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2.1: Experiencing Limits 
Evaluating Limits of Convergent Sequences 

A sequence is a function whose domain is the set of positive integers Q=1,2,3,«. 

The values or individual terms of a sequence are generally denoted by a subscript 
of n on t. In other words, we use tn rather than f(n). 
For example, the list of all positive odd numbers forms the sequence 1,3,5,7,«. 
This sequence could be represented algebraically by two different formulas: 

1. Recursive Formula 
� �  1 12 1n nt t where t  

2. Arithmetic Formula 
� � � �

 �  

1 2 1
2 1 1,2,3,...

nt n
n for n

 

If we continue this sequence of numbers, would this sequence approach a single value? 
In other words, as n→+� does tn approach a limit? 
As n increases, we see that tn becomes arbitrarily large in value. 
Therefore, as n→+�, tn→+�. 
We could use limits to write this as 
 2lim )1(

n
n

of
�  f   

The behavior of infinite sequences 
It is often very important to examine what happens to a sequence as n gets very large. 
There are three types of behavior that we shall wish to describe explicitly. These are 
¾ VeTXeQceV WhaW µWeQd WR LQfLQLW\¶; 
¾ VeTXeQceV WhaW µconverge WR a UeaO OLPLW¶; 
¾ VeTXeQceV WhaW µdR QRW WeQd WR a OLPLW aW aOO¶. 
 

First we look at sequences that tend to infinity. We say a sequence tends to infinity if, 
however large a number we choose, the sequence becomes greater than that number, 
and stays greater. Here are some examples of sequences that tend to infinity.  
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Now we look at sequences with real limits. We say a sequence tends to a real limit if 
there is a real number, L, such that the sequence gets closer and closer to it. We say 
L is the limit of the sequence. 
 
 
 
 
 
 
 
 
 
 

And finally we look at sequences that cannot approach any specific number L as n 
grows large. 

 

 
 
  
 
 
 
 

 
 
 
 
 
  
Definitions: 
We say that the sequence {an} converges (or is convergent or has limit) if 
it tends to a number L. 
A sequence diverges (or is divergent) if it does not tend to any number. 
 
Exercises 
Decide whether each of the following sequences tends to infinity , tends to a real limit, 
or does not tend to a limit at all. If a sequence tends to a real limit, work out what it is. 
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3

lim
x
f x

o
 

2.2 The limit of a Function 
Calculus has been called the study of continues change, and the 
limit is the basic concept that describe and analyze such change. 
The limit of a function describes the behaviour of the function 
when the variable is near, but does not equal, a specific 
number (Fig.1) 
If the values of f(x) get closer and closer, as close as we want, to 
one number L  as we take values of x very close to ( but not equal 
to) a number  c  ,then we say:  
 
The limit of f(x), as x approaches c is L and we write: lim

x®c
f x( ) = L . 

 
f(c) is the ONLY number that describes the behaviour (value) of  f  AT the point x=c. 

� �lim
x c
f x

o
 is a single number that describes the behaviour of  f  NEAR, BUT NOT AT 

point x=c. 

 
 
Example #1:  
Use the graph of y=f(x) and determine the 
following limits. 
(a) � �

2
lim
x

f x
o

  

 
(b)  
 
(c) � �

1
lim
x
f x

o
      

                          
(d)  � �

4
lim
x

f x
o

  

 
One- Sided Limit 

Sometimes, what happens to us at a place depends on the direction we use to approach 

that place. Similarly, the values of a function near a point may depend on the direction 

we use to approach that point. On the number line we can approach a point from the left 

or right, and that leads to one-sided limits.  

The left limit as x approaches c of f(x) is L if the values of f(x) get as close to 

L as we want when x is very close to the left of c, x< c : � �
o -x c

limf x =L  

The right limit, written with � �
o +x c

lim f x  requires that x lie to the right of c, x>c. 

  

 One-sided Limit Theorem: 

� �lim
x c
f x L

o
  if and only if  � � � �lim lim

x c x c
f x f x L

� �o o
   

Do

$06908
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→ ←

3

I

2

DNE Note : Does not exist

BAE

continuousacetone

-
Note : findfCx) does not have to equal Ha) for the limit to exist.

Note : f-(2) DNE
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Corollary: 
If  � � � �lim lim

x c x c
f x f x L

� �o o
z   , then  � �lim .

x c
f x

o
does not exist  

 
Example #4:   
Use the graph below to evaluate each of the following limits, if it exists. 

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

1 1

1 2

22

3 3

3 4

44

a) lim ____ b) lim ____

c) lim ____ d) lim ____

e) lim ____ f) lim ____

g) lim ____ h) lim ____

i) lim ____ j) lim ____

k) lim ____ l) lim ____

x x

x x

xx

x x

x x

xx

f x f x

f x f x

f x f x

f x f x

f x f x

f x f x

� �

�

�

� �

�

�

o o

o o

oo

o o

o o

oo

  

  

  

  

 

  

 

Example #5:  Sketch the graph of a function that has the following characteristics: 

o 
1

( )lim 3
x

f x
�o�

  

o 
1

( )lim 1
x

f x
�o�

  

o 
3

)im (l 2
x

f x
o

  

o f(3) is undefined 

 

 

 
Example # 6: Consider the following piecewise function f(x), where A and B are 

constants. � � 2

 2
2  -2 1

4  1

Ax B if x
f x x Ax B if x

if x

� � �­
° � � d �®
° !¯

 . Determine all values of the 

constants A and B so that � �
2

lim
x

f x
o�

 and � �
1

lim
x
f x

o
both exist. 
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Infinite Limits 
We say that � �

o
f

x a
limf x = if we can make f(x) arbitrarily 

large for all x sufficiently close to x=a, from both sides, 
without actually letting x= a . 
 
 
 
 
We say that � �

o
f

x a
limf x = - if we can make f(x) arbitrarily 

large and negative for all x sufficiently close to x=a, 
from both sides, without actually letting x= a . 
 
 
 
 
 
EXAMPLE# 1: Use the graph of f(x)below to find the following 
 

a) � �4f   
b) � �2f �   
c) � �

2
lim
x

f x
�o�

  

d) � �
2

lim
x

f x
o�

  

e) � �
2

lim
x

f x
�o

  

f) � �
4

lim
x

f x
�o

  

 
 
We can determine a limit intuitively, but we can also use properties of limits to evaluate 
limits. 
 
Properties of limits 
For any real numbers a ,c and k , suppose � �f x  and � �g x  both have limits at x a . 

1. lim
x a
k

o
     

2. lim
x a
x

o
       

3.  � � � �lim
x a

f x g x
o

ª ºr  ¬ ¼  

4. � �lim
x a

cf x
o

ª º  ¬ ¼  

5.  � � � �lim
x a

f x g x
o

ª º  ¬ ¼     

6. 
� �
� �

lim
x a

f x
g xo

  

7. � �lim
n

x a
f x

o
ª º  ¬ ¼  

2

u ndef tried
+ is

DNE

O . 5

÷
a

t ' afG) ± a
961

c IIsa fCx)

KitafGDHsia sGD

¥÷÷tgc . ¥as exHo

HsiafGD
n
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Example #2 If 
� �

ox 0

f x
lim = 1

x
 and 

� �
ox 0

g x
lim = 2

x
, determine 

� �
� �ox 0

f x
lim

g x
. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example #3 If � �
3

lim 4
x

f x
o�

  , use properties of limit to determine 
� �
� �o 2x -3

x f x
lim

x + f x
. 
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Practice 
1. Consider the following graph of the function and evaluate the following limits. 

 
a)  

2
lim ( ) _____
x
f x

o
   b)  (2) ____f         c)   ( 5) ____f �   

d)  
8

lim ( ) _____
x

f x
�o

   e)  
8

lim ( ) _____
x

f x
�o

              f)    

8
lim ( ) _____
x
f x

o
  

g) 
13

lim ( ) _____
x

f x
�o�

   h) 
13

lim ( ) _____
x

f x
�o�

   i)     ( 13) ____f �   

2. Consider � �

­
°
°
®
°
°
¯

27 - x , if x -2
f x = ax + b, if - 2 < x < 3

3
, if x 3

x

≤

≥

.Determine values for a and b so that � �
ox -2

lim f x  and 

� �
ox 3

lim f x  exist. 

3. Given  � �

� �

­
°
°
°
®
°
°
°
¯

2

2

2

3x - 5x - 2
0 x < 2

x - 2
f x = x x < 0

14 x +12 - 4
2 < x

x - 2

≤

   , find. � � � �
o ox 0 x 2

limf x and limf x . 

 
4. Let g(x) = Ax + B, where A and B are constants. 

� �
ox 1

limg x = -2  and � �
ox -1

lim g x = 4,find the values  of A 

and B. 
 

5. The graph of function f(x) is shown. Find the 
� � � �� �

1
lim .
xo

f x - 1 + f 1 - x   

 
  

� �f x

I

\
pt@gEg@@gf



Practice 2.2-Solution 
1. Consider the following graph of the function and evaluate the following limits. 

 
a)  

2
lim ( )
x
f x

o
 3    b)  (2)f  7     c)   ( 5)f �  -3  

d)  
8

lim ( )
x

f x
�o

 -2    e)  
8

lim ( )
x

f x
�o

 3             f)    
8

lim ( )
x
f x

o
 DNE  

g) 
13

lim ( )
x

f x
�o�

 �f   h) 
13

lim ( )
x

f x
�o�

 f  i)     ( 13)f �  undefined  

2. Consider � �

­
°
°
®
°
°
¯

27 - x , if x -2
f x = ax + b, if - 2 < x < 3

3
, if x 3

x

≤

≥

.Determine values for a and b so that � �
ox -2

lim f x  and 

� �
ox 3

lim f x  exist. 

� �xf
x 2
lim
�o

 to exist : � � � �
2 2

lim lim
x x

f x f x
� �o� o�

  

  
� � � �
� � � �

2

2 2

2 2

lim lim 7 3

lim lim 2
x x

x x

f x x

f x ax b a b
� �

� �

o� o�

o� o�

 �  

 �  � �
            

� �
3

lim
x
f x

o
 to exist : � � � �

3 3
lim lim
x x

f x f x
� �o o

 . 

� � � �
3 3

lim lim 3
x x

f x ax b a b
� �o o

 �  �                            

� �
3 3

3lim lim 1
x x

f x
x� �o o

§ ·  ¨ ¸
© ¹

 

Solving the linear system of equations  

2 3
     -2 11  &

5 53 1
a b

a b
a b

� �  ­
�  

¯
 ® �  

 

2 3a b� �  

3 1a b�  

€

.



3. Given  � �

� �

­
°
°
°
®
°
°
°
¯

2

2

2

3x - 5x - 2
0 x < 2

x - 2
f x = x x < 0

14 x +12 - 4
2 < x

x - 2

≤

   , find. � � � �
o ox 0 x 2

limf x and limf x . 

 

� � � �

� �

- -

+ +

2

x 0 x 0
2

x 0 x 0

lim f x = lim x =0

3x - 5x - 2lim f x = lim =1
x - 2

→ →

→ →

 

� �

� � � �
- -

-

2

x 2 x 2

x 2

3x - 5x - 2lim f x = lim
x - 2

3x +1 x - 2
= lim

→ →
→ x - 2

=7

 

 

 

 

 

 

� �
� �

� �

� �
� �� �

� �
� �� �

� � � �

2

2 2

2
2

22

2

22

2

22

2

14 12 4
lim lim

2

14 12 4 12 4lim
2 12 4

14 12 16
lim

2 12 4

14 4
lim

2 12 4

14 2 2
lim

x x

x

x

x

x

x
f x

x

x x
x x
x

x x

x

x x

x x

� �

�

�

�

�

o o

o

o

o

o

� �
 

�

� � � �
 u

� � �

� �
 

� � �

�
 

� � �

� �
 

� �2x � � �
� �

2

22

12 4

14 2
lim

12 4
56
8

7

x

x

x

x�o

� �

�
 

� �

 

 

� �
ox 0

limf x DNE

� �
2

lim 7
x
f x

o
?  

i!÷:÷÷i:;÷ EI"
" "" ''ne

\ :
"

•



 
4. Let g(x) = Ax + B, where A and B are constants. � �

ox 1
limg x = -2  and � �

ox -1
lim g x = 4, find the 

values  of A and B. 
 

� � � �

� � � �

x 1 x 1

x -1 x -1

lim g x =-2 lim Ax +B =-2

                        A +B =-2
lim g x =- lim Ax +B = 4

                        - A +B = 4

→ →

→ →

⇒

⇒
 

 

 

 

 

5. The graph of function f(x) is shown. Find the � � � �� �
1

lim .
xo

f x - 1 + f 1 - x   

 
� � � �� � � � � �

� � � �

� � � �� � � � � �

� � � �

- - -

+ + +

x 1 x 1 x 1

- +

x 1 x 1 x 1

+ -

lim f x - 1 + f 1 - x = lim f x - 1 + lim f 1 - x

                                          = f 0 + f 0

= 1+2
                                          = 3

lim f x - 1 + f 1 - x = lim f x - 1 + lim f 1 - x

= f 0 + f 0

          

→ → →

→ → →

� � � �� �
x 1

                                = 2+1
                                          = 3

lim f x - 1 + f 1 - x = 3

→

ง

  

 

� �f x

� �

­
®
¯
?

A +B=-2
       A =-3   , B=1    

-A +B=4

g x =-3x +1

Ada- -mi
-

AE

→BE →BAA →MET

⇒GO
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    Warm up 

1. Use the graph of the piece-wise function y = f(x) shown below to answer the following 
questions.                                                                                            
a) � �

+x 2
lim f x =

→

 _____                 

b) � �
x 0
lim f x

→

= _____        

c) � �f -3 =  ______         

 

 

 

 

2. Find all values of a and b such that for the function � �
� � �­

° � � d �®
° t¯

2
2                1

                -1 3
4 3

ax x
f x x bx a x

x
 

� �
3

lim
x
f x

o
  and  � �

1
lim
x

f x
o�

 both exist. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3
→K¥2

⇒
DNE gofG)=l

'x'Fox -561=-1
- 2

.

'

'

L'Iszfcx) exists
i. ftp.xhoxta-IIS.4q-3bta-4

a-36=-5 -①

-

.

-

tyg,fG) exists
'

'

ax-2=4;'m. ,+xZbxta
-a-2=1 tbta Sub in① :

be -2A-3 -② I -2 - 3b= -5
Sub ② in ① : -3b= -3
a-3f2a-3) = - 5
a+ga+g=, ,} pg79=-14

a
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     2.3 Evaluating limit 
 
To evaluate a limit algebraically, we can use the following methods: 
 
x direct substitution 
x factoring 
x rationalizing 
x one-sided limits 
x change of variable 

 
METHOD 1: Direct Substitution 
 
Example: Evaluate the following limits. 

a)   � �2

2
lim 4 1
x

x x
o

� �     b)  
3

2lim
2x

x
xo

�
�

   c) � �
2

lim sin cos2
x

x x
S

o
�  

 
 
 

d)    18
2 3

log 512 1lim
8

x
x

x

x x
o

� �

� �

                 e)   
2

2

3lim
2x

x
xo �

  

  
 
 
 
 
 
 
METHOD 2: Factoring 

This method is used on questions where direct substitution yields 0
0

, which is referred 

to as an µindeterminate form.¶ WheneYer WhiV happenV, Vimplif\ Whe e[preVVion b\ 
factoring and reducing, expanding and simplifying, or by finding a common 
denominator. 
 
Example#4: Evaluate the following limits. 

a) 23

3lim
4 3x

x
x xo

�
� �

   b)  
3

21

1lim
1x

x
xo

�
�

          c)  
1

lim
xo

2

3 2

x +5x - 6
x - x - 4x +4

 

  
 
 
 
 
 
 
 

•

= 22-4/2) -11 = 3-2
= Sin -12- cos 2

= 4-8+1
3-12

=-3 = Is L
- fi)

= 365
Note 3¥

= logg5l2-T 72 = 36¥
82+85=8 = I

= - is

= 3-31
=D'VE µm⇒+3¥Iz

I;÷7=÷ =#
= to

' 'x'Is.EE#--IEi9IfEIItI--tis.fxE.EfIIaI.,--
t.ms#--tisixIII--1is.9IIfEII,= Its# = 1+1+1

-

- z
Tt ' II ,

= 3-
a = '¥##

= -75

" El c) a

" "

( ) ( )

ATHINA ein
( )

%
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d)  
2

1 1
2lim
2x

x
xo

�

�
                                    e)  

0
lim
ho

2

1 1-
(2+ h) 4

h
                               

 
 
 
 
 
 
 
 
 
 
 
 
METHOD 3: Rationalizing 
When the expression we are trying to find the limit of is a fraction involving a square 
root, it sometimes works to rationalize. 

 a)   
0

1 1lim
x

x
xo

� �                                                               b) 
2

2

3 4 4lim
6 2t

t t
t to�

� �
� � �

 

 
 
 
 
 
 
 
 
 
 
 
 

c)  
23

3lim
13 7x

x

x xo

�

� � �
           d) 

2

2 2lim
7 3x

x
xo

� �
� �

 

 
 
 
 
 
 
 
 
 
 
METHOD 4: One-sided Limits 

' 'x'I. 3¥ =L' o fFh 'T
X-2

' 'x'I. 3¥ :*, ' n' 'Iso "EIh
=

a -2¥ -
- Liao - hftth)

= I4¥26)
= Limo -Gth)

= -4L 4(2th)-

= -44(4)
= -f

Multiply by its conjugate

it'EotT¥ 'II.tt#EIetfEI--'x'Io =sGt-¥EI?fFtr
= →o¥+, =¥¥zGt-z)CttWE

2Gt)
= I
•

=L.gs#-z)CTtttFt)L2--C3fD-zffr++ry-/---8fI= - 16

TEETH
=¥⇒f}tF =h×m→,4+2-41177+37=133/3- x)fEx+F+×)

Gtx-9)fxtztz

tx =¥⇒4IhFI3
= Linz -CIf3)(FxtF = Fats

x-3)Cxtz) 52+2+2
= II, = I

=
TITI .

5 =

32682

6*-5 FIFI]

)

#tgg¥3

goats EEe÷÷:÷t
= Z
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a)     Consider the Heaviside1 function  
0 , 0

( )
1 , 0

t
H t

t
�­

 ® t¯
 

        Evaluate: 
        
                 i)  � �

0
lim
t

H t
�o

                                     ii) � �
0

lim
t

H t
�o

                                iii)  � �
0

lim
t
H t

o
            

 

b) 
2

x 2

x + x - 2 - 4
lim

x - 2o
  

 
 
 
 
 
 
 
 
 
 
 
 
METHOD 5: Change of Variable 
Evaluate the following limits, if they exist.  Show your work. 

a)  
30

lim
1 1x

x
xo � �

                                                                         b) 
1

2 3 5
lim

1x

x x
xo

� �
�

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
____________________________________________________________ 
1 This function is named after the electrical engineer Oliver Heaviside (1850-1925) and can be used to 
describe an electric current that is turned on at time t = 0. 

O l DNE

II.+*¥ Is.
it'IatAt¥f -

- this.

y
. :¥Ia×Y¥I#

= lim X-13
X→2t = km fx-2)f = DIVE

x-72
-

- Cx-2)
= 2+3

= - (2+1)
= 5

= - 3

Is Let x±=u
Let@+D= u ⇐ As x→o .

.

.

. u→ l X = U
-

3 X -11=43
=L'S's,u x=u3- I =L't , As x→i , ut '

-_ lung,4-DCu7u =L'd, ,Gut5)
U- l

U - I

=Lg,

474+1 = Ling, 2h-15

= 141+1 = 24 )-15

= 3
= 7

&

←

"

÷FSE÷,

C ) ( )
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c)  � �
1
3

0

8 2
lim
x

x
xo

� �
      d)   

31

1lim
1x

x
xo

�
�

  

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Practice 

1. If 
1

lim
xo� 3 2

x +1
x - ax - x +6

 exists, find the value of a.  

2. If 
2

lim
xo 2

x - 7
= -

x + ax + b
෱  ,find the value of a+b. 

 
3. Give an example of functions f(x) and g(x) such that � � � �� �

ox 0
lim f x + g x exists but

� � � �
o ox 0 x 2

limf x and limf x do not exist. 

4. Give an example of a function such that 
o

2

x 0
lim f(x[ )]   exists but 

ox 0
lim f(x) does not exist. 

 
5. Evaluate   

      (a)  
3

56

8 4lim
40 4x

x
xo

� �
� �

                            (b)  
1
4

4 1lim 1 2x

x

x
o

�

�
                             (c)   

0
lim
xo

1
6(1+2x) -1

x
 

6. Is there a value of k for which 
2

lim
xo�

2

2

kx - 6x +3- k
x +3x +2

  exists? If so, find k and find the 

values of the limit. 
 

Let fits)¥u Let u=X'T

X-18=63 u x
's

= him u - 2 21=43-8 =uhIg, uu
u3=X±

u-7278 As x→o .
.

.

.
u -72 Asx-71 , u -71

=L sue =LyCu-DCu7u
(u -2)(u't2ut4T (u - 1)Cutt)

=L'Iau¥+, =L'IiuIu
= 1- =1
2726)-14 It I

=L =3212

If

"
"Ii '



Practice 2.3-Solution 

1. If 
1

lim
xo� 3 2

x +1
x - ax - x +6

 exists, find the value of a. 

Let � �  � � �3 2 6f x x ax x .  If � �1 0f �   then: 

� � � � � � � � � � � �
3 20 1 1 1 6a  

 � � � �0 1 1 6a  
 

 
 

If  6a  then: 

� � � �

� �� �

3 21

21

21

1

1lim
6 6

1lim
6 6
1lim

6 1

1lim

x

x

x

x

x
x x x

x
x x x

x
x x

x

o�

o�

o�

o�

�
� � �

�
 

� � �

�
 

� �

�

� �� � � �6 1 1x x x� � �

1
14

 

 

If z6a  then 3 21

1lim 0
6x

x
x ax xo�

�
 

� � �
 

 
In either case the limit exists, therefore �a . 
 

2. If 
2

lim
xo 2

x - 7
= -

x + ax + b
∞  ,find the value of a+b. 

If 22

7lim
x

x
x ax bo

�
 �f

� �
, since � �

2
lim 7 5
x

x
o

�  � then � �22x �  must be a factor of 2 .x ax b� �  

( Recall: 
5

0�

�
 �f )  

Let � � 2f x x ax b � �   We now know that  � � � �22f x x � . 
Therefore: 

2 2 4 4
4, 4

x ax b x x
a b

� �  � �
 �  

 

                   0a b? �   
 

 

 

 

 � � �  0 6 6a a

Amore
* For m tg¥ to exist, XtI must- I

be a factor of f-Cx) and gCx)

(since this will be a removable
discontinuity .

: ft t ) = o

Denominator must → o with direct

j substitution so that
the limit is - a

i. The only way to
have the denominator
0 when subbing in x⇒
is if the factors

are (x-212
← by observation



3. Give an example of functions f(x) and g(x) such that � � � �� �
ox 0

lim f x + g x exists but

� � � �
o ox 0 x 2

limf x and limf x do not exist. 

 1 1  ;      ( )   ( ) .Answers may vary two such functions are f x and g x
x x

�
    

4. Give an example of a function such that 
o

2

x 0
lim f(x[ )]   exists but 

ox 0
lim f(x) does not exist. 

 

 
 
 
 
 

 
 

5. Evaluate   

      (a)  
3

56

8 4lim
40 4x

x
xo

� �
� �

                                                (b)  
1
4

4 1lim 1 2x

x

x
o

�

�
                              

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

2

0 0

0

       .
1  0

   ( )
1  0

 lim[ ( )] 1. However lim  ( ) 1

 lim ( )   .
x x

x

There are many possible solutions to this question
if x

One possible function is f x
if x

f x f x

so f x does not exist
�o o

o

!­
 ®� d¯

  �

3

3

: 8

8

Let u x

u x

 �

�  

� �

2

1 1
4 2

2

1
2

1
2

4 1 4 1lim lim1 12 2

4 1lim 1 2

2 1
lim

x u

u

u

x u

ux
u
u

u
u

o o

o

o

� �
 

� �

�
 

�

�
 

� �
� �

2 1

2 1

u u

u

�

� �

1 �

2:Let u x 

� �� �

� �� �

� �

3

356 4

3

3 34

3

34

3

34

4

8 4 4lim lim
40 4 8 40 4

4 48 4lim
48 4 48 4

4 48 4
lim

48 16

4 48 4
lim

64

4
lim

x u

u

u

u

u

x u
x u

u u

u u

u u

u

u u

u

u

o o

o

o

o

o

� � �
 

� � � � �

� � �
 u

� � � �

� � �
 

� �

� � �
 

�

�
 

� �
� �

3 48 4

4

u

u

� �

� � �
� �
� �

2

3

24

4 16

48 4
lim

4 16

8 1
48 6

u

u u

u

u uo

� �

� �
 

� �

  

*99

.

As x -756
,
u-74 → a-Tx

,
Asx-74

,
u→I



(c)   
0

lim
xo

1
6(1+2x) -1

x
 

                              

6

6

1
6

6x 0 u 1

u 1

1+2x = u

u - 1x =
2

(1+2x) - 1 u - 1lim = 2 lim
x u - 1

u - 1= 2 lim

→ →
→ � �u - 1 � �5 4 3 2u +u +u +u +u+1

2=
6
1=
3

 

 

6. Is there a value of k for which 
2

lim
xo�

2

2

kx - 6x +3- k
x +3x +2

  exists? If so, find k and find the 

values of the limit. 

   
� � � � � � � �

2

2x -2

2 2

kx - 6x +3- kIf lim exists, then we must have :
x +3x +2

k -2 - 6 -2 +3- k = 0 and -2 +3 -2 +2 = 0
4k +12+3- k = 0
3k = -15

k = -5

→

  

    

� �� �
� �� �
� �
� �

2

2x -2

x -2

x -2

-5x - 6x +8lim
x +3x +2
- x +2 5x - 4

= lim
x +2 x +1

- 5x - 4
= lim

x +1
= -14

→
→

→

 

 

AS X→ O
,
u→ I

→ooo man

→•I

* For film tg¥ to exist, xt2 must-2

* be a factor of f-Cx) and gCx)

(since this will be a removable
discontinuity .

: ft-2) = o

⇒get

F-

→q
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2.4   Limits & Continuity 
 

A function is continuous if you can draw its graph without lifting your pencil. If 
the curve has holes or gaps, it is discontinuous, or has a discontinuity, at the point 
at which the gap occurs. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
A function that is not continuous at x=a is referred to as discontinuous at a. The 
point, a, is known as a point of discontinuity. 
 
Types of Discontinuities 
 
There are four different types of discontinuities that we will discuss

  (1) Removable Discontinuity       (2) Jump Discontinuity 
 

 
 
 
 
 
 
 
 
 
 

 

 

(3﴿ Infinite Discontinuity                                             (4)   Oscillating Discontinuities 

 
 
 
   
   
 
 
 
 
 
 
  
 

 

EH

¥FafkHfk) ×hIa+fG) # 'Ia.tk)

LigatG)=P f-6) is not defined .

"¥yafCx)= - is EE

continuous vs . discontinuous

TEE

or f-(a) DNE
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Example#1: The graph of y=f(x) is shown. Determine whether the function is continuous 
at the indicated points. State the type of discontinuity (removable, jump, infinite, or none of 
these). 

a. x=A 
b. x=B 
c. x=C 
d. x=D 
e. x=E 

 
 
 
 

 
 
 
 

Limit definition of Continuity 
                              
A function f (x) is continuous at a value x = a if the following three conditions are 
satisfied: 

  
1. � �f a must exists  

2.   � � � �lim lim
x a x a

f x f x
� �o o

   

3.  � � � �lim
x a
f x f a

o
  

 
 

Example#2: � �
2 6 0

2 1 0

x x if xf x x
k if x

­ �
z° ®

° �  ¯

 and f  is continuous at x = 0. Find the value of k. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Continuous at x= A

Removable discontinuity
Jump discontinuity
continuous at x=D

Infinite discontinuity

"÷÷¥¥¥÷÷¥:a¥

If f Cx) is continuous at x=o ,
then tinofG) = f-Co)

him x2- Gx
⇒oT f6)= 2K- I

' I'Io g
-EE.IE '

= him x-G k=X-70

= - 6

Too

sub
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Example#3: Find values of a and b that makes function f(x) continuous on . 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example#4: Sketch the graph of a function that satisfies all of the following conditions: 
 

� �
x -3
lim f x = -2

→

,    � �
x -1
limf x DNE

→

,     � �
-x 1

lim f x = 0

→

,    � �
+x 1

lim f x = 2

→

,   � �
x
lim f x = -1

→෱
,   

� �f 0 = 1, and f(x) is continuous over the interval � �- ,-1෱ .   

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 

                     
                   
                   
                   
                   
                   
                   
                   
                   
                   

� � 2

2 if 1

2 if 1 2
2 4 if 2

ax b x

f x x x
ax b x

� d �­
°

 � � � d®
° � !¯

If FG) is continuous on R ,
then ¥1 , - FG) -41g , + f-G) and nzfG)=1¥a+fG)

find ,- axt2b=¥y ,+2172
aft)t2b=fD42
-at2b=3 -0×152-5+2=4z+2ax- Lib
272 = 2aG)- 4b sub in ① :

6=4a -4b - 6+26=3
3=2a-2b -② 26=9

① +② :6
I b

ME He →*

y
^

4 -

y=fG)
2 - O

x

⑧ -2 -

- 4-

Bo

=ffD =fG)

continuous jump or infinite jumped'¥uity ←
HA at

→ y= - I

t
* Answers will vary

g-intercept



Ex) Determine if h(x)

r x — 1, x < — 3
X, x =  — 3
x2 - 13, - 3  < x < 0
J 3  -  x, x > 0

is continuous over all real numbers. I f  a

discontinuity exists, state where it is and the type.

cx*

Ex) Determine if k(x) =
- 2,

* —x + 3,

x < 1  
x — 1

1 < x < 4 IS continuous over all real numbers. I f  a
x > 4

discontinuity exists, state where it is and the type.

80

Practice:

tim X- l Iim x'- 13 tim XZ 13 Ilm 13- X
x→-3- x→-5 x→o

-

x→o+

= -3- I = f-35-13 = 0 - 13 = 13- O

= - 4 = - 4 = - 13 I 13

III.3hG) = - 4 .

'

.
Ilm FG) = DIVE
x-70

f-C-3)=-3
'

.
The function is'

.

'

zffx) # ffs) discontinuous at x - O '

-

'

- Function is discontinuous at x=-3 This is a jump discontinuity
Removable discontinuity .

"m xd Iim - x-13
*Isis. -X-13 ¥1, IX-3x→i

-

⇒it
= I = - 1+3 = -4-13

= 2-(4) -3
= 2 = - I

= - l

fins, f-G) =D'VE .

'

- ×h→z, FG) =- I
'

.

'

. Function is discontinuous f(4) = EX-3at Xel and it is a

jump discontinuity . =I(4) -3
= - I

-

. '¥gfG)=fC4)
-

'

- The function is continuous
at x=4

EE

Ph

aan
*
.

Ah

⑧ *
Mk

Ak Nk



x < - l  
- l < x < 2  

x >  2

( ax +  2b,  
x 2 + 2,  
2ax — 4b,

ib ■ ex + a + 1, x < 0
Ex) Find the values of a and b that make f i x ) continuous for xeR. f ix)  = j ax2 + b(x + 3), o < x < i

facos(ra;) + 7bx, x > 1
[a = 3, b = 2]

Ex) Sketch the graph of a function f  with the following 
properties:

• lim f ( x ) = 2

• / ( D = i

• lim f ix)  = 3
X -* 2 ~

• lim f ix)  — +oo
x-»3

• lim f ix)  = —2
#->oo

• lim f i x)  =  —oo#H--CO

~*“v y — \

—4^

2

t \ >

5 ♦ 2
\ < <

~-Qr

81

For the function to be continuous ,
the limit as

× approaches a must exist
.

¥2,- ax-126=1×151+542
-at2b =3 - ①

① +② :

III. ×42=g+2ax-4b/ k¥1Sub in ① :

6 = 4A- Kb -6+26=3

3=2a-2b -② 4bbI{7
←

¥50- betta -11 I axtbfx-13) fly,- ax4b(xt3)
= btatt = 3b = at4b

.

'

. If FG) is continuous at X=o,
IF,tacos Gtx)t7bx

×IIo- FG)=¥f+fG)
= -at Fb

-

'

. at4b= -a +7-b
La =3b

b +att =3b a -- 2b - ②

a -2b =- I - ① I z

"3¥. I fEI→sYaÊ
-

i'
÷
-

-

*=3

BEEF



The Limit as x Approaches Infinity of a Rational Function 

Recall:  ሺ ሻ ൌ  
௫

.     ____1lim  
fo xx

   and _____1lim  
�fo xx

   

Calculator Method:     Graphical Method: 

 
 

௩௘௥௬ ௟ ௥௚௘  
ൌ   

 

 

 

 Given a rational function f(x) 

°
°

¯

°
°

®

­

fr 
fo

b
a

xfx

0
)(lim    

 

Determine the limit as x approaches infinity of
)(
)()(
xnQ
xmPxf  , where   and   are the 

degrees of the polynomials  ሺ ሻ and  ሺ ሻ, respectively.   
 

Strategy: Divide each term by the term with the highest exponent. 

Case 1: If m<n 

Ex: 
4
1lim 2 �

�
fo x
x

x
    

 

 

 

 
Therefore, if  ൏  ,  

fo
)(lim xf

x
  

, where        ്   

0

÷
-sx→±a ,

I

50¥,

!€
,

fH→o

I

::
=

:the denominator .x

Hi:E¥t¥÷Ati÷¥t÷÷
0



Case 2:  If m>n 

Ex: 
13
4lim

23

�
��

fo x
xx

x   

 

 

 

 

 

 

 

 

 

Case 3: If m=n 

 Ex: 
xxx

xx
x ��

��
fo 23

3

4
32lim        

 

 

 

 

 

 

 

 

  Therefore, if  ൐  ,  fo )(lim xfx  

 Therefore, if  ൌ  ,  fo )(lim xfx
         

What about lim x2tx-3 ,
x→-a 3×+1 °

=
lim ×¥t¥tx

=
Iim xtl-Z

xxx -

3¥ txt ×→ -* 3.txt

X2tXt¥ = - as

=
lim
-

x-od 3. ttx

= A

to

¥t¥t¥lim
-

=x→a4y÷t t

=
lim It # +¥
#4t¥¥

= I

f- , where a ,bEI,b¥O



Practise: Evaluate the following. 

a)  523

52

7
6lim

xxx
xx

x ��

�
fo

    b) xx 3
1lim

fo
  

 

 

 

 

c) 
x

x
¸
¹
·

¨
©
§

fo 3
4lim       d) 

63
52lim 2

2

�

��
fo x

xx
x

 

 

 

 

 

 

e)  346

643

3
3lim
xxx
xxx

x ��

��
fo

 

 

 

÷. ""

Note : Osb < I

IIe:b . , =¥z±¥¥
=3

=¥m.

Agosta

It +I

= 3
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Limits at Infinity 
 
When you are finding a limit at infinity, direct substitution can yield another indeterminate 

form f
f

.To find the limit in this case, divide the functions in the numerator and 

denominator by the highest power of x in the denominator.   
 
Example #5: Determine the following limits. 

2 2

2
1 4 1 5 3 4a) lim b) lim c) lim

4 2 7x xx

x x x x
x x x xof ofof

� � � �
� � �

  

 
 
 
 
 
 
 

    
� �

5 3

5
1 1 3 2 1d) lim e) lim

1 1x x

x x
x x xof of

� �§ ·�¨ ¸�© ¹ �
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Example #6: Find the limit of each function  

4

3(a) lim
x xof

                                   
2

2

2 3(b) lim
3 4x

x
x xo�f

�
� �

                             1000 3(c) lim
1

1000
x

x
xof

�

�
 

       =______       =_______       =_______ 
 
 

 (d)  lim
2 1x

x
xof �

                    (e)    1lim
4 1x

x
xof

�
�

                          (f) 
3

2
lim

1x

x

xof �
    

 
       =______       =_______       =______ 

⇒

÷÷÷÷÷÷÷÷÷÷÷÷⇒:
= #Is =fym⇒x5fs -Etfs)
=L' ¥, It

=1I.= sit =-3

= O

=¥
.

O '
x'I-o ?¥¥#¥ 1000000

=3
''FF B3gptEhq Bogged

¥⇒¥r× to be

= txt) IG
=L

Eggnog
After Sarcomatosis- ma °g¥T

or d) naj¥,

= 1000000

E- =¥F¥¥
=L



MCV4U  SOLUTION 

Page 1 of 6 
 

 
mid-review 

pushing your brain to the limit 
 
1. Consider the following graph of � �xf . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Evaluate the following limits.  If the limit does not exist you must provide a reason. 

 
i) )(lim

10
xf

x ��o
 ii) )(lim

10
xf

x ��o
 iii) (2)f  

iv) )(lim
2

xf
x �o

 v) )(lim
2

xf
x �o

 vi) )(lim
2

xf
xo

 

vii) )(lim
4

xf
x ��o

 viii) )(lim
4

xf
x ��o

 ix) lim ( )
x

f x
of

 

 
 
2. Based on graph above, answer the following questions: 
 

a) An example of a removable discontinuity is when x=__2__ 
 

b) An example of a jump discontinuity is when x=_-10___ 
 

c) An example of an infinite discontinuity is when  x=_-4___ 
 
 

 y 

5 

 
x 

5 �5 

�5 

1 3 
7

0 0 0 

 f  �f 6

Beg

Todd



MCV4U  SOLUTION 

Page 2 of 6 
 

3

3lim
x

x
�o

�
 

� �3x � � �

� �3

3

1lim
3x

x

x�o

�

 
�

 f

� �

2

2

3

3

3

3

:

27lim
3

27lim
3
3

lim

u

u

u

Let x u

x u

u u
u
u
u
u

o

o

o

 

 

�
 

�
�

 
�

�
 

� �2 3 9

3

u u

u

� �

�
27 

� �
1
3

3 3

32

32

2

: 2

2 2
2lim

2 10
2lim
8

2lim

u

u

u

Let x u

x u x u
u

u
u
u

u

o

o

o

�  

�  o  �
�

 
� �
�

 
�

�
 

� �2u � � �2 2 4

1
12

u u� �

 

� �� �
� �� �

� �� �
� �� �
� �

2 2

25

2

5

2

5

5

9 4 9 4 1 2lim
1 2 1 29 4
9 16 4

lim
1 4 8

25 4
lim

5 8

5
lim

x

x

x

x

x x x
x xx
x
x

x
x

x

o

o

o

o

� � � � � �
 u u

� � � �� �

� �
 

� �

�
 

�

�
 

� �� �
� �

5 4

5

x

x

�

� � �8

5 

� �
� �

2 2

3

2

23

3

1 1
3lim
3

9lim
9 3

3
lim

x

x

x

x
x

x
x x

x

o

o

o

�
 

�
�

 
�

� �
 

� �
� �2

3

9 3

x

x x

�

�

� �
23

3
lim

9
2

27

x

x
xo

� �
 

 �

 
3.  Evaluate the following indeterminate limits 

a)  
10

10

4lim
5

x

xx

�

�of
                                 b) 

3 2

22

2lim
6x

x x x
x xo�

� � �
� �

   c) 23

3lim
9x

x
x�o

�
�

 

 
 

  
 
 
 
 

 
 

d) 
9

27lim
3x

x x
xo

�
�

                     e)  
2

5

9 4lim
1 2x

x
xo

� �
� �

   f) � �
1
3

10

2 2
lim

10x

x
xo

� �
�

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

g) 
2 2

3

3lim
3x

x
x

� �

o

�
�

       h) 
2

2

5 3 4
lim 2 7x

x x
x xof

� �
� �

   i)
� �
� �

32

23

1
lim

3 2x

x

xof

�

�
  

                                                                                  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
10

10

10

4 4lim
5 5
4 1lim
5 20

0

x

xx

x

x

�

of

of

u
 

u

§ · u¨ ¸
© ¹

 

� �
2

2
lim
x

x
o�

�
 

� �
� �

2 1

2

x x

x

� �

� � �
2

2

3

1lim
3

7
5

x

x

x x
xo�

�

� �
 

�

 �

2 35

lim
x

x
x

of

�

 

0 0

2
4
x

�

2 12x
x

§ ·
¨ ¸
¨ ¸
© ¹

�
0

2
7
x

�
0

5
2

§ ·
¨ ¸
¨ ¸
© ¹

 

6

6lim
4

1
4

x

x
xof

�
 

�
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4.  Is there a value of k for which 
2

22

6 3lim
3 2x

kx x k
x xo�

� � �
� �

  exists? If so, find k and find the values of the limit. 

 

� � � � � � � �

2

22

2 2

6 3If lim exists,then we must have:
3 2

2 6 2 3 0 2 3 2 2 0
4 12 3 0
3 15

5

x

kx x k
x x

k k and
k k
k

k

o�

� � �
� �

� � � � �  � � � �  

� � �  
 �

 �

  

       
� �� �
� �� �
� �
� �

2

22

2

2

5 6 8lim
3 2

2 5 4
lim

2 1

5 4
lim

1
14

x

x

x

x x
x x
x x
x x

x
x

o�

o�

o�

� � �
� �

� � �
 

� �

� �
 

�

 �

 

 
 
        
 
5.  Create a sketch of a function f(x) where the following restrictions are met: 
 (There is not one correct answer. All that is required is that you meet these conditions) 
 

x 1)(lim
1

 
��o
xf

x
  

x f(-1) = 4 

 
 

x DNExf
x

 
o

)(lim
3

 

x 0)(lim
1

 
��o
xf

x
 

x 5)(lim  
fo

xf
x

 

 

x 5)(lim  
�fo

xf
x

  

 
 
 
 
 
 
 
 
 
 
 

To

Beg

* For my tg¥ to exist, x-12 must
be a factor of f-Cx) and gCx)

(since this will be a removable
discontinuity .

: f C-2) = o
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0

0

99 3
1 lim

1 lim

3
9 3x

x

ppx
x

x
px

p x

o

o

� �

 

u
� �

� �
 

9� 9�
x � �9 3

1
6
6

px

p

p

� �

 

 

6.  Given � �
25 , 1

, 1 4

1 , 4

x x
f x ax b x

x x

­ � d �
°

 � � � d®
° � !¯

 ,Find the values of a and b such that the function is   

 continuous at -1 and 4 . 
 

      
� � � � � �

1 1
lim lim 1

4
x x

f x f x f

a b
� �o� o�

  �

 � �
   

   

       
� � � � � �

4 4
lim lim 4

4 1
x x

f x f x f

a b
� �o o

  

�  �
 

 

7.  Determine whether or not function � �
3 , ( ,1]
3 , (1, 7)

10 3 , (7, )

x x
f x x x

x x

­ � � �f
°

 � � �®
° � � f¯

is continuous at 1x   and  

             7.x      
 
 

 
 
 
 
 

 
 

 

8. If 
4

2
1lim 2

2 1bx

ax
x xof

�
 

� �
 , find the value of a+b. 

 
4

2

4

1lim
2 1

lim 2
2

4 & 2 4
2

bx

bx

ax
x x
ax
x

ab or a

of

of

�
� �

  

�    

 

9. Determine the values of p  and q  such that 
0

3
lim 1
x

px q
xo

� �
 .   

 
 
 

 
 

 
 

 
  
 

4
1 & 3

4 1
a b

a b
a b
� �  ­

�?  �  ® �  �¯

� � � � � �

� �
� � � �

� �
� �

1 1

1 1

1 1

f is continuous at 1,since lim lim 1

lim lim 3 2

lim lim 3 2

1 2

f is not continuous at 7,since 7 is undefined.

x x

x x

x x

x f x f x f

f x x

f x x

f

x f

� �

� �

� �

o o

o o

o o

   

 �  

 � �  

 

 

� �
� �

Let 3

since 0 0 we have

3 0

9

g x px q

g

q

q

 � �

 

�  

 

Iggy

BE

* Degrees of the numerator and denominator must
be equal for the finfootCx) =2
. :b =4

-
: figs.a2×4×7 , = 2

figs ax
°

2t¥ =L

. : G- = 2
a = 4

* For m 94¥ to exist, a direct
sub g-9 , o h

substitution of x-D must
*

result in 8- so that
rationalizing can be used
to eliminate the indeterminate
form

.
For this to happen ,

i . g (o) = o
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10. Jack and Cole are throwing a Frisbee in their backyard. When Jack throws to Cole, the height, in 
metres, of the Frisbee above the ground after t  seconds is described by the function 

2( ) 4.9 10.8 1h t t t � � � . 
 
a)  Determine the average speed of the Frisbee between 1 t  second and 3t   seconds.   

 

                 

� � � �h 3 - h 1
AROC=

3-1
-10.7 -6.9=

2
=-8.8 m/s

 

 
b)  Determine the instantaneous speed of the Frisbee when 1 t  second.   

 

               

� � � �
o

o

2

h 0

h 0

-4.9 1+h +10.8 1+h +1-6.9
IROC= lim

h
-4.9

= lim
2-9.8h -4.9h +10.8 +10.8h+1-6.9

o

o

2

h 0

h 0

h
h -4.9h= lim
h

h
= lim � �1-4.9h

h
=1m/s
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Investigating Differentiation Shortcuts 
 
Investigation #1: Powers 
 
Conjecture about the Derivative of Power Functions 
 
1)  Complete the following chart to summarize your findings above.  
 

Function f(x) Equation of Derivative I·([) 
(using the first principles) 

Shape/Type of Graph of 
Derivative y = I·([) 

f(x) = x2  
 
 
 
 
 

 

f(x) = x3 
 
 

 

 
 
 
 
 
 
 

 

f(x) = x4 
 

 

 
 
 
 
 
 

 

 

Ttf

f-'G)=L' oCxthY is
=L'S,#2xhhthf 4

÷÷iii:
f-'G) =LoGthY

ay

=Lo¥t3xhth3xh/ 4-

=L 4G¥→
.

"=3"

= 3×2 -
Li -L L 4 > x

- z-

-4 -

f' G)=L'÷oGthY
ay

=L.jp/4t4x3ht6hx2h74xh3th#xI4-o/y=4x3=hIgohX4x46xfh-4xh4h . -

= 4×3 -
L, -L

° L L, >X

F
q4-

oofI
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Relating graph of function to graph of derivative 
We give a series of examples with the graph of a function on the top and the graph of its derivative 
on the bottom.  
To begin, we recall two basic facts about the derivative � �f xc of a function � �f x : 

1. The value  � �f ac  is the slope of the tangent to the graph of the function � �f x  at the point where 
x a . 

2. � �f xc is a function of x :the slope at a point on the graph depends on the –coordinate of that 
point. 

Graph 
of f(x) 

 
 

  

 
Graph 
Rf f¶([) 

       
Graph 
of f(x) 

   
Graph 
Rf f¶([) 

   

 
 
 
 
 

STATIST

:
✓

. y = -z x -15y -- X T
⇐

④

#

y= -I

y y y

g -

c
X X

.

-

-

c

.

× -

. /
y y r

Y

Y-- f'(x) y-- f ' (x)

x

"" k
x

- If the slope of the tangent is negative , then the derivative graph is below the X-axis .
. Ifthe slope of the tangent is positive ,then the derivative graph is above the X -axis .

. If the slope of the tangent is zero ,then the derivative graph is on the X-axis .

•The point of inflection of the polynomial function will be the max . or min point of thederivative graph max . or min
. point° The slope of the tangent is zero at thegrantee
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You Try! Match each function on the left with its derivative graph on the right.   
 
 
 

 
 
 

  
 
 

 
 
 

 
 
 
 
 
 

 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 
 
 

Function Derivative graph 

f1  

f2  

f3  

f4  

f5  

f4 

f2 

f3 

f1 

f5 

A 

B 

C 

D 

E 

Tiff

in.
E

Sgt
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Practice: 
1.  The graphs of four functions are drawn in the top row. The graphs of their derivatives are drawn in 
the bottom row. Match each function with its derivative. 

 
 
2. For the graph of each function, estimate and graph the derivative function. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

tgA⑧g

C D A B

'""

÷:
""

off
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3. The graphs of three functions are drawn in the top row. The graphs of their derivatives are drawn in 
the bottom row. Match each function with its derivative. 
 

 
 
 
4.  Use the given graph of f x( )  to sketch cf x( )  on the same grid. 
a)  
        
 
 
 
 
 
 
 
 
 
 
 
 
 

dogfight

c A B

"

.

EE
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b)  c) 
 
 
 
 
 
 
         

 
 
 
 
 

 

Gadot
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I
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Practice 
 
1. A curve is defined by 3( )f x x �a b , where a and b are constants.  Given that 5tm   at   

the point (1, 9) , determine the values of a and c.   
 
2. Determine the equation of the line that is tangent to the graph 1)( � xxf  and is 

perpendicular to the line 056  �� yx  
 
 

3. Let P be any point in the first quadrant on the hyperbola 
x

y 1
  . The tangent to the 

hyperbola meets the x-axis at A and the y-axis at B. If O is the origin, determine the area 
RI ¨AOB 

 

4. Determine the points on the curve
x

xf 11)( �  where the tangent line is perpendicular to 

the line 014  �� yx .      
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1. A curve is defined by a b3f(x)= x + , where a and b are constants.  Given that tm = 5  
at  the point (1, 9) , determine the values of a and c.   

 
 
 

 
 
  

 

 

 

 

 

 

 

 
2. Determine the equation of the line that is tangent to the graph f(x) = x+1  and is 

perpendicular to the line 6x+ y - 5 = 0  
 

� �c

ª º
¬ ¼

h 0

h 0

h 0

x + h +1 - x +1f x = lim
h

x + h +1- x - 1= lim
h x + h +1 + x +1

h= lim

→
→

→ h ª º
¬ ¼x + h +1 + x +1

1=
2 x +1

                                          

 

         

 
 

 o  
 

t

6x + y - 5 = 0
m = -6

1m =
6

1 1
62 x +1

x +1 3
x +1 9

x 8 y x +1
y 3

๸

 

� � o of 1 =9 a+b=9 b=9- a (1)

� �
o

o

o

o

3

h 0

3
3

h 0

3u 1

u 1

a 1+ h + b - a+ b
5 = lim

h
1+ h - 15 = a lim Let 1+ h = u

h
u - 15 = alim
u - 1

u - 15 = a lim
� �u - 1 � �

(� �����o

2

sub. into 1)

u +u+1

a5 = a = 15 b = -6
3

�

Equation of the line perpendicular
to the line y = -6x +5 at point (8,3) is

1y 3 = (x - 8) or
6

1 5y = x +
6 4

Slope of the tangent at x-- l :

h= u3- I

As h-so ,u→ I

→Boo

→80

→•

f'(x) = Me :

sooooo
feet
=3 :

. Tangent point at (8,3) .



 

3. Let P be any point in the first quadrant on the hyperbola 
1

y =
x

 . The tangent to the 

hyperbola meets the x-axis at A and the y-axis at B. If O is the origin, determine the 
aUea of ¨AOB. 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

� �

� �

§ ·
¨ ¸
© ¹

c

�

h 0

h 0

h 0

1Let a, represent the tangency point
a

1 1-
a+ h af x = lim

h
a - a - h= lim

ah a+ h

h= lim

→
→

→ h � �

,

,

'

§ ·
¨ ¸
© ¹

�

'

 

2

2

2
OAB

a a+ h
-1=
a

Equation of the tangent line
1at point a, is
a

1 -1y = (x - a)
a a

x - int : y = 2a A(2a,0)
2 2y - int : y = B(0, )
a a

2(2a)( )
aOAB =

2
A 2 units

Area of

→•

too

→•



4. Determine the points on the curve
1

f(x) = 1 -
x

 where the tangent line is perpendicular 

to the line 4x+ y -1 = 0.      
 

� � � �

� �

ª º ª º
« » « »¬ ¼ ¬ ¼

h 0

h 0

h 0

h 0

h 0

f x + h - f x
f(x)= lim

h
1 11 - - 1 -

x + h x= lim
h

1 1-
x x + h= lim

h
x + h - x= lim

hx x + h

h= lim

→
→

→
→

→ h � �

c
2

x x + h

1f (x)=
x

1y = 1 - 4x m = -4 m =
4๸→ →

                  

 

§ · § ·
¨ ¸ ¨ ¸
© ¹ © ¹

2

2

1 1=
4x

x = 4
x =±2

1 3A 2, , B -2,
2 2

∴

→⑧

→ooo

Hoo

→OO

→•

→pp .:p
f'(x)=mI.

f-C-2) =L - Ia, f-(2)=L - T,
=3 =L
2 2

A A are the required points .
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review 

1. Find the values of a and b if the function

2 0
( ) 0 1

13

x x
f x ax b x

xx

­ � �
°

 � d �®
° t�¯

 is continuous. 

2. Let 
2 9( ) xf x
x
�

 . State the discontinuities of  ( )f x  and find their type. 

3. A designer is experimenting with a cylindrical can with a fixed height of 15 cm. find the rate of 
change of volume with respect to radius when the radius is 4 cm. the volume of a cylinder is 

2V r hS  . 
  
4. Let � � 2f x ax bx c � �  . Find a,b and c so that the tangent to the graph � �y f x  has slope 16 
where 2x   and has x-intercepts (0,0) and (8,0) 
 
5. Is the following statement true? Justify your answer. 
 
It is possible for a limit to exist even though the function may not be continuous at the point of 
question. 

6. Function 

2 1 1
( ) 1 1

2 1

x if x
f x x if xk

­ � z �° �®  �° � �¯

 is continuous at 1x  � .Find the value of k. 

7. At what point on the parabola 23xy  is the slope of the tangent equal to 24? 

8. Find the points on the curve 
x

y 11�  where the tangent line is perpendicular to the line  

xy 41� . 

9. Find the average rate of change of the function 
2

5)(
�

 
x

xxf  between 1x  and x = 4 .What is the 

instantaneous rate of change at x= 1. 
 

10. Evaluate the following limits, if they exist.  Show your work. 
 

       a)  
3 3

2 22
3

27 8lim
9 4x y

x y
x yo

�
�

                       b) � �3lim 7 x

x

� �

of
          c) 3

0
lim5x

x

�

o
      d)  

3 2

22

4 4lim
4x

x x x
xo

� � �
�

 

        e)
2

0

4 2lim
x

x x
xo

� � �           f)

2 2
3lim
2 2
3

x

xxof

§ · �¨ ¸
© ¹
§ · �¨ ¸
© ¹

          g)  
4

4lim
2x

x
x�o

�
�

     h)  
2

2

5 7lim
2x

x x
xo

� � �
�

                                                                                  

      i) 
3

2

2 5 1lim
2x

x
xo

� �
�

              j) � �2

2

2 3
lim

5 2 5x

x
x xof

�

� �
          k)  

2

1 1
5 3lim

2x
x

xo

�
�
�
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11. The position of a particle moving along the x-axis is given by s(t) = t2 - 5t + 4 where t is the 
elapsed time in seconds. 

 (a) What is the position of the particle after 2 seconds? 

 (b) Calculate the average velocity of the particle from t = 2s to t = 5s. 

 (c) Calculate the instantaneous velocity of the particle when t = 2s. 

12. Larry is driving over the speed limit on wet, slippery roads.  The road can be modelled by the 
curve f(x) = x2.  As he travels from left to right, his car begins to slide out of the curve in a straight 
line at the point (-1, 1).  A stupid cat is sitting at the point (3, -7).  Will Larry run over the cat? 

13. Find the point(s) in exact value where the functions  32 10 1y x x � � and 4
y

x
 �  contain the 

same slope.      
 

14. Determine the values of b  and c  in the function 2( ) 3 ( 2)f x x bx c � � � , if ( )f x  has an x-
intercept at 1x   and a � �3 0f c  . 
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  1. Find the values of a and b if the function

2 0
( ) 0 1

13

x x
f x ax b x

xx

­ � �
°

 � d �®
° t�¯

 is continuous. 

� � � � � �

� � � � � �

2

0 0

1 1

lim lim 0

0

lim lim 3 1

2 since 0 , 2

x x

x x

x ax b f

b

ax b x f

a b b a

� �

� �

o o

o o

�  �  

 

�  �  

�  o   

  

 

2. Let 
2 9( ) xf x
x
�

 . State the discontinuities of  ( )f x  and find their type. 

    At x=0, infinite discontinuity. 
 
3. A designer is experimenting with a cylindrical can with a fixed height of 15 cm. find the rate 
of change of volume with respect to radius when the radius is 4 cm. the volume of a cylinder is 

2V r hS  . 
  

� � � � � �

� �

� �

0

2 2

0

2 2

0

2

0

lim

lim

lim

lim

h

h

h

h

V r h V r
V r

h
r h H r H

h

H r h r

h

r
H

S S

S

S

o

o

o

o

� �
c  

� �
 

ª º� �¬ ¼ 

 
2 22rh h r� � �

0
lim
h

h
h

HS
o

ª º
¬ ¼

 
� �2r h

h
�

� � � �� � 2

2

15 4 : 4 2 4 15 120

rH

at H cm and r cm V cm cm cm

S

S S

 

c    

  

4. Let � � 2f x ax bx c � �  . Find a,b and c so that the tangent to the graph � �y f x  has slope 16 
where x 2x   and has x-intercepts (0,0) and (8,0). 
 

� �
� � � �
� �
� �

2

2 16 2 2 16 4 16 (1)

0 0 0

8 0 64 8 0 8 0 (2)

4 16
4 & 32

8 0

f x ax b

f a b a b

f c

f a b a b

a b
a b

a b

c  �

c  o �  o �  

 o  

 o �  o �  

�  ­
�  �  ® �  ¯
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T

•

fyxkhigfahthkbcxthtc-ax2-bx.ch
= thing axk2axhtahkbxtbhtc-ax2-bx.ch
= Limo rdaxhtbhh

=
lim htdaxtb)
hero h

= 2axtb



5. Is the following statement true? Justify your answer. 
 
It is possible for a limit to exist even though the function may not be continuous at the point of 
question. 
 

Yes it¶s true. For e[ample: 
0

( )
1 0
x if x

f x
if x

z­
 ®  ¯

 is not continuous at x=0, however  

� � � �
0 0

lim lim 0
x x

f x x
o o

   . 

 

6. Function 

2 1 1
( ) 1 1

2 1

x if x
f x x if xk

­ � z �° �®  �° � �¯

 is continuous at 1x  � .Find the value of k. 

 

� � � �

2

1

1

1lim 2 1
1

1 1
lim

x

x

x k
x

x x

o�

o�

§ ·�
 � �¨ ¸�© ¹

� �

1x �
� �

1

2 1

lim 1 2 1

32 2 1
2

x

k

x k

k k

o�

 � �

�  � �

�  � � o  

 

 
7. At what point on the parabola 23xy  is the slope of the tangent equal to 24? 
 

� �

23 6
6 24 4

4,48

y x y x
x x

c o  
 o  

?

 

 

8. Find the points on the curve 
x

y 11�  where the tangent line is perpendicular to the line  

xy 41� . 
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MHF4UE Unit 2-Review frfr Solutions

⇐ If flx) is continuous at x = -I , ¥7, fcx) = ffi

← y
'
=
lim 3Hthh%3 = hhjmo 3hC2hh-so h

= Iim 3x2t6xht3h thief 3.(2x th)h-so h

y
'
-

-me :
Use
First * Do
Principles

A b are the required points



9. Find the average rate of change of the function 
2

5)(
�

 
x

xxf  between 1x  and x = 4 .What is 

the instantaneous rate of change at x= 1. 
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10. Evaluate the following limits, if they exist.  Show your work. 
 

       a)  
� �3 3
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MHF4UE Unit 2-Review BE Solutions

ifhtLht3D

Bfftht(ht3)]p3[3Ftht(ht3#

BBC.io#o+.*yr=E



� � � �

� �

� �

� �

2 2

22

2

2 2

2

2 2

2

5 7 5 7h) lim
2 5 7

5 7
lim

2 5 7

2lim
2 5 7

2
lim

x

x

x

x

x x x x
x x x
x x

x x x

x x

x x x

x

o

o

o

o

� � � � � �
u

� � � �

� � �
 

ª º� � � �« »¬ ¼
� �

 
ª º� � � �« »¬ ¼

�
 

� �
� �

1

2

x

x

�

� 2 5 7

1
2

x xª º� � �« »¬ ¼

 

c) 3 3

0

1lim5 5
125

x

x

� �

o
         

d)  
� �3 2

22 2

24 4lim lim
4x x

xx x x
xo o

�� � �
 

�

� �
� �

2 2

2

x x

x

� �

� � �
1

2x
 

�
 

2 2

20

0

4 2 4 2e) lim
4 2

4lim

x

x

x x x x
x x xo

o

� � � � � �
u

� � �

 
2 4x x� � �

� �2

0

4 2

lim
x

x x x

x
o

� � �

 
� �1 x

x

�

� �24 2

1
4

x x� � �

 

           

f)  

2
3

lim

x

xof

§ ·
¨ ¸
© ¹

0

2

2
3

x

�

§ ·
¨ ¸
© ¹ 0

2 1
2

2

�
  �

�

           

� �
4

4

4 2) lim
2 2

4
lim

x

x

x xg
x x

x

�

�

o

o

� �
u

� �

�
 

� �2

4

x

x

�

�
4 

     

       

 

 

 

 

 

 

MHF4UE Unit 2-Review Stg Solutions



� �

� �

� �

3

2

3

3

3

3

32 1

31

31

1

2 5 1i) lim
2

2 5

2 5

5
2

2 5 1 1lim lim
2 5 2

2
2 1

lim
5 4

2 1
lim

1
2 1

lim

x

x u

u

u

u

x
x

Let x u

x u

ux

x u
x u

u
u

u
u

u

o

o o�

o�

o�

o�

� �
�

�  

�  

�
 

� � �
 

� �
�

�
 

� �
�

 
�

�
 

� �1u � � �2 1

2
3

u u� �

 

             

� �2

2

2

2

2

2 3
j) lim

5 2 5
4 12 9lim
5 2 5

lim

x

x

x

x
x x

x x
x x

x

of

of

of

�

� �
� �

 
� � �

 

124
x

�
0

2
9
x

�
0

2x

§ ·
¨ ¸
¨ ¸
© ¹

25
x

� � 2
00

5
x

�

4
5

§ ·
¨ ¸
© ¹

�
 

 

    � �� �

2

2

2

1 1
5 3k) lim

2
3 5lim

3 2 5

2lim

x

x

x

x
x

x
x x

x

o

o

o

�
�
�
� �

 
� �

�
 

� �3 2x � � �5

1
9

x �

�
 

 

 

MHF4UE Unit 2-Review Igf Solutions-

As x→ 2
,
u→ - I

or fin. xY2t¥#
x'CE. - z.si

=
I
- 5

=
-I
5



11. The position of a particle moving along the x-axis is given by � � 2 5  4=s t t t� �  where t is the 
elapsed time in seconds. 

 (a) What is the position of the particle after 2 seconds?   

                    s(2) = 22 ± 5(2) + 4 =-2 

                    The paUWicle¶V poViWion afWeU 2 VecondV iV 2m Wo Whe lefW of Whe oUigin. 

 (b) Calculate the average velocity of the particle from t = 2s to t = 5s. 
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                      The average velocity is 2m/s. 

 (c) Calculate the instantaneous velocity of the particle when t = 2s. 
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                     The instantaneous velocity is -1m/s 
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12. Larry is driving over the speed limit on wet, slippery 
roads.  The road can be modelled by the curve f(x) = x2.  
As he travels from left to right, his car begins to slide out 
of the curve in a straight line at the point (-1, 1).  A stupid 
cat is sitting at the point (3, -7).  Will Larry run over the 
cat? 
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2� m                                                                                        Therefore Larry  does run over the cat. 

 
 
 
 
 
 
 
 
 
 
 

MHF4UE Unit 2-Review got Solutions

Slope of tangent: Equation of tangent line:

check if tangent line passes (3 ,-7)
:
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13. Find the point(s) in exact value where the functions  32 10 1y x x � � and 4
y

x
 �  contain the 

same slope.    
 

   
   
 

 
 
 
   
 
                                                                                                                              no real roots 
                                                                       
 
 
 
 
 
 

14. Determine the values of b  and c  in the function 2( ) 3 ( 2)f x x bx c � � � , if ( )f x  has an x-
intercept at 1x   and a � �3 0f c  . 
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MHF4UE Unit 2-Review god Solutions

* Use First Principles

.

.

.
Points are at (rt ,-455) and tf , 4531.

←
* use first Principles (see below)

(xth)
'
- 3 b.(xth)t (Ct2) - X't3.bx - (Ct2)

f
'

Cx)= lim
#

h-so h

x'thxhth' - 3bx- 3bh tft2)- X 2x 3bx - (c t2)
=
lim
#

h→o h

= Limo
2xhth2-3b.by

h

h(2x th- 3b)
=
l im
-

h-20 h

= 2X-3 b


