limf(x)=L ifand only if lim f(x)=lim f(x)=L

x—c x—c” x—c*



Corollary:
If lim f(x)=lim f(x) ,then limf(x) does not exist.

x—c” x—c* x—c

Example #4:
Use the graph below to evaluate each of the following limits, if it exists.

a) lirg f(x)=_2_ b) lif?,f(x)= 2
X—> X—> y
o limf(x)=_2 & lim f(x)= 0 E ;
) lim f(x)=_\ f) limf(x)=_{ ! \;
x—2 x—2 | ‘ ,\
o limf(x)=a_ h) lim f(x)=_ =1 ; foall o
i) limf(x)=DnE P lim f(x) g l 1 2 \3 3
x—3 x—4" -1 L 3 1
k) L}Lﬁ}f(x)=l_ ) gl}‘f(x):l_
Example #5: Sketch the graph of a function that has the following characteristics:
y
o xl_i)ril}f(x):3 " /\.-J(;c
o lim f(x)=1 .
x——1*
o limf(x)=2 dNES
. . /
o f(3) is undefined —T-F Tk T
-4
-G
Example # 6: Consider the following piecewise function f{x), where A and B are
Ax+B if x<-2
constants. f(x)={x’+24x—-B if 2<x<1 .Determine all values of the
4 if x>1
constants A and B so that lim f (x) and lim f (x)both exist.
. . . l".n é_ X—> X ‘
i f6) exists ) O+®
Ul AxtB = X 2Ax—B 3p- 5
X>-3" x>-2% A=5_
S
- = h—4A-B
T8 Sub. th O °
JA+aB =4 5 +8-a
AtB=2 — QO ERA
* B=2-5
4 = L
_ xi_)' -f x) exisis P L
A >Cz'+QA7(—B = hm Y . . .
. e - S oRd! .
3 b The nlee of A s £ 0B s L
I+ 2A-B=4

A-B=3> ‘—"@



Infinite Limits
We say that limf (x)=ooif we can make f(x) arbitrarily

large for all x sufficiently close to x=a, from both sides,
without actually letting x=a .

We say that liilgf (x) =-0if we can make f(x) arbitrarily

large and negative for all x sufficiently close to x=a,

from both sides, without actually letting x=a .

EXAMPLE# 1: Use the graph of f(x)below to find the following

a) f(4)= 2
b) f( = un cleJ; ned
c) lim f(x +oo

d) lim £ (x)=DNE

46 14 12 0 B 6 -4 2

6 8 10 12 14 16

(%)
e) lim f(x)=oO.
(x)=+

=Y
x—2" _—
f) lim f(x)=+e= \
x—>4"

Y

We can determine a limit intuitively, but we can also use properties of limits to evaluate

limits.

Properties of limits

For any real numbers a ,c and k , suppose f(x) and g(x) both have limits at x=a.

1. limk = K

xX—a

2. limx=a

3. lim[f X J_rg(x)]: xll';o..'(:&) i)l::a 3(7()
4. hm[cf ]— cl\gu__(.’(x)

5. ;E}l ()g(x)]= [ IIMa.F&ng‘aj(x)]

- f(x)_
6. lim = xlema'-{: N lw 96)#0
i ag(x) I\M Sfx-) xqaj )

7. lim[/(x)] [hm ST



Example #2 If limm =1 and lim@ = 2, determine limm.

X -0 X X0 g(x)
. 2 - oL
#3032 5, 36

i -EGCS
T | D LE_(ZC.). =L
X0 —_'——‘,'2— e | X~>o 3(7() 2

7% ij)

xX=mo -
i x
x>0

Example #3 If lim / (x)

X\ ff X
=4 , use properties of limit to determine lim (x)

SRR
_ [ x’—l:lsx] &";”_3@@)] -
e T e 56

xX2-3 xX->-3
= (=3) (%"
C+4

= -6
|2




Practice
1. Consider the following graph of the function and evaluate the following limits.

\ . i
‘ 5 //
I jd
/l\\ V
\ \ i N
// \ X
—15 1\0 -5 id 5N 10 15
|EEANe .
|
a) limf()=__ b s@=-__ ) f(5=__
d) limf(x)=____ e) lim f()=___ f)
lim f(x) =
g lim f=__ hy  lim f)=_ ) /3=

7-x%, if x<-2
2. Considerf(x)=1ax+Db, if -2<x<3.Determine values for a and b so that limf(x) and

X—>-2

§, if x=3
X
limf(x) exist.
X—3
w 0<x<?2
X-2
3. Given f(x)= x2 x<o ,find. limf(x)and limf(x) .

14(«/){2 +12 - 4)

X-2

2<X

4. Let g(x) = Ax + B, where A and B are constants.

limg(x)=-2 and limg(x)=4,find the values of A
and B. /
f(x) S
3| 1A
5. The graph of function f(x) is shown. Find the " /
aig}(f(x—l)+f(1—x)). N
3 5 2 3 |




Practice —Solution
1. Consider the following graph of the function and evaluate the following limits.

\ . 7
\ 5 pd
I\ jvd
/I\\ A
\ JAREAN
// \ X
—15 10 -5 id 5N 10 15
N
I y
|
a) limf(x)=3 b)  f=7 ¢) f(-5=-3
d) lim /() =-2 e  lim/(0)=3 f) lim/(x)=DNE
g) li}gi f(x)=—0 h) lifg+ f(x)=c0 i) f(-13)=undefined

7-x%, if x<-2

2. Considerf(x)=qax+b, if -2 <x<3.Determine values for a and b so that limf(x) and

X—>-2

§, if x=3
X
lxlirSlf (x) exist.
xl—i>r£12 £(x) to exist :xl_i)lg_f(x) = xl_i)r_l}f(x)

xEr—I;_f(x)=xgr—r;'(7_xz)=3 |:> —261+b=3
lim f(x)= lim (ax+b)=—2a+b

x—-2" x—-2"

lingf(x) to exist : 1i1‘13’1_ f(x) = lim f(x)

x—3"

1ir§1f(x)= 1ir§;(ax+b)=3a+b

[ 3a+b=1
lim f(x) = lim (Ej =1
x—3" -3\ x

Solving the linear system of equations

=>la=—|&|b=—
3a+b=1 5 5

{—2a+b=3 2 11



2
X" -5x-2
2 pex<o
X-2
3. Given f(x)= x2 X<0
14 x2+12-4)
2<Xx
X-2

Limf =1i 2) =

qulg. (x) Xl-{rol_(x ) o

limf (x) —lim 33X "9X-2 _
x« Ot x= 0t X-2

1

lim f(x)=lim 3% 2%X°2
X 2" X2 X-2
i (3x+ 1)M
- x92” ){//2
=7

l4(x/x2 +12 —4)
lim f(x)z lim

x—2" x—2" X — 2

o lim $&) # i £69
X920~ x>0t

14(\/):2 +12 —4)X mw
i +12 +4

= lim
x—2* X — 2

14(x2 +12—16)
= lim
e (x—2)(x/x2 +12 +4)
14(x2 —4)
= lim
=2 (x—Z)(\/xz +12 +4)

14(x+2) (7=2)
o N(x/xz +12 +4)

i 14(x+2)
=lm =
=2 [P +12 + 4
_36

8

, find. limf(x) and limf(x) .

X—>0 X—2

- lim+( DNE

¥>0

‘l m+-(3(x) = q,

X222

e ) =
o) =3

l'\m_ -P()() =
X2



4. Letg(x) = Ax + B, where A and B are constants. limg(x)=-2 and limg(x)=4,find the
values of A and B.

X—1 X—>-1

limg(x)=-2=lim(Ax+B)=-2
X 1

x 1
A+B=-2
lXinllg(x)=-:>lxin11(Ax+B)=4
f -AT+B=4
{iill_:'j A=-3],[B=1
~.g(x)=-3x+1

5. The graph of function f(x) is shown. Find the linll(f (x-1)+f(1-x)).

lim(f(x-1)+f(1-x))=limf(x-1)+limf(1-x)

x| xwy” x»{”

_t(0)+£(o") A

7
=1+2 3 /

4
:3 2/

ii’n‘g(f(x-l)+f(1-x))=££rgf(x-1)+££ng‘_f(1-x) N

=f(o+)+f(o')

=2+1 -3 -2

=3
~lim(f(x-1)+f(1-x))=3

x|



Warm up

1. Use the graph of the piece-wise function y = f{x) shown below to answer the following
questions.

a)limf(x)=_3

o2t

b) lxi_glf(x)= DNE oo £69)=1

o) f(-3)=_ -2

lim f (x) and lim f (x) both exist.

e L) exislz

A>3

2 xEbxta = |w44~
X->3" x23

9-3b+a = &
a-3b=-5 —@®©

) ;;;\-'SGC) Pﬂ(ls"s
L limn ax-2 = lim %=bx+a
xX>-1- x5-rt
-a-2= |-|-|=-l-0- SuL \h@ .
b=-20-3 —® -2 —-31:.: -5
Sub®® mw ® —-3b=-3
a-3(ap-3) =-S5 b=
atba+9Q=-5%5
Fa =%

Q,::.-Ql




Evaluating limit
To evaluate a limit algebraically, we can use the following methods:

¢ direct substitution
e factoring

e rationalizing

¢ one-sided limits

¢ change of variable

METHOD 1: Direct Substitution

Example: Evaluate the following limits.

a) lim(x2 —4x+1) b) lim X =2

x—2

¢) lim(sinx—cos2x
>3 x+2 ) ,;( )

S & a0

= -3 = _Js__ = ;—E‘\)
_ log 512+1+x . 3x°
d) 1112 x - e) 11rr§ > 2
x—> x2+x§—8 X2 x — NO'—Q.: Ilm 3x

= > Xx>a" xX=2

= ’ojcfv"?— ‘f‘m ) %’@5/
o=

B +@—s = =

o = - Do

= 343 2 = DNE s, 32
Ew+2-3 T a9 x93t A-2

C = 12

- S% o
METHOD 2: Factoring = ‘o

This method is used on questions where direct substitution yields % , which is referred

to as an ‘indeterminate form.” Whenever this happens, simplify the expression by

factoring and reducing, expanding and simplifying, or by finding a common
denominator.

Example#4: Evaluate the following limits.

x-3 x -1

. . ) X*+5x-6
_ |
2) }clgxz—4x+3 b) o1 c) l-*ILI;IX3—X2—4X+4
=l _x=3 = i (x=1) G+ >+ :
X3 oD G—n -"""((x—?)((x-n) ) _—_7l<'»_;,l (x+¢)(x—")
— e . . xGe—=—4(<-D)
= x93 =T = hon xFx4) _
> | >+ = 7Ic|:;| (5<+Q(7<—-b
= @ = () ‘ (=<2 )
. (Ot = b _x+¢
= 4 a x2) x*uy
- =) = (I)-I-G
(>4

< -%
3



L
3
L
|

X

METHOD 3: Rationalizing

1 1

o) lim 2+ 4
h—0 h

= I"Vl L"_C-H'L')z N

h>o i (a+h)* h
IlM h—4— "i')" l"z
h—?o 4 h(:t-l- ]1)1_

= | —h(q—-l-ln[
h>o wh(a+h)™>

= IIM —(q—-]—l\!
h->0 4 (aph)*

—h
't ()

-
b=

=

‘1—
When the expression we are trying to find the limit of is a fraction involving a square
root, it sometimes works to rationalize. MuH_iﬂj bj s C@‘:] "‘j* e

a) lim«¢1+x—1
x

x—0

= b JEx =1 iyx +!
x*20 % Jiex +)
v 1+x—|

A0 X (% +)
x>0 \[I+x +!

—

2

¢) lim 3ox

N1ZEX + JF ™

3 3 x—7+x

= lim é—X\(\’H‘f?‘ + \,:H”(‘)
X3 134 —-F—x*

=l (3= (T3 + 74

x> ___( 2
x—x—C&)
= e = e (T + )
2 (-3 +2)

[ NT3+x +NF 12>

)]

=3
(k2 5

Ji3+x +JFwxs

=4ty
13408 +J7+(3)" =

b) limM
=26+t —~2—1

= lwn st2ypt—u | Jexr +J2-E
tv-2 Jett -\z—t  Je+t +Nat

_ e BE—2)(E+D)(NEFE +JE—E)

t>-2 6+E —a+t
=l GE-2D)E+D)(FE +JE=E)
52 Qﬁ"l't)
= i GE-D(Jert SNF=
T >

-———%(*r)
= [>()- z][\r‘"yrrﬁ:{/_ -1e
d)l \/XT 2 \IX.-I-Q. 4+ ,\r;—-]-_?( +3

S T1x-3 Nxga+2 NFix 15
=l (x+2-uw)([{Fx +3)

e (?+x-ﬁ\(d?r’i +9)

b G (T 1)

T D) (e +2)

- lim L\‘FI“P‘X +3
22 Jwma+a

- ,\I'-7-+(a) +3
l&aha +2




METHOD 4: One-sided Limits

. . . . 0 , t<0
a) Consider the Heaviside! function H(t):{1 ;0 N
Evaluate: 15 i s
i) limH(1)=0 ii) limH(¢)= I iii) limH (¢)=DNE
t—0" 1—0" t—
2+]x-2/-4
b) hmu
x—2 |X-2|
v x*+x—2—4% Jon % (oe=2)— 4
x22 x-2 x> —(x—.’l)
= Iw- (x-rs)(x-:) = I =—x—2 fm 2 [x-a|-4
x> —(x-2) x->2 |x-a]
’|m x+3
x->2t '\M 'x -2 7c+ = DNE&
x> -
=2 l CEX 3)
- lm —
= 5 T OXeY XH)
= - [+1]
= -3
METHOD 5: Change of Variable
Evaluate the following limits, if they exist. Show your work.
- x 2x+3Jx -5 L
lim ——— b) im——— t = U
2) 0t i-1 Let[x—r)— u &=As x>o, ) lim Jx -1 Le 7; u=
Lu—=>lI =
—ull-‘;l u-nl x=u _" ~u'!-v;'l T A x>, u>]
|\M 6,4 B(u -]—u-l-) = ||m (Ju-l-s)@—)
u—1 U~
. = . Au+5
= [ Wut) J":;‘, t
- Cl)"\{l)-l-l = 26)-\-5’
=3 =¥

1 This function is named after the electrical engineer Oliver Heaviside (1850-1925) and can be used to
describe an electric current that is turned on at time t = 0.



Jr -1 Let ue x€

(+5 -2 Lok (xre)o= u N

¢) lim lim
x>0 X X—I-%.:. U3 x—l1 %/;_1 u7.= 7CJ3_
. 3 . 3 3 4:
=lm u-2 A=u>3 =hm uP=1 U=
u—>2 u-3 As x>0,  u>2 U1 u=1 Asx=1 , u—>!
= Jm _u-2 = lm [M—B[u"+\n+ﬁ
w2 Tam ) r2ur ) U1 Cam )Gt N
= hwm _| — |l uWFu+d
u=->2 u%uty U=>1""u+l
2
- = (+(H!
(D+26)++ |
= _| = 2
e 2
Practice
. X+1 . .
1. If lim exists, find the value of a.
—-1x3-ax?-x+6

o, If lim—"7 - ,find the value of a+b.

w2x?+ax+b

3. Give an example of functions f{x) and g(x) such that lim(f(x)+g(x))exists but

limf(x)and limf(x) do not exist.

X—>0 X—2

4. Give an example of a function such that lim[f(x)]* exists but lim f(x) does not exist.

5. Evaluate
. 3fxr8-4 | . (1+2x)6 -1
a) lim ——— b) lim ¢) lim———
() tim ®) tim T (c) lim
Jx
kx*-6x+3-k

6. Isthere avalue of k for which lim >
=2 X*+3X+2

exists? If so, find k and find the

values of the limit.



Practice —Solution

W €.)) .
1. If lim— "1 exists, find the value ofa. ¥ or lim ?)CK) to &X\s}-) A+ st

x>-1x3 -ax®-x+6 x=>-|

Let f(x)=x’—ax’—x+6. If f(~1)=0 then: ke o fadw ob £ ord (b(x>

0=(-1)’ —a(-1)’=(~1)+6 ($ne Hns will ke o removoble

O=-1-a+1+6 d‘sm\%mit’«a\ D=0
0=-a+6=>|a=6|

If a=6 then:

lim L

ol — x> —x+6

x+1

If a#6 then lim ; xtl

2 =0
=-lx’ —ax” —x+6

In either case the limit exists, thereforeae R.

2. If lin%2x;7b=-oo ,find the value of a+b. Denominator Must >0 with direcdk
e v 2 SUbsirhution s, dhat
If lim————— =—o0, since lim(x—7)=-5then (x—2)" must be a factor of x* +ax+b. o \imd (s -0
=2 x +ax+b x—2
-5 - The °"l’6 Loy to
( Recall: 0—+=—00) .
hoswe Hao danorvi rodsr
Let f(x)=x"+ax+b We now know that f(x):(x—Z)z. O uvhen wlob'm% tn X=
Therefore: S '\_c "HUD _(}ad.b\,s
xr+ax+b=x*—4x+4 2
are (x-a)

.a::4’b:4 e‘o\a obser vahen
a+b=0



3. Give an example of functions f{x) and g(x) such that lim(f (x)+ g(x))exists but

limf(x) and limg(x) do not exist.

: : 1 —
Answers may vary; two such functions are f(x) =—and g(x) =—
X

4. Give an example of a function such that lim[f(x)]* exists but limf(x) does not exist.

There are many possible solutions to this question.

1 if x>0
-1 ifx<0
ling[f(x)]2 =1. However lim f(x)=-1

X—> x—0"

One possible function is  f(x) = {

S0 lingf(x)does not exist.
X—>!

5. Evaluate

. Rx+8-4
(a) lim ———
x—>56 x/x —-40 -4
Let: u’=x+8
w-8=x BAS X-?SL)(L-’)‘-}

lim Jx+8-4 lim u—4
r—)S(),‘/x 40 —4 u—>4 u —8—-40—

=4 \/u —48 +4

X
H“\/u —48 -4 JuP-48 +4
(u—4)(\/u3 —48 +4)
=lim 3
wd P —48-16

g

= hm
u—4

Nb(lmj%)
o Z\\Q(uz +4u+16)

h
u

10




1+2x)6 -1
rn( )

x—0 X
1+2x=u®
6
x=""% BS X206, >\
2
1
. 1+2x)° -1 . u-1
lim 8291 o him
x20 X us|
. <1
=2]lim }l/

il M(u5+u4+u3+u2+u+1)

6. Isthere a value of k for which lim kx® -6x+3-k exists? If so, find k and find the

o rax+a x Fyr lim %c% Yo @ast, A musk

values of the limit. -1
If lim kx®-6x +3-k exists, then we must have :

Xepa22 X2+3X+2 ’ : hp a%&ro—t 'F(X)Nd%(“)
k(-2)°-6(-2)+3-k=0 and (-2)" +3(-2)+2=0 (Smcn, dns will ke o removoble
4k+12+3-k=0 &swn‘ﬁmid\a\ J\:(‘:’-) =0
3k=-
k=-5

lim -5):2 -6x+8
x-2 X2+ 3X+2
x+2)(5x-4)

o
(x+2)(x+1)
-(5x-4)
(

O‘I
N



Limits & Continuity

A function is continuous if you can draw its graph without lifting your pencil. If
the curve has holes or gaps, it is discontinuous, or has a discontinuity, at the point
at which the gap occurs. _ _

continuous NS. discontinuous

sV

/
\

A function that is not continuous at x=a is referred to as discontinuous at a. The
point, a, is known as a point of discontinuity.

Types of Discontinuities

There are four different types of discontinuities that we will discuss

(1) Removable Discontinuity (2) Jump Discontinuity
y 4 y
10 / 10
8 // 8
6 / 6
4" GEanNEs
5. /¢ hole }/
/ X ™1 X
29 2 4 ¢ 20 2 4 6
-7 -2
v
J'W’ G £ £(= Iw I £6)
-F ) j{: ) xSot f(x) 7-é' xvo- -&:
or () DNE
(3) Infinite Discontinuity (4) Oscillating Discontinuities

Y N 1.5
10- &[ flz) =sin | —
e PN g

10§ 2 3

8 {
6“
4

2

-2 vertical
asymptote

-1.5

o —F(X) _F&)) is not Je{,‘m'ed-

xX-20.

" i -FCX)

X0



Example#1: The graph of y=f(x) is shown. Determine whether the function is continuous
at the indicated points. State the type of discontinuity (removable, jump, infinite, or none of
these).

Cortinudus ot x=A

Removalole J\Scon‘]:ihu'l'l:j Yy
JTmP ehsce.htmu'liTj
Covitinuous af x=2

]n{,nl'\'e. a‘lscoﬂl’,\h\'alrs

LTI
HOOQ® >

©pe o
Ko M oM X

Limit definition of Continuity

A function f (x) is continuous at a value x = a if the following three conditions are
satisfied:

1. f(a) must exists '
) I's vkinuous {1 x=a
2. lim f(x) = liH} f(x) A IAV\C:LIOV\, 6<), c~ a .F

b £ = hvo £ =f@)
3. limf(x) =f(a) xa :F 7"”‘{

xX—a

x’—6x .
Example#2: f(x)=1 x if x#0 and f is continuous at x = 0. Find the value of k.

2%-1 if x=0

I_g SEK) 's continuous al x=o,Hhen légo-_(:&):__l:(o)

b mEx £6)= :t-n

- M — —E =2 —1
‘xl'->o 1;‘@% —5-ak

= ’IM xX—C k:-_g_

x>0
=-C




oM

o

Example#3: Find values of a and b that makes function f(x) continuous onR .

ax+2b if x<-1
f(x)z X242 if —1<x<2
2ax—4b if x>2

,{? _‘(6(.) is Co,,imaous Oon R, jten xll;?-l——g(x) ='-x,i"_l+f6‘) aunc) 7‘(%_{6‘)"7"\;%;‘:6‘)

Jm o+ b= 7()\_:,‘_ S = £ =
al)+ab= ENt2
-a,+:1E:-.3 —0

h xFa= | 2ax-4b

x93~ x>2*
22-)-'.2 = 2&(2)— 4L sub i @
€ =tra —4b -§+ab=3
3=2a-2b—® / :zll-;;‘i
=9
O+@: =
Example#4: Sketch the graph of a function that satisfies all of the following conditions:
oS Jump or infintte Jump c\\scm!ms:\ka o PP o
> limf(x)=-2, limf(x) DNE, limf(x)=0, limf(x)=2, limf(x)=-1, Y=-1
x> -3 X*»-1 X=>1° x—1" X-90

f(0)=1, and f(x) is continuous over the interval (-«,-1).

* Pnsuers will ve
%Z\t\hme,p* Y K

¥

N

N

-+




Practice:

x—1, x < —3 '
L REZ x=-3 .
Ex) Determine if h(x) = X213 —3<x<0 is continuous over all real numbers. If a
13 —x, x>0
discontinuity exists, state where it is and the type.
. a
]\m A=) l!m ‘7(-1-!3 llm xX-=13 llm 13-
X->-3" x>-3* : X>0° xX-0*
= —3-) = 6—3)"_.\3 = O0-13 = 13-0
2= = -k | == = 13
“iwn l-\(-x) == _ llwa hG() = DNE
DY v X0
h (—3) =-3

o h(") <k h@s) " The .Funcf*’nda s

X-3 discontinuous at x=0.

" Funchon 1 disconhinueus ot x=-3 Ths 1s & \]“""F A’SQ“.]"".“',‘E
ngqule Atscdon‘l'l;u;q'l:'\j

x?%, x <1
L —2, x=1 - '
Ex) Determine if k(x) =4 _x +3 1 < x < 4 IS continuous over all real numbers. If a
~x =3, Xz 4

discontinuity exists, state where it is and the type.

v 3 by =2+

b — : -
X" x>)* x4 e Z-I-;Tl-"' =3
s 2 =+ 7 = =443 - _L-(q-)-g'
=2 == -
- -‘
hiim - : -
am K =DNe 2 e ) =
.. Function 15 discontinuius = lx—
al x=21 and 1t IS a K('A B 2'7.( =
Jum‘{: ehscorrl’m;dl:j- . :'Ji@)_s
= =l
SICH N - Y
,l_% K6) = K@)

- The fmc‘]’ton 1S ¢°"+"'\“N.4’

X=Uk

-3




ax -+ 2b, x< -1
Ex) Find the values of a and b that make f(x) continuous for xeR. f(x) ={x? +2, —-1<x<2

For “'—\e {:\mc'}_uon '|'° Le c.on‘}muous h;'g |W“-|-_ as 2ax — 4b, x> 2

x %roadﬂ:& oA MUST KIS

\w  axdab = e X +2

x-1" x>-1* @ +@ |
—atab=23— @ o

b X% = ‘\M Rmc-‘l-lo

X" x> Sub W O -
3 =an-ab —® ab=9
‘ l b= 9.
2 b-e*+a+1, x<0
Ex) Find the values of a and b that make f(x) continuous Tor xeR. f(x) = {axz +b(x+3), O<x<1
: acos(nx) + 7bx, x>1
[a=3b=2] . 2
\!M be +a 4| \‘MO" ax "‘L (X+33 xll;; a\xz-\' b(x+3)
x*20" X9
= b -[-a-l-l = 3L =&t wb

I | arcos () + b

I(: .F(x) Is continucws ol x=o 3

= -as+=f'|o

- RS
X‘-‘;’o 'FG‘) “M F() - &+3L——4L+?l=
=3
b+at! = 3L= A= —®
x - g -y © ﬁ{ sule m@
Sub " la=2
 3boabes [bez] ~ =
Ex) Sketch the graph of a function f with the following NN

properties:

o limf(x)=2 Lok 86 1|
° f(i):l i {1 4j

A

Fany
N/

- ip e =3 ’ EEDCARNEE I
'y Li_rgf(x):-}-oo . . J N i i i
o limf(0) = ~2 ‘ ' ) !
o lim £ = : |




The [imit as X Approaches Ihfinity of a Ratiohal Function

1
Recall:f(x)=;. ]jml:Q and lim L= O
X0 X X——0 X
Calculator Method: Graphical Method:
1 As x>% o )
— =0
very large # fx)=>o0
=0 R
%x=0
: O i

B (x)
n(x
degrees of the polynomials P(x) and Q(x), respectively.

Determine the limit as x approaches infinity of f(x) = , where m and n are the

Strategy: Divide each term by the term with the highest exponent. n +he denominador.

Case 1: If m<n

.oox+1
Ex: lim . L, L
o X 4 - lim X *od
_L_ bo & 4
lim 2% % N ""&“‘7
T ave Ay
—at 2 :O
X X



Case 2: If m>n

3 2
Exi Jim L TX 4 | o
X—0  3x 41 bk abodk i P .
3 |
X X

4 xX>-c0  3x+]| i
- ﬁm X “';(“-I-—?—(-

CAFD Tz ] :J;'_f‘_d "““:'7‘32‘
x T 3+
= hm ’Xa+7<+—:‘7 -
x> cd ‘5_‘,.71(.
= X

60563: If m=n
x3+2x+3
x—)004x3+x2+x
x*  ax o3
. 3 3 3
K>eQ Yo ,Xa x
s Y73 t—s
X X X
2 3
. 4+ "3 +—=
- llm ‘ ,xl ‘7(3
Hm A
_ L
=1
: S - :
Therefore, if m =n. xhll)loof(x):-b_'i "*’heJ’?. &,béI)b#oi



Practise: Evaluate the following.

2 5
) lim 3x +gx .
Xt =TIx" 4+ x
L
lim a3 + 0
%> o0

l

I
O

. x3+x4

e) lm
o x +x4+3x3

+ 3x6

|
C— +
e 3
APN + 1 + =
l 9(2. Xs

SIA

"
o

1

O
=)
|
>l
(¥ 4
I
"

X—00 3X

A

— lim

Iim, (3)°
=0

Note: D<b<|

2
d) ]jmx+2x +5

= 35?6

s
Cim _x T+

= X>on

=l
xﬂ.

RS

s
-3

) lim e

T—00 332_|_6
=, llm

X-7ta JX"(H-_’%;

xX3+C
= g




Limits at Infinity

When you are finding a limit at infinity, direct substitution can yield another indeterminate

form = To find the limit in this case, divide the functions in the numerator and
o0

denominator by the highest power of x in the denominator.

Example #5: Determine the following limits.

y 2_ 2_
2) lim~ b) fim*¥ 21 ¢) lim 2 ¥ +4
X0 X = x =00 x—4 x>0 DxT 4+ x—7
2
-0 = i %—%*—;—(—: =lm 5-3 +&_
2 o0 X Xm0 X A*>
A i
x>
=lm - 41 pete =5
x—>oo_z(._ 2
R_*
5 A3
d) hm(l——l j e) lim >~ 2 *1
e\ x o x+1 == (1-x)
=l ==X = x"’( —2_+1
Ao ‘7(_(7(+I) !lc:;b., 3 = 7‘-5)
s
T [*&--7]
Ax>vo x93 .
b —Lx = | 3
== xP2 x>
X2 F L
= = -3
=0

Example #6: Find the limit of each function

2
(@ lim> (b) lim == 3 (o) lim 1900 =3
x—o® X x> oo3x —x+4 X—>0 X 1
1000
I 2+ 22
=0 o
X x* - I'm looo —2_
=2 = x
< Xe T g
\/_ looo K
(d) lim—* Ix
woafx+1 X or d) \ = (000 060
500 QJFX'H
= lm % \
APV 2 1VR — lim 4
. ||M ~ Koo &+,§(
Ao x(z+_1_} L

Q



SOLUTION

MID-REVIEW
PUSHING YOUR BRAIN TO THE LIMIT

1. Consider the following graph of f(x).

y
_R\
N\,
N \ ® S
N\ \\ 5 ya i
N /
A [
\ \ |
_ \ \ >
- \5 \ I 5
\ /
\ /
\\ \//
\¥ 5

Evaluate the following limits. If the limit does not exist you must provide a reason.

i) lim f(x) ii) lim f(x) i) /(2
o o 3 ;
iv)  lim f(x) V) lim () vi) - lim £ (x)
x:ZO x—> 0 "~
vi)) - lim_f(x) viii) - Tim 7(x) ix)  lim f(x)
=00 =—00 6

2. Based on graph above, answer the following questions:
a) An example of a removable discontinuity is when x=__ 2
b) An example of a jump discontinuity is when x=_-10____

c) An example of an infinite discontinuity is when x=_-4



3. Evaluate the following indeterminate limits

x-10
a) lim

X—0 5x+10

e) lim———— —9-4

x—5 ', 2

\,/x -9-4 x/x -9+4 \/ 1+2

SOLUTION

¢) lim X3
x—3" x2—9

f) lim

x—10

x—10

R i
hm(x ~9-16) (Jx—1 +)
B 14) (A )
x =25 (r -\-&)

mM (x+5) (ﬁ?-\-&)

) («W—ﬁ )

- 7:1%_ (ﬂ+€)(«h'<1—"
= [@@{ﬁﬁ +a /
A 5x°—-3x+4

v 2X2+x—7

a0
T

=lim

X—>00

x/x -9+4 xi 1+2

1

Let: (x—2)3 =
x=2=u>x=u’+2

lim u—2

w297 +2-10

s im0
= (3-20)

_ lim [’X (7( \)]
= xood [ .,(_3__ a)]

- lim 9(‘(7(‘ ')

_ lim ('ZS ‘)3
= xew >
@
G
= ‘?z
=7x



kx* —6x+3—k

4. |s there a value of k for which lim >
+3x+2

x—>-2 X

kx* —6x+3—k
x> +3x+2
k(-2)" =6(=2)+3-k=0 and (-2) +3(-2)+2=0

4k +12+3-k=0

If lim

x—>-2

exists,then we must have:

3k=-15

k=-5
. =5x*—6x+8
lim ————

-2 x? 4+ 3x42
—(x+2)(5x—4)

SOLUTION

exists? If so, find k and find the values of the limit.

f&rlﬂa%&%%ﬁéﬁ\'—ﬁ, oSk —

k o fodor of £6) ard ()
($ne Hms will ke o vemovable
disworbmichy) - $ () =0

= lim
=2 (x+2)(x+1)
—(5x—-4
— hm ( X )
x>-2 (x + 1)
=—14
5. Create a sketch of a function f(x) where the following restrictions are met:

(There is not one correct answer. All that is required is that you meet these conditions)

e Im f(x)=1

° fx(jl_; =4

. £1£r31 f(x)=DNE
. lirr{+ f(x)=0

. xl;l_l f(x)=5

. il__li% f(x)=5

b’

.................. P~ I S S N .

®

3

2

1
Re
4 5 6

Sy



SOLUTION
5-x*, x<-1
6. Given f(x)=<ax+b, —1<x<4 Findthe values ofaand b such that the function is

1-x, x>4

continuous at -1 and 4 .

Tim /(x)= lim f(x)=/(-1)

x—>-1"
d=cath {;Z:z:::.-. a=—1 &[b=3
lim £ (x) = lim £ (x)= 1 (4)
x—4" x—4"
4da+b=-1

Nx+3 ,xe(~m,1]
7. Determine whether or not function f'(x)=<—-x+3 ,xe(1,7) is continuous at x=1 and
10-3x ,xe(7,0)

x=17.
fis continuous at x = 1,since lim f (x) =lim f (x) = f (1)

x—1" xo1t
lim f(x)=limyx+3=2
x—=1" x—1"
i ()=l -+3) -2
f(1)=2

fis not continuous at x = 7,since f (7) is undefined.

4
8.1f im—" 1 _» find the value of a+b. 3 Degrees of the. nunorelor ord danominador musk

w0 2P 4 x% 41 S Qq,un.\ Jor dhe \;’j\j@ =
\ b =4
ax’ +1 4
i o ox -\
o 2xP +x? +1 - l:"’n"" Ry
o oax? lim f’_;gfo_.-
Sl T aE
=3
=g 4=20r A
9. Determine the values of p and g such that 1iqu_3—1 W' 163]
. p“b qq lim . A 1 ‘L‘L‘ NG to wast, o direct
S -3 x
Letg(x): px+q_3 q’lz,hm px+9—3x px+9+3 gubs‘\"r\'\ﬂw()ﬂ UFX:O mus+
‘k since g(0)=0 we have 0 * px+9+3 veswlt in o S0 Hhad-
o)
\/5_320 lzl_i“(} p/;yé/é ra:\\onnf\i(% can e used
A (Jpre9+3) Jo elimiinate. Ho ndutemirade
. form. For Hais v happen,
6 %(0) =0

p=6



SOLUTION

10. Jack and Cole are throwing a Frisbee in their backyard. When Jack throws to Cole, the height, in
metres, of the Frisbee above the ground after ¢ seconds is described by the function

h(t)=—4.9t +10.8¢ +1.
Determine the average speed of the Frisbee between 7 =1 second and ¢ =3 seconds.

a)

h(3)-h(1
aroc="23)00)
3-1
_-10.7-6.9
2
=-8.8m/s
b) Determine the instantaneous speed of the Frisbee when 7 =1 second.
IROC= lim -4.9(1+h)" + 101;8(1+h)+1-6.9
49 -9.8h-4.9h> +16.8 +10.8h +1-6.9

=lim
h

h—o




Introduction to Derivatives

The Derivative

In our study of limits and rates of change, we saw that the slope of the tangent line to the graph of
y = f(x) at the point(a,f(a)) is calculated by finding the limit of the difference quotient, and this is
defined as

lim 2  jim LG/
h—0 Ax h—>0 h

provided this limit exists.

The slope of the tangent line is used to find the instantaneous rate of change of y with respect

to x at x=a.

In calculus, this limit is called the derivative of f(x) at x=a. The process of finding the derivative is

called differentiation.
By definition, the derivative, f'(x), of function f(x) for any value x in the domain of f is thus

f(x)= }}EW if the limit exists

In function notation (Joseph-Louis Lagrange, 1736-1813), the derivative of the function f with
respect to x is symbolized as f'(x) and pronounced “f prime of x.”

In Leibniz notation (Gottfried Wilhelm Leibniz, 1684), the derivative of y  is symbolized as Z—y
x

and pronounced “dee y by dee x.” We can also use the short form y', pronounced “y prime.”

The domain of the derivative function depends on
whether the value of the limit exists for all values within
the domain of the original function.

This definition of derivative of f(x) is called the First
Principle of Derivatives.

First Principles

, if the limit exists.

fv(x) =}11LI(1) f(x+h;l_f(x)

The process is called differentiating a function (or differentiation).
The method of first principles means to use the formula above.
The domain of f'(x) depends on where the limit exists.

Itis a subset of the domain f(x).

A derivative is a function. A collection of tangent values! (not a tangent)

YV V VVY

A few more notations for derivatives come from Leibniz, called Leibniz notation.

(@) f'(x) (@) % f(x) (i) % (Leibniz’s) (iv) »'



Ex1: Differentiate the function y=2x>+6 using first principles.

£ =l fer) -6

. .?6<+11T+6 —@x")—é}
h->0

h
= |im a(x'-'i—.'th +‘1‘3 +6 - axX—¢
hp h
= b 2+ xh+ b+ c—2x*=¢
h>o h
= b hxsah)
hso
= Bx

Ex2:1f f(x)=+3x ,find f"

1(x)= |l -
Q= Jr, S04
= lm B3GR —P3x [ 3Gcrh) +03x
e . \ 3Gth) +N3x

< hwm 3Gth)-32
3o (Vg +Vax

< Jm _3h

hyo h(m-hﬁ;f) <&— Do wot 47‘|>am=| L

= him 3

h>o V3Gl I3

= 3 _

AN3X
Ex3: Function f(x)=2x"+ax+b is given. Find the constants a and b such that f'(~1)=2 and the

graph passes through the point (1,6).
£ = o £h) -
h=0" "1

e afxh) raleth) + b —(ax rax+b)
ho h

= |m QXL+‘f7CL+:2hzta\x+oJ\ +b —ax*—ax-bL

>0
= t’;oh@%tjl‘ii‘a\ g(l):é QHJ {(79=37<1+CK+L
= bx+o é:—g-l-'g
=-2

’.‘_F‘(—-b;z and .E'(x)=‘l'7<+a.
S kF)ta =2 /
hra=2

¢ =20)+¢(\)+b




Ex 4: Find the equation of the tangent to the curve y =8x — 5x% at x=2.

NFind the derivahive ) Find the Slope o x=2
é_%_ _ lim [‘3(‘)(4*\)‘5(’3(-“‘\?] - (X‘X- 51(’) %%\ i = 8-]0(2)
dX =~ h20 h xX=a —-13
2 a
2 Jim Bt 8h-5x 0N 455" ) Fng e tangent ok o
_ lim 3h—10xh-5h* the e,
= h0 n At x=2, uﬁ-a@ -5(°
_ Jim h(ﬁ-:\ox-% 'Tho.-l-amaerr\' point- s (2,4).
. ‘D Find the eq"uo:hor\
= J\l‘;vl\) K—IO’X-SL‘ tz-‘g@M(‘x-‘X.}
= 8-10x u-C4= -G
Y+l = -lax + 4
Yy=-1ax+20

+-The equation of +he. -\-emtﬁen\' iy
X=2 is y=-]ax+20.



Differentiable Functions

The process of finding the derivative of a function is called differentiation. If f'(a)
exists, then the function f is said to be differentiable at x = a. -f'(o:);J:'[ﬁ")

Generally, a function is differentiable if it is continuous and if it has no vertical tangents

or abrupt, discontinuous changes in slope. If a function is not differentiable, this means

the slope of the tangent at x = a is not defined or f'(a) = DNE S

E | A—) f'(bi')-) +be and
xamples of functions that are not differentiable: o Pe)->—vo

sa {a,')—) e ond

(a)e—oe ond f'( ==bo

dsconinuous
verhcal asymptore ver-hca\ +angm\' {(a—) E.MJ Corner L
Ex. 4. Explain why the following functions are not differentia Ie at x=2. f(a)-*' “’:‘;ﬁf)_) 2

a) f(x) = x—iz
t e The funchon is not defined ot x=2 since
1 .
- : - it has o vorhical asymptote.
!

)

b) f(x) =Vx -2
260 “The funchon is not defined for x<2.
T}'\EVC"PDYZ, "‘he. l.ln\.l"‘ oS x-’a -Frbm -l—he‘
2 lef+ does not exist,

o) f(x)=|x—2]
£64) This funchion hos & cormer ot x=3 when
the slope of £Gx) change.s o.brup‘\'l ‘rom
TR negphwe fo positve. - ') s not exist:




Practice:

1. A ball is tossed up in the air so that its position d in metres at time # seconds is given by
d(t) =5t +30t +2.

a) What is the average velocity for the interval[4,5]and [4,4.1]

b) What is the instantaneous velocity of the ball at r=4?

0) ArRoc = é@f@
= Es(F+z0B+3) - [-5@)+30@)+2]

= AF—-42
=2-15 -
Avevqjc Velocd'3 ls-ISMJS

) .A'Ro c= d@.)-dH)

bl-b
= B8 NesofeN+2]- 5(0) +30@)+2]
= ‘I'O.:S‘ B2 o

= =lbs _. AVenxJ.. Velgc'lia I1s -ID-S'M]S
2. An oil tank is being drained. The volume V in litres, of oil remains in the tank after time t, in minutes, is
represented by the function v(¢) = 60(25—17), t €[0,25].
a) Determine the average rate of change from 7 =5to 1 =15.
b) Determine the instantaneous velocity at 7 =10 using limits.

ARoc = V(lé—'\/(':’b
I5-5
¢o[3g-187) ~ 60(25-5%)
¥ 155

-12000 —0O
lo

u

u

-13200

- AVeva\Sc ﬂ\l—;— 'LF CJ\m\Je l's - 100 L/Ml.h



1) d@) =-st*+30t+2
d'® = llm cl (t-wl:\ -d(E)

= |£m -S(Jc.-rot) +3o(£+A-D+,i Cstizd 1)
A|£m gt ot (at) - S(A*-) yast+3oat +5t-ast

«lm a¥(wt-sat +3°)
A‘l‘.?b Ak
= —lo‘L-l*'so
J-(q.) = -lo(q-) +30
= -"I'O-l-ao

Veloc.l‘i'j t.rlke Lq“ Is —lownjs
2'5) V(":) 1560 —Eot™
V’(lo) = In:\ I500—Co(m+l-.\"_ (1500 - co(b)‘)

Ilm ]5%: Co/o—lQOoL Soh™ lS,O'é"l"‘}‘b
h>o h

= lm Vﬁ'laoo-'{om
h T K

= =1200

B Ve_loc.n‘l’n ls —1200 L/ml'n



3". Determine the coordinates of the point(s) on the graph of y=3x 1 at which the slope of the
X

tangent is 7.

4= >
3("+L‘)“"_L.‘ - 3%+l

h
= llm ;&-}'3"\_.7‘*! k__.-;’i'l‘_L-

\m 3'«(x+k\(x) X +4+h
=2 h () +h)
= hhm Kexpe+h) +1]
70 K&) (x+h)

m‘l'-maen"’ j \\‘-%O

= 3% 4l
xb
- F = 3;(":!]
7‘:.
Fxtoaxs
Wx=
2
=1
X Y
- ¥
rey
=--L- ’ - - |
2. 2 2 -\
= 3.-2 =
s -3
_ d"' —z—+2
- = - L.
2

. The Pem'l's ave (ji ,--li) and (—.;._,.\iB



The Slope of a Tangent

Example #1 For the function f(x)=3x”+2, determine the slope of a tangent at x = 1

FO= ) $EN-£6)
= 3GetR)a (Bx+a)
>0 h
=l 24 G xh + B 23K -2
h>s h

= IIM éx+3|«
he

= &x
.F‘(') = ¢()
= 6
_W\e sleFe o{ the '|'qh3en s .

Example #2 Find the equation of the tangent to the curve y= Ll at (2,1).
—

L Lgo a'l"\ | =)




. The Slope of a Tangent

Example #3 Find the equation of tangent line to the curve f(x)=+/3-x at x =-1 on the curve.

-_F'(-;) =k||;‘n° \]3-(-11-!-2 - m

= b JU¥—=h -2 N 4-h +2

hso " h Th-h +2
= l\m = -,—-}1{
k>0 X (\#<h +2)

= lm =1

* hse \ﬂr‘Wu : 3_1-__%,6(4..)

j“-{rx—_l_.-\'z.
'F(l) \|3 (l :}'-'-"‘X-l'i.-

&

Example #4 Determine the coordinates of the point where the tangent to the function y = x" is
perpendicular to the line -3x —4y +12=0.

FG‘) = ";" ‘F(X*‘t‘}"'[:cx) -3x-44+)2 =0

= —3x+ I
l:m ()sih) --X$ H}j
.7° 2 3 j=-—3q:7(+3
. 3@, ha 3t p W= ¥
h M:.—__ZTF,
= ‘I l’\-\‘kz
h>o Mm}_lk o=t
- 37(.2' 3
- =2
-.. 3x’-:.i A‘LX-%’—-:j (3
3 =35
qQ xX= ——3-'n ‘j=—'(—'_3-3_)
xX=*2, = -%
3 23

- -“:\e Poml'i ave (3 )th (—3’"37]{ v



Derivatives of Polynomial Functions
By First Principles

Investigating Differentiation Shortcuts

Investigation #1: Powers

Conjecture about the Derivative of Power Functions

1) Complete the following chart to summarize your findings above.
Function £f(x) Equation of Derivative f’(x) Shape/Type of Graph of
(using the first principles) Derivative y = f'(x)
f(x) = x2 ) ] ( > 2
%)=l (x+h)’= x
| F69=po, Gerh)
2 =A%
\ / = hm zér_axb_ﬂ_-ﬁ' wr Y
\ / h>d h -
2
\ / = é\lm E‘ 2x -l-l'\} i
ﬁo L -l~ 1 -1,. 1 1 1,. ] ‘1' )‘x
\ / = Ax I
& -
-*--
- 3 -
f(9 = Fl)sjm @y =%
s h>o
g 2
3 = li-n a l‘\ ot
3 Jy= x k*o h
2
L . = l-M }‘(3)6‘+3ka
4765432 12345678 k% X
1 -& -
& = 33X e
-4 O S d
5
.5 -
; -l o

D P e

=)l ﬂd‘b‘_’l\-l-éx"lw’:l- '-I')t]n}i-l-)‘t q’.r.y
hyo _

=hws Hél:x’-l-cx‘k -H-xL + ) ot

“ho -
= 4x®




Derivatives of Polynomial Functions
By First Principles

Relating graph of function to graph of derivative
We give a series of examples with the graph of a function on the top and the graph of its derivative
on the bottom.
To begin, we recall two basic facts about the derivative f’(x)of a function f(x):

1. The value f"(a) is the slope of the tangent to the graph of the function f(x) at the point where

xX=da.
2. f'(x)is a function of x:the slope at a point on the graph depends on the —coordinate of that

point.
Graph A
of f(x) y A Y
1 A
y= f(z)
y = f(x) 0,
Yz-bx#S | 1~ ~—1
1 \3 -
I -
l —+
1 ' ' :) 1 . + 4 o
1 2 3 A
Graph oA A A
of £'(x) ' v v
=) + S + o=
| + €= - 4 >- — 3 1 1
'. — | V="% |
y k] b4
Graph !
of f(x)
% X
X
Graph “7 Y Nu‘/
y A \
of £(x) y=£® Y=
] y=£'6) .
> X
6 N/ >X 7 \y
\\/ "X

- I[ the slope e ‘l:n-aod' 1= neqative, fen the derivadive Srqrh is below the X-axis.

° e Slore ke 'hqv\sut s P-sdwe ,‘H\v\ ‘kg Jc.v'lvd\.\.n qu?k 1s above me A =ovn'S.
-ﬁ the sl-ln of ke . et Is 'alc.ro,'n-en TRe decvative Ry his on the x-owis .

oThe ‘?OM‘ lf Iv\.Flec"'lon o Ike Po jnoqul _Fuqr.'hén u\“ L. EG max. oy Ml.n P.m*' o‘F l‘k"

d h X
-'R‘:.wslo‘["': &""ie 'Lmje-d' Is 2evo ol I MmaX: oV mm. Pﬂd,



Derivatives of Polynomial Functions

By First Principles

You Try! Match each function on the left with its derivative graph on the right.

Function Derivative graph
fi c
f, A
fs B
fa E
fs >

y
A
s fz a
\/ \ '
fs c
f
¢ D

AVA




Derivatives of Polynomial Functions
By First Principles

Practice:
the bottom row. Match each function with its derivative.
@ b © @ |
6 6 61\ ‘JT |
4 4 ,’ o\ ' 4 f
1 ]
2 T\ AN 2 \/ s
/ n‘\ X .’A’ \ | X X | /
202 4\6 8 2 102\4 68 202468 2027468
ﬁz 7Q-2 \\/‘ -2 -2 bf
-4 \ -4 -4 4
: y i y [ y : 4
‘. . | . V. \
1 6 1l 6 11 6 1 1"
4 f X \\4
2 f
X ",/\ 1'/ \ X \ /
2.[024 6 ¢ 2.[0/2 476 8 2.J02\4 6 8 2. (62 46 8
-2 /{ A, =211 -2 =21
/4 4, 4 4
c > A B
2. For the graph of each function, estimate and graph the derivative function.
(a)
(b) ‘
61 6
41
2.
2" X ) 5
v — -8 8
-2 /|10 2 8
—61

1. The graphs of four functions are drawn in the top row. The graphs of their derivatives are drawn in




Derivatives of Polynomial Functions
By First Principles

3. The graphs of three functions are drawn in the top row. The graphs of their derivatives are drawn in
the bottom row. Match each function with its derivative.

c A B

4. Use the given graph of f(x) tosketch f’(x) on the same grid.

y={'&)




Derivatives of Polynomial Functions
By First Principles

b)

Page 8 of 8



Practice

1. Acurveis defined by f(x)=a3x +b, where a and b are constants. Given that m, =5 at
the point (1, 9) , determine the values of a and c.

2. Determine the equation of the line that is tangent to the graph f(x) =+vx+1 and is
perpendicular to the line 6x+y—-5=0

3. Let P be any point in the first quadrant on the hyperbola y = 1 . The tangent to the
X

hyperbola meets the x-axis at A and the y-axis at B. If O is the origin, determine the area
of AAOB

. . 1 .. .
4. Determine the points on the curve f(x) =1 —— where the tangent line is perpendicular to
x

the line 4x+y—-1=0.

45



1. A curve is defined by f(x) = a¥/x + b, where a and b are constants. Given that m, =5
at the point (1, 9) , determine the values of a and c.

f(1)=9>a+b=9—>b=9-a (1)

Sope. ot He Yorgent ot %=1 -
al1+h+b-(a+b)

5=lim h
3 -
5=alimth Let ¥1+h =u
h—o ] h h: u_?’-—‘
5= allll)rlrl us-1 As h"O )\19\
5=alim n<i

u-1 M(u2+u+1)
5=§3M>

2. Determine the equation of the line that is tangent to the graph f(x) = vx+1 and is
perpendicular to the line 6x+y-5=0

, . Jx+h+1-Jx+1 Equation of the line perpendicular
f (X) = ll}_r,r‘; -

. x+h+1-x-1
=lim

hro h[\/x+h+1+\/x+1J

=lim K
b0 }{[\/x+h+1+\/x+1]

to the line y=-6x+5 at point (8,3) is

1
~3=—(x-8) o
y36(X)r

.;‘60:!“_1_ : =

1
2Jx+1 6
Jx+1=3

X+1=9

x=8
JX%)=,,§(%) *

=3 Torgok poink o (33).



3. Let P be any point in the first quadrant on the hyperbola y = L The tangent to the
X

hyperbola meets the x-axis at A and the y-axis at B. If O is the origin, determine the
area of AAOB.

1 .
Let (a,—j represent the tangency point
a

=
¥
Q

=

=lim——M—
hso ah(a+h)

K o

im /}{a(a-l-h) \ P(a,1/a)

=lim
] i | | \§ 1

2

a 1 [@ | 1 2 3
Equation of the tangentline

. 1).
at point (a,—} 1S
a

1 -1
y-+=_;(x-a)
a a

x-int: y=2a ,A(2a,0)

y-int: y=E ,B(0,2)
a a

(2a)(%)
Area of AOAB = Ta

s 2
A oAp =2 units




. . 1 . .
4. Determine the points on the curve f{(x) = 1- — where the tangent line is perpendicular
X

to the line 4x+y-1=0.

f(x+h)-f(x)

f(x)=1lim
h=o
=ik
1- -l1-—
. x+h X
=lim
h>0 h
1_ 1
=limX x+h
h»0 h
. x+h-x
=lim-—— —
h-yOhX(X-i—h)
h* KHx(x+h)
f(x)=—
X

y=1-4X-m=-4 -'-m¢=l

$x)y=m N



REVIEW
—x? x<0

1. Find the values of a and b if the function f(x) =< ax+b 0 <x <1 is continuous.

Jx+3 x21

. State the discontinuities of f(x) and find their type.

x> =9

2. Let f(x)=

3. A designer is experimenting with a cylindrical can with a fixed height of 15 cm. find the rate of
change of volume with respect to radius when the radius is 4 cm. the volume of a cylinder is
V=nrh .

4. Let f(x)=ax’+bx+c . Find a,b and c so that the tangent to the graph y = f(x) has slope 16
where x =2 and has x-intercepts (0,0) and (8,0)

5. Is the following statement true? Justify your answer.

It is possible for a limit to exist even though the function may not be continuous at the point of
question.

-1 .
- #—1
6. Function f(x)=9 x+1 lf * is continuous at x =—1.Find the value of k.
k1 ToxET

7. At what point on the parabola y = 3x”is the slope of the tangent equal to 24?

8. Find the points on the curve y=1-— 1 where the tangent line is perpendicular to the line
X

y=1-4x.

9. Find the average rate of change of the function f(x)= 5—\/;2 between x =1and x =4 .What is the
X+

instantaneous rate of change at x= 1.

10. Evaluate the following limits, if they exist. Show your work.

3 9.3 3 42
a) lim 2% 5 b) lim7 " ¢) lims*™*  d) fim* X 4
x_)gv Ox _4y X—0 x—0 x—2 x° =4
Z,
2 YEri,
2 ~ | 2 _
&) lim VAT ¥ =2 f) fim/ o) lim 2=t ) fm I TNXHT
x—=0 X x—)w(zj* x4 \fx =2 x—2 x—=2
—| +2
3
11
, Yox 2x+3 3
i) lim¥2X=3 1 i) lim (2% )2 k) limXx=3_3
x—2 x—2 x>0 5 -2x —5x =2 x=2

46



11. The position of a particle moving along the x-axis is given by s(t) = t> - 5t + 4 where t is the
elapsed time in seconds.

(a) What is the position of the particle after 2 seconds?
(b) Calculate the average velocity of the particle from t = 2s to t = 5s.
(©) Calculate the instantaneous velocity of the particle when t = 2s.

12. Larry is driving over the speed limit on wet, slippery roads. The road can be modelled by the
curve f(x) = x2. As he travels from left to right, his car begins to slide out of the curve in a straight
line at the point (-1, 1). A stupid cat is sitting at the point (3, -7). Will Larry run over the cat?

13. Find the point(s) in exact value where the functions y=2x’+10x—1land y = 4 contain the
X

same slope.

14. Determine the values of b and ¢ in the function f(x)=x>—3bx+(c+2), if f(x) has an x-

intercept at x=1 and a /"(3)=0.

47



Unit 2-Review Solutions

—x* x<0

1. Find the values of a and b if the function f(x) =< ax+b 0<x<1 is continuous.

Nx+3 x21

lim (—xz) = lim (ax+b) = f(O)

x>0 x—0"

0=b

lim (ax +b) = lim (Vx+3) = /(1)
x->1” x—>1"

at+b=2—>sinceb=0 ,a=2

x*=9

2. Let f(x)= . State the discontinuities of f(x) and find their type.

At x=0, infinite discontinuity.

3. A designer is experimenting with a cylindrical can with a fixed height of 15 cm. find the rate
of change of volume with respect to radius when the radius is 4 cm.Fhe volume of a cylinder is

V=nr’h .

V(r+h)—V(r)

V’(r)z}qin% P
. ﬁ(r+h)2H—7rr2H
=1lim
h—0 h
72'H|:(l"+ h)2 —rZJ
=lim
h—0 h
[}’Z/+2rh+h2 —/}
=z Hlim
h—0 h
:ﬂ'HlimM
>0 }{
=2rnrH

at H=15cm and r=4cm: V'(4) = 27[(4cm)(150m) =1207zcm’

4.Let f(x)=ax’+bx+c . Find a,b and c so that the tangent to the graph y = f(x) has slope 16
where x=2 and has x-intercepts (0,0) and (8,0).

alxthy e b(x4h)+C — 0X-bx~C

f'(x)=2ax+b Fx)= ‘\;:“o "
f'(2)=16 >2a(2)+b=16 >4a+b=16 (1) o
7(0)=0-c=0 — lim ox & 0h +ah” +Hhx+bht ¢ ~03bx~C
f(8)=0->64a+8b=0—>8a+b=0  (2) h=0 h
datb=16_ o hm o0xh +bh
8a+b=0 = W0 h

— L h(fox+b)

~ hso n

= Kb



Unit 2-Review Solutions

5. Is the following statement true? Justify your answer.

1t is possible for a limit to exist even though the function may not be continuous at the point of

question.
) x if x#0 .
Yes it’s true. For example: f(x)= 1 0 is not continuous at x=0, however
i xX=
lig /() = lim(x) =0
2
. oy ke . ,
6. Function f(x)=9 x+1 i is continuous at x =—1.Find the value of k.
k1 Pox=

lim(x2_1]:—2k+1 « W £ is wbmous o %x=-1 Tim L) = £

x7-|
(=G
x—-1 }4

lim (x—1)= -2k +1

x—>-1

—2:—2k+1—>k:%

7. At what point on the parabola y = 3x”is the slope of the tangent equal to 24?

o G 3(xah)- 3% im 3hExHN)
y=3x" >y =6x < ‘a h>0 h = w0 h
6x=24—>x=4 - 2 23,3 -
= W 3%+ 6oxh+3h -3% = lim
- (4.48) hod h i St

= (ox
8. Find the points on the curve y =1— 1 where the tangent line is perpendicular to the line
y=1-4x. \al:m.l_:
Use R S
P\ rs.\— * Yy ¥ Yy P —_—=

1
: X 2 Z
Prind p\es

ettt l L (ol] (2] et vt



Unit 2-Review Solutions

9. Find the average rate of change of the function f(x)= —xz between x =1and x =4 .What is
x+

the instantaneous rate of change at x= 1. A

ARoC - () f(l) ,

[14]
10 5

6 3

sVi+h 5

— limM
h—0 h

ﬁ h+3) 3Wi+h+(h+3)

(
3h(h+3) 3 1+h+(h+3)
. 9(1+h)—(h+3)’
;H03h(h+3)[3 1+h+(h+3)]
_spigy &R =1 —6h 9
>0 3h(h+3)[ 31 +(ht )]
_stim Al
1~03h(h+3)[3JWh +(h3)]
=5lim }{(3_h)
10 3 K (h+3)[35h +(h+3)] _ 5

[3 0] /-’ TR
3 T H]

10. Evaluate the following limits, if they exist. Show your work.

3_g.3 3 9x” +6xy +4y°
lim 2% =57 _ i (3725 (90 +6r+ 4y )=3y
oy 0% =4y L2 (3e-77) (3x+2y)

b) lim7 " V=7"=0

X—>0

=5lim

h—0

a)
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¢) lim57° =57 =—
x—0 125

d) hmqg_x2_4x+4==hn£&f2502+x_2)=1
x—2 x2_4 x—2 M(x+2)
Va4 +x+x* -2 4+ x+x" +2
X

Vd+x+x? +2
A+x+x> A4

=lim
xéox(\/4+x+x2 +2)
) /(1+x)
=lim
X_’O/)((\/4+x+x2 +2)

e) lim
x—0

x—4 x+2

lim = x 2=
g)x»w¢§—2 Jx+2

= lim M(\/;+ 2)
x—4" )x//4

=4

h) hm5ETT?_J;:7xVC?T§+J;:7
w2 x—2 N )
i (x2+5)—(x+7)
2 (x_z)[\/m " m}

2-x-2

:%(x_z)[m+m}

i M(x-i—l)
2 () [N 5 4T |

1
2
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3 _
) lim\ﬁx 5+1

x—2 x—2

Let J2x—5=u As K>, u> -]
2x-5=u’
w+5
X =
2
. Y2x=5+1 u+l
Iim—= 3
x—2 x—-2 u—>=ly” +5
-2
2
2(u+1
i 2001
u>-ly” +5-4
o 2(u+)

u>-1 3% 4]
= lim 2M
u—>-1 M(uz —u +1)

2
3
2
5 2
i) hmM L K (Q-\—
x>0 5 2x —5x° oYy K> b 2/ 5 2
i 4412249 X 3(?'7(‘5)
x>0 5x* —2x+5

= "ﬂ
Hoo [ \i &\J b}
:?
Lot
k) limX=> 3
=2 x=2
1 3+x-5
=2 3(x-2)(x-5)
i x=<7
= l1mm
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11. The position of a particle moving along the x-axis is given by s(¢)=¢* —5¢ +4 where t is the

elapsed time in seconds.
(a) What is the position of the particle after 2 seconds?
s(2)=22-52)+4=-=2
The particle’s position after 2 seconds is 2m to the left of the origin.

(b) Calculate the average velocity of the particle from t = 2s to t = 5s.

aroc=20)-5(2)
5-2
4-(-2)
3
=2m/s

The average velocity is 2m/s.

(c)  Calculate the instantaneous velocity of the particle when t = 2s.

o)- Hm[(z+h)2_s(z+h) +4J_(_z)

h—0 h

A+ +4h—-10-5h+4+2
= lim
h—0 h

The instantaneous velocity is -1m/s



1Y
12. Larry is driving over the speed limit on wet, slippery
roads. The road can be modelled by the curve f(x) = x>. °
As he travels from left to right, his car begins to slide out o
of the curve in a straight line at the point (-1, 1). A stupid 4
cat is sitting at the point (3, -7). Will Larry run over the &1
Cat? <'\ T T T T T T T T r;(
10 8 6 4 -2 8 10
f@)=x" :
N -\o. Tine:
Voge of ongsk: Eapation o ariprt
“him L9 2, (-11)
h—0
m= lim f(_l+h)_f(_1) y=mx+b
h—0 h
y=—2x-1
Oheck i Yorgent- line posses G-
2 2
—21_%( l”’)h_( ) 1=-2(-1)+b y=-203)-1
2
m= lim 12721 1=2+b y=—6-1
h—0 h
2
m = lim 7 =2 ~-1=b y==7
h—0 h
m = lim h-2) y=-2x-1
h—0 h
= lim({4-2
= imi-2)

m=-2

Unit 2-Review Solutions

Therefore Larry does run over the cat.
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13. Find the point(s) in exact value where the functions y=2x’+10x—1land y = 4 contain the

X
same slope.

% Use Brst Prandiples

4
2 —
y=2x"+10x—1 -y =6x*+10 6x +10——x2
4 -1 '—_4 jl> 6x4+10)62—4:0
y=-——=-4 )y =—
i ¥ 2(3x* +5x" -2) =

(3x*-1)(¥*+2)=0

, 1 no real roots

-

yis
. Poirks are o (355-408) o (78,4

14. Determine the values of 4 and ¢ in the function f(x)=x>-3bx+(c+2), if f(x) has an x-
intercept at x=1 anda f’(3)=0. o
3 Use Rrst Prnagus (‘J&_ el ows)

Z’
f(x)=x —3bx+(c+2)—>f( )=
f'(3)=6-3b=0>b=2
fO=0->1-3(2)(1)+(c+2)=0
1-6+c+2=0
c=3 Ctm G =3 b ) + (€ 42) - 430 - (c42)
6= "
™ exh+h” - 3bx- 3bh +(C-\'Q)"7(a+ 3bx-(c+2)
= h»o h
- 2h +h =3 bh
= W6 h
_lim  hbxrh-30)
T w0 h

= XK-3b



