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1-2 Warm Up 
 
Find the indefinite integrals of the following: 
 
1. ∫(6𝑥 − 7)𝑑𝑥   2. ∫ 1

𝑡2
𝑑𝑡    3. ∫(𝑥 − √𝑥)𝑑𝑥 

 
 
 
 
 
 
 
 
 
 
 

4. ∫(𝑥3 − 𝑥2 + 4𝑥)𝑑𝑥   5. ∫ 2
√𝑥3 𝑑𝑥    6. ∫ 𝑥3+𝑥2+1

𝑥3
𝑑𝑥 

 
 
 
 
 
 
 
 
 
 
 
 
7. ∫(8𝑥 + cos(𝑥)) 𝑑𝑥   8. ∫(2𝑒𝑥 + sin(𝑥))𝑑𝑥 
  
 
 
 
 
  

= 612 - 7-xtc = E
'

= XI - ×I+c
Itc Z

2

= 3×2- 7- xtc
= tttc

= 12×2 - Fx} to

= IT - t 4 to =fC2x'
'

5) dx =f( ltxttx
-

3)dx

= 14×4-3×3 -12×2 + c = 2×÷+c = Xtlnlxlt II.te
=3 x Ftc

= Xtlnlxl -* + c

=8 + sin to = 2e
"
- cosy)tc

=4x't sink)tC
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Integrals with Initial Conditions  
(Evaluation of the Constant of Integration) 

 
A function has infinitely many anti-derivatives, differing only by an arbitrary constant,  . In applications, one is 
usually given additional information that helps to determine a value for the constant of integration,  , thereby 
specifying the unique anti-derivative that solves the problem. This information is often called a boundary (or 
initial) condition. 
 

1. Find the displacement function s if t
dt
ds 4  when s = 8 at t = 0. 

 
 
 
 
 
 
 
 
 

2. Given that   
  

         and that     when 
6
S

 x , find   as a function of  . 

 
 
 
 
 
 
 
 
 

3. The gradient (slope) at any point on the curve )(xfy   is given by the equation, 
2

1
�

 
xdx

dy . The curve 

passes through the point (2, 3).  Find the equation of this curve. 
 
 
 
 
 
 
 
 
  

5-Skit)dt Att -0,5-8 :

=
4th 8=2612 -1C
2- TC 8=c

=2t2tc i. the displacement function is 5=2+78 .

y=fsinC2x)dx At # Ee,y=l :

=

- cost2x) 1=-652 + c
2

+ C 2
.

.

,y=
- osL2×) + I

I= to
4

5

4- =C

F- Jxtadx At (2,3) :

=f(xt2jId×
3=2721+2 to

3=4 to

= (xt2)
T

- IIc
+ to

2=25×+5 to i. the equation of this curve is y=2tx2 - I .
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Application of Integration to Kinematics (Study of Motion) 
 
Recall: )(')( tstv   and )('')(')( tstvta    
In the context of integration, these ideas give ³ dttvts )()(  and ³ dttatv )()( . 
 
Example 1: A particle is projected in a straight line relative to a fixed point, O with velocity function 

0   ,1025)( t� tttv . If the displacement of the particle from O at time     is 8, find: 
a) the displacement function,      of the particle. 
b) the displacement of the particle when    . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 2: The acceleration, in m/s2 of a body in a medium is given by 0,
1

3
t

�
 t
tdt

dv . The particle has an 

initial speed of 6 m/s. Find the speed after 10 s. 
  

a) Sult)=sLt) b) skD= - 514142514)
-22=125- lot)dt = -801-100-22

= 25T - Naito = - 2

=25t - state
i. the displacement is

'

a' SH)=8
, i. 8=256) -5(2JtC - 2 units

.

8=50 - 20T C
- 22=0

i. Slt)= - 5T
'

-125T - 22 is the

displacement function .

A- ft? , )dt At f- ios
,

=3SHH)
- '

at
4=3 lnkloltll +6

=3 lhlttlltc
Hi 13.2

At to ,v=6 : i. the speed after IOS is

(6)=3 lntcotlltc Approx . 13.2 m/s .

6=0

.

'

. 11=3 lnlttllt 6
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Integrals with Initial Conditions Extra Practice 
 

1. Given that 𝑓′(𝑥) = 𝑥2𝑒𝑥3  and 𝑓(2) = 5𝑒2, determine 𝑓(𝑥).     [𝑓(𝑥) = 𝑒𝑥3

3
+ 5𝑒2 − 𝑒8

3
] 

 
 
 
 
 
 
 
 
 
 
 

2. Find 𝑓(𝑥) if 𝑓"(𝑥) = 𝑥−1
2 + 𝑥−2

3 , 𝑓(0) = 5, and 𝑓(1) = 0.  [𝑓(𝑥) = 4
3

𝑥
3
2 + 9

4
𝑥

4
3 − 103

12
𝑥 + 5] 

 
 
 
 
 
 
 
 
 
 
 
 
3. A fighter jet begins a downward descent in order to pick up some vertical speed. Its acceleration can be 

modelled by the equation 𝑎 =  0.48𝑡2 +  2  for 0 < 𝑡 < 10, where 𝑎 is measured in 𝑚
𝑠2 and 𝑡 is the time in 

seconds from where the fighter jet begins his descent.  If his velocity at 𝑡 = 2 is approximately 8 𝑚
𝑠

, 
determine the velocity after 8 seconds have passed.      [100.64 m/s] 

  

SOLUTIONS

2

f- (x)=fxde×3dx :
- H2)=5e

=e x'
+ c 5e2=ez to

3×2×3 5e2- e÷=c
= Eztc

. :fCx)=ezt5e - ¥

f-
'Cx)=I÷+I÷+c ,

f- lots : 5=4510549-46)¥tq6)tc,
5- Ca=2x¥t3x¥tC1

fu,=o ; 0=45442+1,473+44)tl5)
f-G)=2I÷+3I±÷tcxtc , 0=45+94+4+5

= C
,=1zx÷tFx÷tc,xtc

,

"

i. Hx)=Izx¥9q×{YIxt5

V=f(0,4842-12)dt i. Y= 0,1643+21-+2.72

= 0,481-3
g- t2ttC subt=8

,

=o.l6t3t2ttc 4=0.16185-12187+2.72--100.64
Sabin v=8,t=2 :

8=0.161213+212)tc " the velocity after 8 seconds have

2.72=0 passed is 100.64 m/s .
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 # 4 alternate answer:  1

5
(𝑥2 + 6)

5
2 − 2(𝑥2 + 6)

3
2 + 𝑐 
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Substitution Rule 

 
In general, the rule is used to find the anti-derivative of a function using chain rule. 
If )(xgu  , then ³ ³ duufdxxgxgf )()('))(( . 
 
 
 
 
 
 
 
 
Example: Find the following indefinite integrals. 

a) ³ � dxx 4)12(      b) ³ � dxxx 32 )1(2  
 
 
 
 
 

c) ³
�
dx

x

x

43

2
     d) ³ � dxxx 1  

 
 
 
 
 
 
 

e)        
 

        f)                      
 
 
 
 
 
 
 

g) ³
��

� dx
xx

x
5

13
3

2
     h) ³ � dxxex 12

 

 
 
 
 
 

Steps in integration by substitution (change of variable) rule: 
1. Define   (i.e. let   be a function of the variable (often  ) which is part of the integrand) 
2. Convert the integrand from an expression of   to an expression in   (need to convert the “  ” 

term to a “  ” term) 
3. Integrate and then rewrite answer in terms of   (substitute back for  ) 

 

→ SUI .de → Su
'
du
H

Letu=2xH
, =

us Let a- XII
, = u

i. de Toto du 4- to
DX =L

=
(2×+115

dT=2×
=
1×2+1)4

dUz=dx go
to du=2XdX

4
to

→ fuj da → flute) die

± Let U=x- I
, =f(uZtu÷)duLet u=x3-4

,
=
U da

z
to

TX -_ I = 2Y + 2U±du=3x2dx du=dX 3- to

duj=×2d× =FU±tC Also
,
#UH = 265-155+243-1)÷+c

= f- (x'- 4)Etc

→ 3. fuodu → fuaodu
Let a- lncx) =3. + c

Let u=4tsinCx)
=
un

da du Toto
= # =3(lnlxl)

'
E- OSH)

=
(hltsincx))

"

+ c

du=¥dx 2 du=cos(x) -dx
to

TC

→ fu"du → II. du
U

Let u=x3t×+s
= lnlultc Let u=x2tl

, =ez+c
o¥=z×a+ ,

=lnhPtXt5ltC dfI×=2× xi ,
= e

to

du=C3x4Ddx day -_ x. dx 2
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[15
4

+4
𝜋
 km] 

[4.5 m to the left] 

0  



Variable Acceleration and Applications Extra Problems-Solutions

£-05583809

Bfi
""

.....



•

a. :
Bags .



•
.

•

b.
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1-3 Warm Up 
 
1. Find the indefinite integral: 

a) ∫(𝑥2 − 5)82𝑥𝑑𝑥      b) ∫ 𝑥2

√1−𝑥3 𝑑𝑥   

 
 
 
 
 
 
 
 
 

c) ∫ sin(4𝑥) 𝑑𝑥       d) ∫ 𝑒√𝑥

√𝑥
𝑑𝑥   

 
 
 
 
 
 
 
 
 
Challenge questions! 
2. Find the indefinite integral: 

a) ∫ sin2(𝑥) 𝑑𝑥       b) ∫ cos(2𝑥)+1
cos(𝑥) 𝑑𝑥    

 
 
 
 
 
 
 
 
 
 

c) ∫ 𝑥3√𝑥2 − 6 𝑑𝑥 
 
 
 
 
 
  

→ ft du
Leta-_ x's ¥fU!dU Let u- I - x

'

= - ztu÷+c
du = f- to du

d×-=2x dT=
- 3×2

= - If ,_×3)I+c
du=2xdx =f(x'- state ¥=x2dx

→ fell . 2du
=
-4ws4xtC Letter

= delete
da
-dx=Ix÷ =2er×tc

2du=dxrx

Note : Note :

cos'd# I - 2sin2x)coskxt-2coskxl-l-f.ws#Ldxcosf2zxH=s;nqxy--fl2osHtt)tt-dx
=
- f- flush)- 1) dx cosh

=
-zfsiz2x - x)tc =fl2cos④dx

=¥sin(2x)tIx+c
= dsincxltc

Let u=x'-6

t-fx.IT#dxdIdx--2x=SCut6)nudLd2I--xdx=L-f(uZt6u)duut6--
x
'

=¥u¥t2uZtC
=¥Cx'-63%+242-673 to
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Definite Integral 
 
If the function, 𝑓(𝑥), is continuous at every point on the interval [𝑎, 𝑏] and 𝐹(𝑥) is any anti-derivative of 𝑓(𝑥) 

on [𝑎, 𝑏], then ³
b

a
dxxf )(  is called the definite integral and is equal to 𝐹(𝑏) –  𝐹(𝑎). 

)()()()(   aFbFxFdxxf b
a

b

a
�  ? ³ , where 𝑎 and 𝑏 are the lower and upper limits of integration respectively. 

 
Note:  

x 𝑐 is omitted as it would cancel itself out as shown:    [𝐹(𝑏) + 𝑐]– [𝐹(𝑎)  +  𝑐] = 𝐹(𝑏)– 𝐹(𝑎) 

x a definite integral has a numerical value 

x the evaluation of the definite integral ³ 
b

a
dxxfA )(  represents the area enclosed 

between the graph of 𝑓(𝑥), the 𝑥-axis and the lines 𝑥 = 𝑎 and 𝑥 = 𝑏.  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Properties of the Definite Integral 
 
If 𝑓 and 𝑔 are continuous functions defined on a given interval [𝑎, 𝑏] and 𝑐 is a constant, then: 
 

1) ∫ 𝑓(𝑥)𝑑𝑥 = 0𝑎
𝑎  

2) ∫ 𝑐𝑑𝑥𝑏
𝑎 = 𝑐(𝑏 − 𝑎) 

3) ∫ 𝑐𝑓(𝑥)𝑑𝑥𝑎
𝑏 = 𝑐 ∫ 𝑓(𝑥)𝑑𝑥𝑏

𝑎  

4) ∫ 𝑓(𝑥)𝑑𝑥𝑎
𝑏 = − ∫ 𝑓(𝑥)𝑑𝑥𝑏

𝑎  

5) ∫ [𝑓(𝑥) ± 𝑔(𝑥)]𝑑𝑥𝑏
𝑎 = ∫ 𝑓(𝑥)𝑑𝑥𝑏

𝑎 ± ∫ 𝑔(𝑥)𝑑𝑥𝑏
𝑎  

6) ∫ 𝑓(𝑥)𝑑𝑥𝑐
𝑎 = ∫ 𝑓(𝑥)𝑑𝑥𝑏

𝑎 + ∫ 𝑓(𝑥)𝑑𝑥𝑐
𝑏  
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Example 1.  Evaluate. 
 

a) ³
5

3

1 dx
x

      b) ³ ¸
¹
·

¨
©
§ �

4

2

21 dx
x

x  

 
 
 
 
 
 
 
 
 
 
 

c) ³ ¸
¹
·

¨
©
§

�
�

1

0

2
1

3 dx
x

e x      d) ∫ sin(3𝑥)𝑑𝑥
𝜋
2
𝜋
6

 

 
 
 
 
 
 
 
 
 
 
 
 

e) ³ �
2

5

4)43( dxx      f) ³
�

��
0

2
)( dxex x  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

5

= lnlxl )? or lnlxll = {
'

(x' +2 txt)dx
3

=lnl5) - link)
= + 2x - ¥1 !

÷ 0.5"

=[III.+214) -¥1 - 431+212)- CLT )
= 275
T2 ± 22.9

=e÷t3en/xti/ ) ; =

- ws§3x) ) !!
6-

=let3enKDHl) - [e÷"tzenkostil] =¥kos3(E) - os3(ED

=eIt3ln12l - at =
- b- (o - o)
=O

e- 5.27

=
(3×-4152 = te

-×)°
315) Is -2

= 13¥45 ]
' =L te

"'

] - f + it
"

]
5

=#((3G)-475-[367-415] = 1-2 - e-
2

= # (25-115)
= - I - e-

2

or E - 8.39
=
- 161019

15

Or I - 10734.6
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g) ³ �
1

0

554 )1( dxxx      h) ³ �
5

0

2 )3( dxxx  

 
 
 
 
 
 
 
 
 
 
 
 
 

2. Find the area under the curve 
12

2
�

 
x

y  from 𝑥 = 0 to 𝑥 = 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

→
= ! du 5

Let u=x5H
, = god ) ,

= 32¥ - To
d¥=5x"

¥=x4dx =ffI - HI =L'a HI ] - 13¥ - ¥31
30

when x-D,u=l = = 7£ - 13252
when x'- 1,4=2

=

- 25

6- or E - 4.17

0Rt¥2x¥dx

Areai-foa2xtTdxFTFEg@xtyjyhetqE.a;
"

= ! 'adu
=ln&2HtH - ln 1210711 du=2dx = lnlul ]?
=ln③- end) when x-D

,
" '

=ln(3) - end)
=ln(3) when X -- I ,u=3

=ln(3) or 1.10

i. the area is buts) units?
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MCV4UE     Warm-Up 
1. A curve with equation y= f(x) passes through the point (1, 0).The gradient of the curve,

� �c
4lna( )x + b

f x =
x

, at point § ·
¨ ¸
© ¹

e
5
4

, is 1
e

. Find the values of a and b. 

      

� �

� �

� �

� �

� �

c

³ ³

³ ³

4

4

4

5

1f e =
e

a(lne) +b 1=
e e

a+b=1 (1)

(lnx) 1f x =a dx+b dx
x x
dxlnx=u =du
x

1f x =a u du+b dx
x

a= (lnx) +bln|x|+c
5

f 1 =0 c=0
4 a 4f e = +b=
5 5 5

a+5b=4 (2)
(2)-(1) : 4b=3

3 1b= & a=
4 4

→
→

→

 

  

2. Find the area of the region between the curve 2x xy = 4e - 3e  and the x-axis from x=1 to x=2. 
Check your answer using GDC. 

   

� �

� � � �
º¼

³
2 2x x

1

22x x

1

4 2 2

4 2

2

A = 4e -3e dx

=2e -3e

= 2e -3e - 2e -3e

=2e -5e +3e

80.406 u

 

 

 

←slope

Full solutions : f'Cette
, t=a[enkD4tb

(e)

I = all)4tb
I = atb → ①

f-(x) -_ ff 'Cx)dX

=fadnCxxD4tbd×
e- af + bfxtdx →

letu-lncxldll-afuhldutbf-xdxdx-tx-ACEJtb.eu/x1+cdu--xtdx
fCxt-F@nCxD5tblnlxltCi.ifCD-O-so-FfdnCDJ5tblnCDtCo-ci.fCx

)=F[euCxD5tblnCx)

i. He)=¥→¥=az[luCeD5tbln(e)
Is -_ Itb
4=at5b→②

Elimination : ② -① : 45-3

b=Z4

sub b into① : at (F) =L
a=4



3. A particle moves such that its acceleration, a ms-2, at time t seconds is given by formula 

� � 2
a t = +10t , t > 0

t
. At 4 seconds, the velocity of the particle is 28 ms-1. 

a) Find an expression for the velocity of particle at time t. 

            

� �

� �

§ ·
¨ ¸¨ ¸
© ¹
³

2

2

2

2v t = +10t dt
t

=4 t +5t +c

28=4 4+5(4) +c
28-88=c
c=-60

v t =4 t +5t -60

 

b) Hence, find the velocity of particle at 1
4

  seconds. 

� �

 �

21 1v 4 =4 +5( ) -60
4 4
5=2+ -60
16
923
16

-57.7m /s

 

4. Determine the value of k > 1 if § ·
¨ ¸
© ¹³

k

2
1

1 3
1+ dx =

x 2
 . 

        

� � � �

§ ·
¨ ¸
© ¹

º
»¼

³
k

2
1

k

1

2

1 31+ dx=
x 2

1 3x - =
x 2
1 3k - =
k 2

2k -3k -2=0
2k+1 k -2 =0
-1k = , k =2
2

not in domain
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1-4 Warm Up 
 
1. Find the equation of the curve with 𝑑𝑦

𝑑𝑥
= 𝑥2 + 6𝑥 − 3 and passes through the point (3, 10). 

 
2. Find the equation of the curve 𝑦 = 𝐹(𝑥)  that passes through the point (1, 4) and satisfies  

𝑑𝑦
𝑑𝑥

= 9𝑥2 − 𝑒2𝑥 + 1. 
 

3. Determine the function, 𝑓(𝑥), if 𝑓′(𝑥) = sin(2𝑥) − cos (𝑥
3
) and it passes through the point (𝜋

2
, −3). 

 
 
 
 
 
 
 
 
 
  

Solutions :
mm

① y=f(xI6x-3)dx Atx=3
, y -40,

= Tx't 2) - 3×+1/10=343543/35-313) -1C10=27 to
= 5×3+3×2- 3XtC

- H -- C

i. The equation of the curve is y=fx
'-13×2-3×-17

.

② F- (x)=f(9×2- e'
''

+ 1) DX 'ith)=4 ,

= 9¥ -gI+×+✓ 4=341'
''

+ (1) to

4=3 - ate't Itc
= 3×3- tzetxtc Ie

'
-

- C

, .EC#3x3-t2e*txt2te '

③ Hx)=f[sink) - cos DX
i. f- (E)=-3

= - LoosGx)- 3. sin (F) tcf -3= - Tosk -3 sin to

-3 =
- f- cost) - 3 sin (E) tc

-3=-24-1 )-3ft)tc
-2 -- C

i. fcx)=Iws(2x) - 35in (F) -2
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Area Under a Curve 
 
 
The area enclosed between )(xfy  , the 𝑥-axis, and the lines 𝑥 = 𝑎 and 

𝑥 = 𝑏 is written as ³ 
b

a
dxxfA )(  and can be evaluated. 

 

Example 1: The function f is defined by 152)( 2 �� xxxf . 
a) Draw the graph of )(xfy   for the domain 105 dd� x . 
 
 
 
 
 
 
 
 
 
b) Shade the area enclosed by the graph of )(xfy  , the 𝑥-axis, and the lines 𝑥 = 0 and 𝑥 = 5. 
 

c) Evaluate the definite integral ³
5

0
)( dxxf  to find the area of the shaded region. 

 
 
 
 
 
 
 
d) Check your answer to part (c) using your GDC. 

 
 
GDC INSTRUCTIONS:  
 

For TI-83:  
Method 1: From the HOME SCREEN 

1. Press MATH   9  fnInt( 
2. Enter the function  ,   x, T, 𝜃 , n   ,    enter the value of the lower limit   ,    upper limit  )   ENTER 

 
Method 2: From the GRAPH 

1. Enter the equation in the equation editor screen   y=      and graph the function. 
2. Enter    2nd     trace     7    , then enter the lower limit, press  ENTER  , enter the upper limit, then press  

ENTER  .  
 

Area-- Fcb) -Fla)

. Ya .

#,
f-G)=/- 2×+15

l l l >X
- 5 5 10

5

Area-- § (x'- 2xH5)dx = 431-(55+15151) - 3-(05+15101)
= 31-221+15×1!
= ¥ - x'+15×15
✓ = 2¥

÷ 91.7 units
'
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For TI-84: 
Method 1: From the HOME SCREEN 

1. Press MATH   9  fnInt(.   
2. The screen will display the general definite integral for you to enter the limits of integration values, the 

integrand and the variable you are integrating with respect to.  Press ENTER when you have entered all 
the information to evaluate. 

 
Method 2: From the GRAPH 

1. Enter the equation in the equation editor screen   y=      and graph the function. 
2. Enter    2nd     trace     7    , then enter the lower limit, press  ENTER  , enter the upper limit, then press  

ENTER  .  
 
Example 2: Find the area of the region enclosed between the curve 29 xy �  and the 𝑥-axis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
To determine the area enclosed between )(xfy  , the 𝑥-axis, and the lines 𝑥 = 𝑎 and 𝑥 = 𝑏  where the 

function is below the 𝒙-axis, the definite integral becomes: 𝐴 = −∫ 𝑓(𝑥)𝑑𝑥𝑏
𝑎  or 𝐴 = |∫ 𝑓(𝑥)𝑑𝑥𝑏

𝑎 |. 
 
Example 3: Find the area between 13 � xy  and the 𝑥-axis from 𝑥 = −1 to 𝑥 = 1.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1) Find x- int for limits 2) Find the area : yn
of integration : Area=§(g - x')d× g-9-x

'

0=9-2,2×2--9 =9x - ¥133 1.3 31, ' X

x=±3
=[gG) - CSI] - [91-31-1313]
= 18 - fro)

=36 i. the area is 36u?

yn n

, -
y=x3- I Areae -1,63- Ddx

x

is : >
= - LI - XI

,

a-
= -44¥ .at#Ic-iD)
=
- f - z - II

11=2
i. the area under the curve

is 2 units?
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Example 4: Consider the graph of the function xxxxf 65)( 23 �� . 
a) Draw the graph of )(xfy   over a suitable domain. 
 
 
 
 
 
 
 
 
 
 
 
b) Determine the definite integral ∫ 𝑓(𝑥)𝑑𝑥3

0 .  
 
 
 
 
 
 
 
 
c) Evaluate the definite integrals ∫ 𝑓(𝑥)𝑑𝑥2

0  and ∫ 𝑓(𝑥)𝑑𝑥3
2 .   

 
 
 
 
 
 
 
 
 
 
d) Find the area enclosed between the graph of )(xfy   and the 𝑥-axis. 
 
 
 
 
 
 
 
 
 
 

" "''

÷¥i÷÷÷¥
.

§(x3-5x2t6x)dx= IT -513+621 ] ! Gaf
"

- 5113+31332) - (o)
= 'T -553+3×7! I 4-

§lx3-5x2t6x)dx §(xZ5x2t6x)dx
= IT- 553+3×21! = IT

"

- 551+3×2 ]
'

2=47,1-54213+3125) - lo) -143,15431+3135] - 4¥ - 5621+3125)
= I
3

=

-I
12

Area-_§(x25xh6x)dx - §(x3-5xk6x)dx
= If -513+3×21! - [ If -553+3×2]!
= 's - C-Eat
= It
12 i. The area is Fa units?
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The function of 𝑓(𝑥) = 𝑥3 − 7𝑥2 + 14𝑥 − 8 is shown to the 
right.   There are 𝑥-intercepts of 𝑥 = 1, 𝑥 = 2  and 𝑥 = 4. 
 
The definite integral, 𝐴 = ∫ 𝑓(𝑥)𝑑𝑥4

1   will give the difference 
between the two areas on the interval [1, 4].   
 
If the total area enclosed between 𝑓(𝑥) and the 𝑥-axis is to be 
determined, we need to split the integral using the points of 
intersection between 𝑓(𝑥) and the 𝑥-axis (i.e. the 𝑥-
intercepts).  Then, we need to determine the definite integrals 
using the intervals [1, 2] and [2, 4] as the limits.   Finally, 
adding the magnitudes of the definite integrals will determine the total area.   
 

∴ 𝐴𝑟𝑒𝑎 = ∫ 𝑓(𝑥)𝑑𝑥2
1 − ∫ 𝑓(𝑥)𝑑𝑥4

2       or      𝐴𝑟𝑒𝑎 = ∫ 𝑓(𝑥)𝑑𝑥2
1 + |∫ 𝑓(𝑥)𝑑𝑥4

2 |. 
 
 
 
Note:  

If the area of the region bounded by the graph of 𝑦 = 𝑓(𝑥) and the 𝑥-
axis is calculated by hand, then the parts above and below the 𝒙-axis 
need to be considered separately. 
 
If the area is calculated by the GDC, then the formula ∫ |𝑓(𝑥)|𝑑𝑥𝑏

𝑎  can 
be used.  The similar formula without the absolute value only gives the 
correct answer if the entire graph of 𝑓 is above the 𝑥-axis. 

 
 
 
 

GDC INSTRUCTIONS 
 
Note: To use the GDC to enter ∫ |𝑓(𝑥)|𝑑𝑥𝑏

𝑎 , the absolute value function needs to be entered.  In the 
integrand, press  MATH  , arrow to the right to the CMPLX menu, select  5  for 5: abs( ,  then enter the 
function inside the absolute value sign.    
 
Refer to pages 19-20 for full instructions on getting to the Integration option. 
  

Note : Displacement = Sbavltldt but distance = Sbalvttldt (refer to CP 12)
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Warm Up 
 
1. Determine the area of the region bounded by 𝑦 = −𝑥 and 𝑦 = 𝑥2 + 2, 𝑥 = 0 and 𝑥 = 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. Determine the area between the curves 𝑓(𝑥) = 𝑥 − 1 and 𝑔(𝑥) = 𝑥2 + 3𝑥 − 4 from 𝑥 = −5 to 𝑥 = 2. 
 
 
 
  

A- f- (x't2tx)dx
= x÷t2xt ] !
=L

'

tall)t ] - O

=
.

.

.
The area is U2

Points) of Intersection :

X
'

-13×-4 =x - l l f
x' +2×-3=0 4 ¢
Gt3)Cx -11=0 ¢

.

-

. X =-3
,
X -_ I ¢

A

A- = Kx43x -4) - Cx -D)dxtfflx - D - Cx2t3x -41]dxtf! +3×-4) - (x -D) DX

If:(x'-2x-3) DX - f) (x'+ 2x-3)dxt§G42x-3) DX
-3

= XI -1×2-3×1; (Iz -1×2-3×1, t tx

'

-3×1!
= t.GE#-fGzItt55-3f5H-fGIIhI-3GDtft3Itt35-3f3D

+ [ 'II(25-31271-(431+41334))=9
- C- E ) - f-E)+9+3 - (F)

= 3ft # + I
= u2
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1-6 Warm Up 
 
1. Determine the integrals: 

a) ∫ 2+𝑥
𝑥3 𝑑𝑥       b) ∫ 𝑑𝑥

𝑥+5
    

 
 

c) ∫ 3𝑥
(𝑥2+3)5 𝑑𝑥      d) ∫ sin(𝑥) (1 − sin2(𝑥)) 𝑑𝑥 

 
2. Evaluate:  
 

a) ∫ (2𝑥3 − 3𝑥2 + 7𝑥 + 2)𝑑𝑥5
2    b) ∫ 1

√𝑥23 𝑑𝑥8
1  

 
 
3. Determine the area below the curve 𝑦 = 𝑥2 + 6 between 𝑥 = 1 and 𝑥 = 4. 
 
 
4. Determine the area enclosed between the curve 𝑦 = 𝑥3 − 3𝑥2 − 10𝑥 and the 𝑥-axis.  Verify your answer 

using the GDC. 
 
 
 
 
 
 
 
  

Solutions :

① a) fGI3tx2)dx b) lnlxtsttc

= - I( 2×-2) - x
- '

to

=
-¥ - xttc

c) letu=x73
. :S # du d) fsinxcasx)dx

8¥ - 2x =3@Jtc letucosx
¥

.

- Shida

dad xdx =
-3- du = - Ngtc
8(x'+3)Ttc

= - Sim

=
- cosh

-dcesinxdx 3- to



I-6 Warm Up solutions continued

② a) 221-3537 tax]! b) %x÷dx
=Ix4_x3tExt2x]! =3 x

's
] ?

= #(55455472155+267)- Illa)
"
- (25472127-1212)] =3(853-34)+3=285-18

=6-3=267
=3

③ Area -_ { (x' +6)dx
=5×3+6×1,4=[51413+6141]-[5473+641]
=631+24-3-6=39

.

'

. Area is 39 units
'

④ x.int :
0=+3-3×2- tox

Area -_ 1%3-3×2- 10x)dx - ⑤ 1×3-3×2 -tox)dx
O=x(x- 5)txt'D

=fx÷x3 -5×21:-[It - x'-5×21!
A- 0,5 , -2

=o.gs#.fap.sfa5ffEI-C5P-5GTIto--
8-(-3*5)

= 40¥ i. The area is 40¥ or 101.75 units
'

using GDC : A- = x'-3×2-10×1 DX MATH ,9
,
enter upper and lower limits ,

= 101.75 go to the integrand , MATH ,HD , Num menu,
Dl :abs , then enter the function
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Volumes of Solids of Revolution 
 
 
A cylinder, a cone and a sphere are all examples of solids of revolution, 
which are shapes formed by completely rotating a line or a curve about a 
fixed axis. The volumes of these shapes are called volumes of solids of 
revolution. 
 
To get a solid of revolution, we start out with a function,  
𝑦 = 𝑓(𝑥), on an interval [𝑎, 𝑏].  
 
We then rotate this curve about a given axis to get the surface of the solid 
of revolution.  For purposes of simplicity, we will rotate the curve about 
the 𝑥-axis, although it could be any vertical or horizontal axis.  Doing this 
to the curve will give the following three-dimensional region.   
 
To find the volume of the solid of revolution, we can slice this solid into 
many disks from [𝑎, 𝑏].  Each disk will be cylindrical in shape where the 
volume can be determined by the general formula, 𝑉 = 𝜋𝑟2ℎ.  Each disk 
in the solid will have a radius of 𝑦 and thickness of 𝑑𝑥. 
 
The volume, 𝑉, of the disk is given by: 𝑉 = 𝜋𝑦2𝑑𝑥  
 
Volume, 𝑉, of the whole solid is the sum of all such disks from  
𝑥 =  𝑎 to 𝑥 =  𝑏.   

𝑉 = ∑ 𝜋𝑦2𝑑𝑥
𝑏

𝑥=𝑎

 

 
The smaller the disks the solid is divided into, the closer the value is to the 
actual volume.  In other words, we want 𝑥 → 0. 
 

𝑉 = lim
𝑥→0

𝜋 ∑ 𝑦2𝑑𝑥𝑏
𝑥=𝑎    or   ³ 

b

a
dxyV 2S  

 
 
For example, determine the volume of the solid obtained by rotating the 
region bounded by 𝑦 = 𝑥2 − 4𝑥 + 5, 𝑥 = 1, 𝑥 = 4 and the 𝑥-axis about the 𝑥-axis for 2𝜋 radians. 
 

    
 
 
 
 
 
 

x 

y 

y 

dx 

𝑦 = 𝑥2 − 4𝑥 + 5 

𝑦 = 𝑥2 − 4𝑥 + 5 
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In this case, the radius is the distance from the 𝑥-axis to the curve, which is the same as the function value at 
that particular 𝑥.  The cross-sectional area is then, 
 

𝐴(𝑥) = 𝜋(𝑥2 − 4𝑥 + 5)2 
                                               = 𝜋(𝑥4 − 8𝑥3 + 26𝑥2 − 40𝑥 + 25) 

 
Next, determine the limits of integration.  From left to right, the first cross section will occur at 𝑥 = 1 and the 
last cross section will occur at 𝑥 = 4.  These are the limits of integration.   
 
The volume of the solid is then, 
 

𝑉 = 𝜋 ∫ (𝑥4 − 8𝑥3 + 26𝑥2 − 40𝑥 + 25)𝑑𝑥
4

1
 

            = 𝜋 (1
5

𝑥5 − 2𝑥4 + 26
3

𝑥3 − 20𝑥2 + 25𝑥)| 4
1 

                      = 78𝜋
5

 
 
 
 
Example 1. Find the volume of the solid formed when the area between the curve 12 � xy  and the 𝑥-axis 
from 𝑥 =  1 to 𝑥 =  3 is rotated through S2  radians about the 𝑥-axis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

HIT §(x2tDdx i ny=xH

=I§(x4t2x.tl/dx--TLfIIt2zItx] ! or Tuf +237×1,3
I 3 G

= it +2631+6)) - ( ¥5-12613+41))
= # (3¥ - tf)
= 101Gt

i. the volume is bYf units?15
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Example 2. Find the volume of the solid formed when the region enclosed by the curve 2� xy  is 
completely rotated about the 𝑥-axis between 𝑥 = 2 and 𝑥 = 7. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
You can also rotate the area between 2 curves about the 𝑥-axis to form a solid. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In this case, the formula for the volume of the solid of revolution becomes,      
  

> @dxxfxgV
b

a
³ � 22 ))(())((S  , where )()( xfxg !  

 
 

It (Txt)2dx

=TL§(xt2)dx #
= TL t 2x]! -2 2 7- G

=t[(Gt2GD- (¥+212)))
= IT (429-+14-2-4)
= GSI

i. the volume is 65ft units?2
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Example 3. The area enclosed between the curve 24 xy �  and the line xy 24 �  is rotated about the 𝑥-
axis.  Find the volume of the solid generated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

1) points) of Intersection : y=4 - 2x
,

4- x'=4 - 2x "
"
%
"
ix'- 2x "

Xcx -21=0 O 2 G
f-4×2

i.X-D or X=2 x x x

2) Volume :

V=t§ ((4-x'Y- (4-2×5]dx
= It ! (16-8×4×4- 16+16×-4×2)dx
= it (x"- 12×2+16×1 dx

=it[¥5 - 4×3+8×7 !
=itKH 465+865) - (O))

=TL( 3¥ - 32+32)
= 3¥

.

.

.
the volume is 3251 units ?5
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Volume of Revolution about the x-axis-solutionsEdogawa
•

Mar

•



•

•

GO

or

1-
song

.
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Note: #2, 6, 12, 13d, 17 and 
20 are not part of the course.  
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MCV4UE     Relax…..Review                                           SOLUTION 
Integral the following 

1) 
3

41
x dx

x�
³       2) � � � �3 2cot cscx x dx³  

 
                                                

 
 
 

3) � � � � 2cos (sin 7)x x dx�³     4) 2 2

1
( 2 3)

x dx
x x

�
� �³  

     

� �

� �� �

³ 2

3

3

sin x +7 = u
cos(x)dx = du

I = u du

1= u +c
3
1= sin x +7 +c
3

                                             

� �

� �

³

2

2

2

x +2x - 3 = u
2x +2 dx = du

1 duI =
2 u

1= - +c
2u

1= - +c
2 x +2x - 3

 

 
 

5) � �tan x dx³       6) � �
� �2

cos
1 sin

x
dx

x�³  

  

� �

³

cos x = u
-sin(x)dx = du

duI = -
u

= -ln|cos(x)|+c

                                                       

� �

³ 2

sin x = u
cos(x)dx = du

duI =
1+u

= arctan(u)+c
= arctan(sin(x))+c

 

 
 
 
 
 
 

³ ³

4 2

3

3

3

4

4

1+ x = u

4x dx = 2udu

2x dx = du

x 1 1dx = du
2 u1+ x

1= ln(1+ x )+c
2

� � � � � � � �
� �
� � � �
� �

� � � �

ª º ª º¬ ¼¬ ¼³

³

2

2

4 2

4 2

I = csc x - 1 csc x cot x csc x dx

csc x = u

-cot x csc x dx = du

I = u - 1 udu

1 1= u - u +c
4 2
1 1= csc x - csc x +c
4 2

Don't ×
do

•

bedwarmerW.
4-

-'s64⑥AHHHH"hh&

Don'tX
do



7) 
2

3 xxe dx³        8) 
2 6 3x x dx

x
§ ·� �
¨ ¸
© ¹
³  

    

2

4 2

x = u
dx = 2udu

u - 6u +3I = 2
u

§ ·
¨ ¸
© ¹

u³
5 3

5 3 1
2 2 2

du

2= u - 4u +6u+c
5
2= x - 4x +6x +c
5

 

 
 
 

9) � �ln 2x
dx

x³        10) 
� � � �sec tanx x

dx
x³  

� �

³
2

2

ln 2x = u
dx = du
x

I = udu

1= u +c
2
1= ln (2x)+c
2

                                                                  

� �
� � � �

� �

³

sec x = u

sec x tan x
dx = du

2 x
I = 2 dx

= 2u+c

= 2sec x +c

 

 
 
 

11) 
2

21

x

x

e dx
e�³  

 

³

2x

2x

2x

1- e = u

-2e dx = du
-1 duI =
2 u
-1= ln 1- e +c
2

 

 
 
 
 
      

2x3= e +c
2

'a



12)  Solve the initial value problem. 
2 226 6 ,x xdy xe y xe

dx
 � (0) 0y   

           

� �

� �

� �

� �

m

³ ³

2

2

2

2

2

2

x 2

x
2

x
2

x

x

x

dy = 6xe 1+ y
dx

dy = 6xe dx
1+ y

dy = 6xe dx
1+ y

arctan(y) = 3e +c sub.  in (0,0)
0 = 3+c
c = -3

arctan(y) = 3e - 3

y = tan 3e - 3

 

     
13)   Evaluate the following definite integrals without the use of your calculator. 
 

a) 
 4 3

 -1

xe dx³           b) 
 2

 0

5cos 2 6
1

x x dx
x

S § ·� �¨ ¸�© ¹³  

       
� �

º¼
43x

-1

12 -3

1= e
3
1= e - e
3

 

� �

º
»¼

π
2

0

2

1= sin(2x)+3x - 5ln x +1
2

= 3π -5ln π+1

 

 
 

   c)  
2 

 1

1e x dx
x

§ ·�
¨ ¸
© ¹

³   d)   � �� �
 5

 5
10 x dx

�
�  ³

1 10 15+5 =100
2

 

 

     @º
»¼

³ ³
 e e

 1 1

e
e2
1

1

2

dx= xdx -
x

1= x - ln(x)
2
1= e - 3
2

 

 
 
 
 
 
 
 

Don't
×do

,B

Area of trapezoid

Don't
×

-

do

2-



14)     Figure below shows triangle AOC inscribed in the region cut from the parabola y=x2 by the line 
 y=a2. Find the ratio of the area of the triangle to the area of parabolic region. 

 

            

� �� �

� �
ª º
« »
¬ ¼

§ ·
¨ ¸
© ¹

 

 

³

2
Δ

3

a 2 2

0

a3
2

0

3
3

3

3
Δ

3

Δ

1A = 2a a
2

= a

A = 2 a - x dx

x= 2 a x -
3

a= 2 a -
3

4= a
3

A a
4A a
3

A 3
A 4   

 

15)   The function f, defined by  7( ) 6 cos 3sin ,
10 40
t tf t § · § · � �¨ ¸ ¨ ¸

© ¹ © ¹
 is used to model the 

 acceleration of a plane, in miles per square minute, for 0 40.td d   According to this model, what 
 is the velocity of the plane at 23t   , if (0) 7 / minv mile ?  
 

           

§ ·§ ·
¨ ¸ ¨ ¸© ¹ © ¹

§ ·§ ·
¨ ¸ ¨ ¸© ¹ © ¹

§ ·§ ·
¨ ¸ ¨ ¸© ¹ © ¹

³
t 7tv(t) = 6+cos +3sin dt

10 40

t 120 7tv(t) = 6t +10sin - cos +c
10 7 40

120v(0) = 0 : c =
7

t 120 7t 120v(t) = 6t +10sin - cos -
10 7 40 7

v(23) 139.192 mile / min

 

 
 
 
 
 
 
 
 

-3 -2 -1 0 1 2 3
x

y

-3

-2

-1

0

1

2

3

4

5

6

7

8

9

y=x2 

y=a2 

(-a,a2) (a,a2) 

-a a O 

C A 
or A = Iata -x') dx

= [a'x - IIT
-a

= Lakas- ¥] - Laka - tail
= af - Ig*a3 - af
= 4 3

ga

Bt 1900688+3669
BABE.BBhhAEha
÷ 180milemin



� �

c

³

t

(3-2) 2

3

3

m = s (3)
= g(3)

= 2 3 e +3 - 8
= 6e +1

s(3) = 5+ g(x)dx

= 5

16)   Find the area of the region bounded by the curves � �( )cos 2 , siny x y x   ,
2

x S
 �  and 5

6
x S
 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

          

> @ > @

ª º ª º
« » « »¬ ¼ ¬ ¼

³ ³
π 5π
6 6
π π-
2 6

π 5π
6 6

π π-
2 6

A = cos(2x)- sin(x) dx + sin(x)- cos(2x) dx

1 1= sin(2x)+cos(x) + -cos(x)- sin(2x)+
2 2

3 3 3 3 3 3= + + + + +
4 2 2 4 2 4

9 3=
4

  

17)      (Calculator) Let ( 2) 2( ) 2 8xg x xe x� � �  as shown at right. Let s represent  
 the position of a particle on a number line.  Define s as follows:  

 
 

 3
( ) 5 ( )

t
s t g x dx � ³  for time 0 8.td d    

 (a)  When is the particle moving to the left? 
 

            � �
cv(t)= s (t)= g(t)

particle is moving to the left when v t <0,i.e g(t)<0
the graph of g(x) lies below the x - axis for t 0 when 0 t <2≥ ≤

 

 
 (b)  Write the equation for the line tangent to the graph of s at time t = 3. 
                
 
 
 
 
 
 
 
 

x

y

Equation  of  the tangent  line at point 
(3,5) is y - 5=(6e+1)(x -1)

Don't

do X



 (c)  Use your tangent line to approximate the position of the particle at time t = 3.1. 
 

             
y - 5=(6e+1)(3.1-1)
y = 41.35 m to the right of  origin

 

 
  (d)  Where is the particle at time t = 7? 
 

  � �³
 7 (x-2) 2

 3
s(7)= 5+ 2xe +x -8 dx

=1560.418
 

 
 (e)  How far has the particle travelled in the first 7 seconds? 
 

           ³
 7 (x-2) 2

 0
distance = 2xe +x -8 dx

= 1843.971 m
 

 
18)  Let f be a function with the following properties: 

 i)  2( )f x ax bxc  �   ii) (1) 6f c    iii) (1) 18f cc    iv) 
 2

 1
( ) 18f x dx  ³  

 Find an algebraic expression for ( ).f x  
 

             

� �
� �

� �

� �

c

c cc
cc

­
®
¯

º¼

?

³

³

⇒

2

3 2

2

3 2

2 3 2

1

24 3

1

3 2

f 1 = 6 : a+ b = 6 (1)

f(x) = ax + bx dx

a bf(x) = x + x +c
3 2

f (x) = ax + bx f (x) = 2ax + b
f (1) = 18 :2a+ b= 18 (2)
a+ b = 6

a = 12 & b = -6
2a+ b= 18

f(x) = 4x - 3x +c

4x - 3x +c dx = 18

x - x +cx = 18

8- 6+2c - 1+1- c = 18
c = 16

f x = 4x - 3x +16

→

 

 
 
 
 
 

→

I

÷
-

-

g -

186 ⑧

MO

⑥



19)  The region bounded by the curve y =x2 + 1 and the line y = -x + 3 is revolved about the x-axis to 
 generate a solid. Find its volume. 
 

            

� �� �

2

2

2

y = x +1
y = -x +3
Finding point of intersection

x +1 = -x +3

x + x - 2 = 0
x +2 x - 1 = 0

x = -2 , x = 1

  

 

         

ª º¬ ¼

ª º¬ ¼

ª º
« »
¬ ¼

³
³

1 2 2 2

-2

1 4 2

-2

1
4 3 2

-2

v = (-x +3) -(x +1) dx

v = -x - x - 6x +8 dx

-1 1= x - x - 3x +8x
5 3

102=
5

π

π

π

π

 

 
20) Let f  and g be the functions given by � � � �1 sin 2f x x �  and � � / 2xg x e .  Let R be the shaded 
 region in the first quadrant enclosed by the graphs of  f and  g as shown in the figure  below. 
 
 
 
 
 
 
 
 
 
 
 
 

(a) Find the area of R. 
 

         

� � � �
� �

� �

x/2

x/2

Point of intersection
f x = 1+sin 2x

g x = e

1+sin 2x = e using GDC
x = 0 , x = 1.135

←

                     

 
 

� �ª º¬ ¼³
B x/2

0

2

Let B = 1.135

A = 1+sin 2x - e dx

= 0.4291  u

§

et

Don't×
do



(b) Find the volume of the solid generated when R is revolved about the x-axis. 
 

            
� �� � � �ª º

« »¬ ¼³
B 22 x/2

0

3

V = 1+sin 2x - e dx

= 4.2665 u

π
 

(c) The region R is the base of a solid.  For this solid, the cross sections perpendicular to the x-
axis are semicircles with diameters extending from � �y f x  to � �y g x .  Find the volume 
of this solid. 

 

                     
� �ª º§ ·
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³
2x/2

B

0

3

1+sin 2x - e
V = dx

2 2

= 0.077  u

π
 

21)  Two runners, A and B, run on a straight racetrack for 0 10td d  seconds.  The graph below, 
 which consists of two line segments, shows the velocity, in meters per second, of Runner  A.   
 The velocity, in meters per second, of Runner B is given by the function v defined by 

 24( ) .
2 3

tv t
t

 
�

 

 
 
 
 
 
 
 
 
(a)  Find the velocity of Runner A and the velocity of Runner B at time t = 2 seconds.  Indicate units 
 of measure. 
 

            

§ ·
¨ ¸
© ¹

10Runner A : velocity = 2
3

20= 6.667 m / s
3
48Runner B : v(2) = 6.857 m / s
7

  

(b)  Find the acceleration of Runner A and the acceleration of Runner B at time t = 2 seconds.  Indicate 
 units of measure. 
 

 c

2

2
t=2

2

10Runner A : acceleration = m / s
3
72Runner B : a(2)= v (2)=

(2t+3)

1.469 m / s

 

Time (seconds) 

Velocity of Runner A 
(meters per second) 

(3, 10) (10, 10) 

(0, 0) 


