Introduction to Integration

Two main operations in calculus are differentiation and integration. Ironically, these operations can be
thought of as being “opposite operations of each other”.

e When we differentiate, we find a rate of change at a particular point on a curve.

e When we integrate, we are attempting to find the area between the curve and the x-axis in some

particular interval [a, b]
fx)

Warning: f:f(x)dx measures the difference in area in the interval [a, b] and NOT the area between the
curve and the x-axis.

How did all of this come about?
Let us suppose that we are given a function f(x) and we want to find the area
enclosed between the curve y = f(x), the x-axis, and the lines x = a and

x =b.

In order to do this, mathematicians decided to break up the area into
subdivisions.
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The area of each section can’t be calculated due 1 J— i
curved top. In order to account for this, we can T =
approximate the area by crafting rectangles.
o [f we take the smaller rectangles we get 1 /

the lower sum.
o |f we take the larger rectangles we get

the upper sum. a  lower sum b x a  upper sum b x



Since the lower sum will always give us an area smaller than what we want and the upper sum will give us an
area always larger than what we want we get the following:

Z all lower sum rectangles < Area Under curve < Z all upper sum rectangles

n n
Z fxHax <A< Z f(x;)Ax wherenrep.the number of rectangles used.
i=1 i=1

/\\.
Note: Asthe number of rectangles used increases, our approximations
must get closer and closer to the actual area. T = 3
4 L
Therefore, our area in the interval [a, b] must be given by / \
n
A= lim Z f(x;)Ax
n—->oo
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We will use a much simpler notation for this © i Sl e suips.\‘)

A= fbf(x)dx

Note: the | sign is an elongated ‘s’ and stands for ‘sum’, just as the ¥ did previously. However,
[ means limit of a sum whereas ¥ means finite sum

A Crude Version of The Fundamental Theorem of Calculus

2 [ rea = re

This means, if we take the derivative of an integral, both operations cancel each other out and we get back the
original function.
e Note: The opposite is also true, if we integrate a derivative, we get back f(x).

. d .
Moreover, if we want to solve for ff(x)dx then that means we need to move the = to the other side.
Therefore, we must “anti-differentiate f(x)” to solve our integral.

Suppose that F(x) is the anti-derivative of f(x). This means, if we take the derivative of F (x) you get f(x).
If we anti-differentiate both sides of the above equation we end up getting

f f(x)dx =F(x)+c where c is an unknown constant

e Note: f(x) inthe integral is called an integrand.



Integration

Anti-differentiation S A
The process of obtaining the original function from its derivative is called
“integration’ or “anti-differentiation’.

F(x) f(x)

Example: If f(x) = x2, then /'(x) =2x, so an anti-derivative (the opposite of a

2 or F(x)=x2.

What about f(x)=x +1, f(x)=x> -7, f(x):x2+§? £ =_Qx

. . . Integration
derivative) of 2x is x

In fact, there are many possible anti-derivatives of 2x, each one differing from the others by a vertical

translation. Hence, the anti-derivative of 2x is F'(x) = x?

integration.

+c¢ wherec e R, and c is called the constant of

A function F(x) is an anti-derivative of f(x) if F'(x) = f(x) for all x in that interval.

Note: Always check to see if the anti-derivative is correct by differentiating the anti-derivative.
2
2
Example: If f(x)= 3x? +5x—2,then F(x)= x> +%—2x+c. Check: F'(x)= 3K +5%-Q

Here are the anti-derivatives of some of the basic functions:

2 Prhi-deruahive. %F(vb: £

f(x) F(x) °
1 x+c tx: SQd‘X: ax+C
axn, n#-1 a I’l+1+ P | [ 3
el 0" tx: Jon'dx= e
1 3
(ax+b)" (ax+b)"" S 2 (axl)
———+c¢, n#-1 . x=
a(n+1) bx: \(3x+1) o 5 ¢
( —
| xl=x In|x| +c,n=-1
ox+tp F (ax+b)_1 Inlax+bl 4 c, ax+b>0
ae** aek*
+c
i —cos(kx
sin(kx),k # 0 k( )+C
sin(kx
cos(kx),k # 0 i 5{ )+c

Two important rules for derivatives are
e The Constant Multiple Rule: [ kf(x)dx =k [ f(x)dx

e Sum or Difference Rule: [[f(x) £ g(x)]dx = [ f(x)dx + [g(x)dx



Indefinite Integration

The set of all anti-derivatives of a function f(x) is called the indefinite integral of /(x), and is denoted by
jf(x)dx where the symbol f is the integral sign like an elongated S indicating summation, and f(x) is the

integrand of the integral.

" jf(x)dx = F(x)+c where c is the constant of integration

YA

Geometrical interpretation: Integration is a summation process of finding the y=fx)

area under the curve.

1. Find the indefinite integral of the following.

a) [(8x? +4x —3)x

=3 (‘é"xa)%\ (% 'xa) -3%+C

= %xﬁ&x’- 3x +C

c) j(%—%+x]dx
= (354" 4 %) dx
= 3(-x")-4 (nlx) + % +c

= —7,3;"-4 )X+ 3+

e) j[”‘#}zz

= §(2™ag'+37")dz
= %?._Qg_n\z|+_3_i"‘+c
= —}3 - dnlzl - '%" ¥

g) [Gx+5) dx
= (3x+ 5)4
a1E))

(BX -HB)
R

+C

b) [[2 cos(2x)]dx
an(ax
- &s\s\( )+ c

= §m(&x) +C

d) [(e* +6e** —8e™)dx

b& 8‘47(
+—-- -%‘ +C

K K -4 x
= ¢ +3e +e +C

) f sm(x)

cos(x)

= S\( 5&,‘5 : S'm(x)> okx

= Du]os)| -Sin N

- Sin(x)
= -nlastilec  Check S (’.Q/A\wS(x)D
= - SlnLK)

h) Ism(lx—zjdx b‘)
3 4
L, _TC
= (DS(3 ?(-——,_')

1 +C
3

= 3us(3x-F)+c




1-1 Practice

Find the following indefinite integrals:

a) [ xdx b) [x3dx c) [4x3dx d) [3x?+6x+5dx
_ % - x _ A _ 3 .2
= 2-+C =7 +e = X'+C =X +3IX+Sx+C
e) [ax™dx f) flOWc_iéc g) f3zi¢:x
nel -2
- 0% -3
=&, = =35 +cC ‘FS% dox
Nt 3 _-g -
. =F K +C
- -3
= (07(34.0 - Wﬁ'c
h) [ 2dx i) [ gy ) S dx
3 . -t -3 & -3
=5 dnlxl+C =3 {3 3 dx = {(x*-10x ") dx
H
7 _a. % %
= %—g—ﬂmlx\- > TC = QAT -0x "«
k) f%exdx ) [3e?**> dx m) [ 5sin(x) dx n) f%cos(x) dx
*% 22 £3°) () 3 .
3%‘(’, +C - 3e fe = -5wsx)xC =q"s\Y\CX)+C

Q

o) [(x?+5)% dx

= §(x* 0% + 25) dx
Ls X 10x®

——

> 3

—
—

fl

+D% +C

p) [(x +3)*dx

(x+3)5

tC
5



1-2 Warm Up

Find the indefinite integrals of the following:

1. [(6x — 7) dx 2. [ dt 3. [(x —Vx)dx
= 67(2 ~| 7(2 x%
Q—?"?(*C =—'_£_‘—+c, --Q—~_.3_+c.
£
= - C = |
KA I 1.2 2 &
=2%XK -3 K +e¢
4. [(x3® — x? + 4x)dx 5. f%dx 6. fx3+:32+1 dx
q 3 2
= X 1) al - =l _-3
-7 -’3‘4- %‘-FC :J(&X’)&x =J‘(l+7< +x )dK
2 -a
4 3 2 - 3 - X
=gx-Fx e niee  * ——9_;‘ +C = A+ dnlxl+ e
3
= l
= 3x %1 = X+dnlx| -3x + ¢
7. [(8x + cos(x)) dx 8. [(2e* + sin(x))dx
2
x
- K -~ - -—
= LQ_ + SinbO+ ¢ = Qe ~tosk e

= 4" + 51nh+C



Integrals with Initial Conditions
(Evaluation of the Constant of Integration)

A function has infinitely many anti-derivatives, differing only by an arbitrary constant, c. In applications, one is
usually given additional information that helps to determine a value for the constant of integration, c, thereby

specifying the unique anti-derivative that solves the problem. This information is often called a boundary (or
initial) condition.

d
1. Find the displacement function s if d—j =4t whens=8att=0.

5= (4t) 4t AY 40,5 =8 :

2
_ A 8=23(0) +C
-3 ¢ $=C
=+ +c - e displacement funckion is 5= at’+8.

2. Given that Z—Z = sin(2x) and that y = 1 when x = % find y as a function of x.

la:js'm(&x)dx A+ =%>%=l=
- —ws&(ﬁ‘)
= 5% e =0t e s
| = '% o R Ll
= o +C
x=C

3. The gradient (slope) at any point on the curve y = f(x) is given by the equation, Q = # . The curve
dx Jx+2

passes through the point (2, 3). Find the equation of this curve.

-\ F(33):
= dx A+ (3
d S x4 3=2J@+2 +¢C

L

= S(NQ): dx 3=4 10
a -

= (:Xif) ‘e -l=C

2
=A%+ +C .'.%eeq,uw\im ot WS carve is \azaixm-l.



Application of Integration to Kinematics (Study of Motion)

Recall: v(¢) =s'(¢) and a(¢t) =Vv'(¢t) =s"(¢)
In the context of integration, these ideas give s(r) = [w(t)dt and w(t) = [a(t)dt .

Example 1: A particle is projected in a straight line relative to a fixed point, O with velocity function
v(t) =25-10¢, t>0. If the displacement of the particle from O at time t = 2 is 8, find:

a) the displacement function, s(t) of the particle.

b) the displacement of the particle when t = 4.

D §vi = s() B s() = -5(4)ra5(4)-2
= S(&S-ID-‘:ZA‘E = -SD+100-22
R T =-3
= dSt-5t+c « the displaement s
S(&)=3) = QS(&)—S(Q)a+C -a U.n\‘\'S
3=50-20+c
-W=C

L S[)=-5t"+a5¢-a3 is the
displacment function.

Example 2: The acceleration, in m/s” of a body in a medium is given by % = %,t > 0. The particle has an
initial speed of 6 m/s. Find the speed after 10 s.
V= S(.%:%—\ )0\% P+ ¢=10s,
=35 (4+) dt V=3 nltar] ¢6
- = 13.Q
=3 Wnlt+] +C
At t=0,v=06 : <, the speed after 10s is
(©=30n|+] +c oppox. B.am/s.

b=C
V=30t + 6



SOLUT IONS

Integrals with Initial Conditions Extra Practice

[f(x) =§+562 —%8]

1. Given that f'(x) = x2e*’ and f(2) = 5e2, determine f(x).

3 Q
{)= S'Kaex dx Q)= 5?/5
7(5 b} ’_2- e&)
= 33'_.3 X +C 5?’ = _'3_- +C
7 2 8
exa Se - % =C
= 3 +C QKB 2 33
. -PCX)=§-+52, -3

4 3 9 % 103
[f(x)—§x2+zx3—zx+5]

z.HMf@gmﬂu)ix%+x%jun=aaMfu)=o

}'()= %f-j + Zfr-a re, 05 6=3 (D)%+%(°)%+ NOLE
3 5= C,

—

= Qx“+3x3 +C, ) .
$0:0: 0= 3 ()4 R+ ¢,0)+ )

4
3 7 — TG O=3+7+¢,+5
3 =03 = 2
3 bt == =C, 4 ¥ % 03
A 12 ,"(:(7():—3‘7( + %'X —\la'x+5

= A3 3
3 X + 34X FCX+C

3. Afighter jet begins a downward descent in order to pick up some vertical speed. Its acceleration can be
modelled by the equationa = 0.48t% + 2 for 0 < t < 10, where a is measured in sz and t is the time in

seconds from where the fighter jet begins his descent. If his velocity at t = 2 is approximately 8 %,

determine the velocity after 8 seconds have passed. [100.64 m/s]
V={(0.434+2) gt <Yz 0l +at + 27
3
= o,;i’zt”t% ab =3,
3
0.lbk +2t +c V= 0.16(3) +a(3)+ 2R
b in v=8 =2 et

nﬂumﬂ%aWwﬁﬁmﬂsMw

$ = 0o () +a(2)+c
possed is 100.64 m/s. .

J32=C



Extra Problems

—_

9.

[ x(x?+6)°dx

f@2x—1)Y(x%2 —x +4)3dx

f 3x3
: (x*+5)2

[ x3VxZ+ 6dx
[ sec?(x) dx

[ sin” (x) cos(x) dx

f 2 sin(x)cos(x)

1-2cos?(x)

f 2x dx

x2+43

[(Bx2 = 2x)e ~***+4qyx

10. [ 2 sec?(x) — sec(x) tan(x) dx

11. [ tan(x) dx

12.Find y if % = 3sin(2x) and (SO) is on the curve.

13.Find f(x) given that f"(x) = 2 —% where f'(1) =0,and f(1) =8

Answers

5 3
# 4 alternate answer: %(x2 +6)z—2(x*+6)2+c

oo hA W=

1.2 6
12(x +6)°+c

5 8
g(x2 —x+4)ss+¢
~ 3
4(x*+5)
3
é(x4 —4)(x?+6)2+cC
tan(x) + ¢

sin® (x) Y
8

7. %ln(cos(Zx)) +c

8. In(x*+3)+c

9, X'+t 4o

10.2 tan(x) — sec(x) + ¢

11. —In(cos(x)) + ¢

12.y = —%cos(Zx) —%
13.f(x) =x?+8Vx—6x+5



Substitution Rule

In general, the rule is used to find the anti-derivative of a function using chain rule.

If u=g(x), then .[f(g(x))g'(x)dx = J'f(u)du .

Steps in integration by substitution (change of variable) rule: )
1. Define u (i.e. let u be a function of the variable (often x) which is part of the integrand)
2. Convert the integrand from an expression of x to an expression in u (need to convert the “dx”
term to a “du” term)
3. Integrate and then rewrite answer in terms of x (substitute back for u)
e J
Example: Find the following indefinite integrals.
a) [@x+D)*dx < S w4 b) [2x(x” +1) dx > fu du,
&u—am _ u's hek u=x'r 1, -
- o tC du 'il" +C
h ?R = (_&x+l) dx= 3 (x -fl)
&:dx = —4C du=Ixdx = +C
IO N
L
c)j\/—dx -> S u. dw d) _[xVx— dx"’S(_(L'H)(uz)dLL
r Le:\' w=x-1, S( )
Ld-u-x*& =L+c l lg+u du
1 Ex‘ - -
du= 3% dx :(i) du = 4% - Qu + = Q Iy +c
du 2 ==
= _ I W +C = - -
3 =% dX U Also, 7i=y+1 - frx\ !x| ie
=3 [x -'~|) +C
31In(x) 9
e)f—x dx~>3gu.du f) [ (4 + sin(x)) cos(x)dx»Su' du
et u=n6) = 3._&'“:_\_(: Lot u=H+éin() The
Q = = +C
du_ L ) %&z cos(x) © 0
&= X - 3 (onlxl +c (H+sim(x)
du= dx 2 dumosbd dx =T tC
g [5—— Al —>S h) [xe® Hlax f& du
x +x+5 \ \ ) a
=Mlultc = - e
ket u=x +x+5 Il | lﬁ'“”*% = =+c
= +X+5|+¢C - Y
%:BXaH H?('QX - ej“‘
- +C
du= (3x+1) dx i - o dx R



Variable Acceleration and Applications Extra
Problems

1. The velocity of a car moving in heavy traffic is given by v(t) = 30t + 20 sin(107t) where velocity is in

km/hr startingatt = 0 . How far does the car travel in the first 30 min of traffic? [14—5+i km]
s

2. A model rocket is fired vertically upward. When its fuel is exhausted, it has a velocity of 307;—1 and
has reached a height of 80 m. Assume that the acceleration due to gravity is —10 m/s? and neglect
the effects of air resistance.

a) For how long will the rocket continue to rise? [3s]
b) Find the maximum height attained. [125m]
c) When will the rocket strike the ground? [8 s]

3. A jet propelled sled starts a run at time t = 0, with an initial velocity of 11 m/s. Its acceleration at
time t = 0 is given by a(t) = 10 — 2¢.
a) When does the sled come to rest? [11 s]
b) How far will the sled have travelled at this time? [Bgim]

4. The displacement of an object in meters varies with time in seconds as s(t) = —§t3 + %tz + 4t for
0 <t <5. Find the maximum velocity of the object. [6.25%
Challenge Problem (do this after tomorrow's lesson)
UA

U(t) . 51
displacement = J; vit)dt=A,— A, + A,

" /]
As| distance = | [o(1)|di = A, + A, + As

1

5. A particle moves along a line so that its velocity at time t is v(t) = t? — t — 6 (measured in meters per
second).
a) Find the displacement of the particle during the time period 1 <t < 4. [4.5 m to the left]
b) Find the distance traveled during the time period in a) [10.17 m]



Variable Acceleration and Applications E xtra Problems-Solutiong
0

s@)= [ (30 +20sin (0TE )] ot °* y(0) =D ‘
(O,D) N\U5+ lie.on (L)
= IS{z ¥ .’lD(—QoS CloTr+) 3 + 0
0= -2 cos (0) +C
loT T
|
S(08) = 15(08)> - Q& cos (5T 4g O &
m ar
= 3.1S 44
=
d- o) ald)z -[p “*fuel is exroust.  v(0)=30
V(,t): —‘Dt 0, - ?)D:',OLO\‘t‘Ci
() = -5¢2 .
St = "ot + Gt tC :
. s(0)=&0
co 8(0)= -g12 130t 80 o EDT -5lu, 430010
Cy= %O
O=-1ot t 30
lot =30
£=38 .

o will continue Jorise fbr 3s. (verdex of se0))
D) (3)= -5(3)*+30(3) ¥80
o m. —

A s &)= -s(tT -l -1b)
o = 54 -3t +2)
o:) JC: 2 of bt ><Q IMMTSS;HL

[,o., 4= 8&



B‘Q\V(—'{): B‘UU"Q{)d% b) S({\:j‘(-{lﬁ'lb'\:‘ﬂ\\d{

= ot "—Ll te

-

= =1> s op it e

Il = 10L0) - LOY t¢C 3 |
Sarts run & £50,7, (CiL)

c= ||
o V)= -4>+I0t 1 O=¢C
O=- (4>-1ot-1) SN = - LD® 4 std+1L)
e
N EINERTR t283 or B8
s k=1l or £ 3

° comes Yo rest t=tis.

MoV = -1* 434 +4

alt) = =g +3

O=-ats3  v@)=- (3) #3630t

O'HZ:S = 6'&6N\’$

£=2
Y
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sc) sty= Jk O
_ | VS e X‘
- g 2 \ |
: LL (- 2 e )- EDto b )
C 4 o ASm W Stedey pet

42%-6=0
(k*rl)@;i)so » 5 '%:%/U
T ' {"3'; ‘ [\Qs e

= /b,\_]m .

& (= §| Lol dt

= 10.HFm

s e \ﬁﬁ' J(-m) L e i

T L e t— ———



1-3 Warm Up

1. Find the indefinite integral:
a) [(x? — 5)82xdx

NV}
let 0= %*-5 =Su:du.
- u
%(:27‘ g +C

dusdxdx = £ (x-5)+c

c) [ sin(4x) dx

-— -

|
= T osdx +C

Challenge questions!
2. Find the indefinite integral:

a) [ sin?(x) dx N&S& .

o5 - cos@x)=1- Asinx)
) Siaﬁl a _ms?a L z sﬁnt'x)
=3 [(oRX-) dx

= siRA+ fx +c
c) fx3m§x
let u= 7(:‘6 = S 'K-'szj *x*6 dx

EJ%F " = [ (we)d o %
3 =xdx = ial‘_y(u%+ Gu*)&u
Wto =% 5 5

| 5 S
=5 U tau +C

Li{— u=l—7<z =-3 44c
3%="37( o} 3'=L
d 20 ec

b) fcos(Zx)+1 dx

cos(x)

=5(Qoos°(x)—l)+l dx

5 3
= 2 QF +A(x6)% 4

coslx)

S(Qws(x))dx
2 snfx)+C

Nole: N
cos)= eos b9



Definite Integral

If the function, f(x), is continuous at every point on the interval [a, b] and F(x) is any anti-derivative of f(x)
b
on [a, b], then ff(x)dx is called the definite integral and is equal to F(b) - F(a).

a

b
" J'f(x)dx = F(x)|fZ = F(b)— F(a)| where a and b are the lower and upper limits of integration respectively.
a

Note:
e cis omitted as it would cancel itself out as shown: [F(b) + c]-[F(a) + c] = F(b)-F(a)

e adefinite integral has a numerical value

b "
e the evaluation of the definite integral A= jf(x)dx represents the area enclosed /—*-Vif‘i’
"
between the graph of f(x), the x-axis and the lines x = aand x = b. o »
Groperties of the Definite Integral \

If f and g are continuous functions defined on a given interval [a, b] and c is a constant, then:
1) [Ff)dx =0
2) J, cdx = c(b — a)
3) [ cf ()dx = ¢ [; f(x)dx
4) f; faoydx = = f] f(x)dx

5) [ 1f () £ g(0)]dx = [ f(x)dx + f g(x)dx

6) [ f(x)dx = [ f(x)dx + [ f(x)dx




Example 1. Evaluate.

21 4 12
a) I;dx b) i(er;J dx
= onln | .whf SN
- s N = §(x +a+xa)dx
_ ) 3 \
= n(5)-on(?) ) %_ +ax—;‘<-]
= 0.511 3 a
= [.(:Q +2 “l)— [___ + R(&)-— (&)]
- %5 N9
L 3
2 ({(1‘ +mjdx d) fn sin(3x)dx
! - (370
= L"’BM"KH\] = B8 ]E
©
al) i -
[ +30n| (O] [L+3QM\C0)+\U = %[%3(%)-w83(6>]
R
= -—-+3DM‘&\ - a - 3(0~O)
=0
£ 5.3%

2 0
e) [Gx—4)tax f) [(x—e ™ )dx

-2

a  _.10
_ A T =§+€ﬂ_
33 s 2
_ (37‘_”)5 ]a - [L?+e‘(o) (—9.) +e:Ca)}
15 5
n 5 5 = |-3-¢°
=+ | BE-4T- [36)-4] o
=-|-¢
= T‘g (35* ll5> . g9
_lol 019 o =-e
= =5

oF =-107F34.6 o



g) }x4(x5+1)5dx S“ o® h) .Sf(3x—x2)dx
0 —g‘ 0 5 3 15
S = .3-7-& - X
let u=%"+(, - u ] a3
I 0
5% 4 2 3 3
b ;e ~ |36 (s) 30) (o)
du d = ) _ () a 3 | | a 3
5 '7( K 20 20 .
35 |
when x=0,u=| = 5:—\ = 3 "3
2|, U=a -5
hen %=1, = 2 24
2. Find the area under the curve y = il fromx =0tox = 1.
) OR
Area= | -5 dx T 'R
‘g&XH ‘ p(ym__‘.: g Ixl dx
-3 W“"*“} Lok u= e+ Cfig
du - u
ax= L
:,Q.\la(t)ﬂl-ﬁmla(o)fll duw=2dx = On \Uﬂ,
= W3- o1) when X=0, us=| = Dn(3)-0n()
= 0n(3) Lhen X =1, u=3
= (3) or =110

o odhe area s (3) unts



MCV4UE Warm-Up

1.

A curve with equation y= f(x) passes through the point (1, 0).The gradient of the curve,

, at point [e,iJ isX . Find the values of a and b.

) a(lnx)*+b
f'(x)= — g Lo

Find the area of the region between the curve y =4e* -3e* and the x-axis from x=1 to x=2.

A particle moves such that its acceleration, a ms= at time t seconds is given by formula

2 : D
a(t)= T+10t , t>0. At 4 seconds, the velocity of the particle is 28 ms-.
t

a) Find an expression for the velocity of particle at time t.

|
b) Hence, find the velocity of particle at Zseconds.

k
Determine the value of k > 1 if j[l + iz]dx =3 )
1 X

2



MCV4UE

Warm-Up

g S].Oﬁ

1. A curve with equation y= f(x) passes through the point (1, 0).The gradient of the curve,

a(Inx)*+b
X

f'(x)=

, 1
f(e)—g
a(lne)*+b 1
e e
at+b=1 (0

4
)=a[ U gy i p[ Lax
X X
Inx=u g=du
X

x)=aJ.u4du+b_[idx

=2 (Inx)’ +bIn | x| +c
5

f(1)=0 sc=o0
fle)=2 24p=4
5 5 5
a+5b=4 (2)
(2)-(1):4b=3
b== &a—l
4 4

, at point (e,—

is 1 . Find the values of a and b.

full sdwhons @ F@=¢, tzawe)]‘{%

(e
= o)+
|=o+b = 0]
) = S-F'(_K) ax
-SalW;l + 4x
= o,g@«gﬂ, s bl Edx s lebu=0n0
du_ 1
cofulds bl TR

= CL(%E) +bx) +C
9= & Bn6d]*+ b () +C

P()=0- 0= [mi\)] +bamli) +C
0=¢c 4= 'g[w(x)] +o Iu(x)

D=3 4= 2 Me):l +b pule)
i
Nz +5b >0
Uminadion: @ -© : 4b=3
b=%
s\dob o ®: &t (13\‘)=|
0=%

2. Find the area of the region between the curve y = 4e* -3e* and the x-axis from x=1 to x=2.

Check your answer using GDC.

A= J‘12(4e2X -3e” )dx
= 2e™-ge* r
= (2e4 -3e2)-(2e2 -3e)
=2e*-5e*+3e
=80.406 u*

———————r -

JFCx1dx=g0.405065 —s—vu




3. A particle moves such that its acceleration, a ms= at time t seconds is given by formula

2 : D
a(t)= T +10t, t > 0. At 4 seconds, the velocity of the particle is 28 ms-1.
t

a) Find an expression for the velocity of particle at time t.

2
v( t)=.|'(—+1otjdt
\/T
=4t+5t+c
28=4./4+5(4)* +c
28-88=c
c=-60
v(t)=4ﬁ+5t2-60

b) Hence, find the velocity of particle at L seconds.
4

v(4)=4\/z+5(1)2-60
4 "4

=2+2 .60
16

_ 923
16
=-57.7m/s

3
X 2

k
4. Determine the value of k > 1 if I(l + izjdx

2k*-3k-2=0
(2k+1)(k-2)=0

k=2,

not in domain



1-4 Warm Up

1. Find the equation of the curve with Z—z = x2 + 6x — 3 and passes through the point (3, 10).

2. Find the equation of the curve y = F(x) that passes through the point (1, 4) and satisfies

d
2= gx2 —e2x 41,
dx

3. Determine the function, f(x), if f'(x) = sin(2x) — cos (g) and it passes through the point (g, —3).

So\u“\’nons:
NN
@ laf—S(xﬂ-éx-S)dx At 'i(L=3,3t3=lo,2
= 35 £(ex) 3% + 0= 5() +3(9-3(2)+c
_ 1 3 2 [0 =QF+C
= 37 +3x-3%x+C 3 =c
: 3
'T)w.eq,uncl—ion of dhe carve is \a-': 3 X +37<a-3x-l=1'.
@ F)=J(ax e +)dx SE),
3 4=3()= S—+()+c

= gﬂ.. e
3 °‘5—"|‘7(+C. _L’
3_L X 4=3-3Je+l+c
=3'X‘a€, +%x+C L2
2¢ =C
’F 3_]_:’( _L 2
~F()=3x-2e +x+73e

- $(F)=-3 .
r —3=-%cos[a(%‘)]-3s~.n[—(3i)]+c

-3= ’aLcoS(TL)-3s'm (ch) *C

3= -3()-3(2)+c
_.a =C »
A= F s -390 (3)-a

@ +6x)= j‘[s‘m(&w) - oS (‘g')] dx

=- %ws(&x)—Bs’m(‘;‘()-l—c



Area Under a Curve

YA
The area enclosed between y = f(x), the x-axis, and the lines x = a and y=fx)

b
x = bis writtenas 4= J'f(x)a’x and can be evaluated. P{YQQF 'F(b)-F(o.)
a

=Y

Example 1: The function fis defined by f(x) = x? —2x+15.
a) Draw the graph of y = f(x) for the domain —5<x <10.

" $() =K' - A% +15
(lnl“‘)
%
=5 5 (0

b) Shade the area enclosed by the graph of y = f(x), the x-axis, and the lines x = 0 and x = 5.

5
c) Evaluate the definite integral jf(x)dx to find the area of the shaded region.
R 0 3 3
- 2 -\1(5 2 Q
Area= § Ex - a:+|5)d'x = [(.52 - (5) _,_,5(5)]_ [_fg)_ (o) +\5(O)]

- KX _ax 5

-3 7% ¢t '5*]0 = 3315

o2 I

I QL3 unts’

d) Check your answer to part (c) using your GDC.

[BEEEE
osa
=ma e
CLLET
sooon

=== GDC INSTRUCTIONS:

For TI-S3:
Method 1: From the HOME SCREEN
1. Press @fnlnt(
2. Enter the function D enter the value of the lower limit D upper limit

Method 2: From the GRAPH
1. Enter the equation in the equation editor screen and graph the function.
2. Enter ‘Z”d‘ \trace\ \ 7 | , then enter the lower limit, press | ENTER |, enter the upper limit, then press
ENTER|.




For TI-S4:
Method 1: From the HOME SCREEN
1. Press @fnlnt(.
2. The screen will display the general definite integral for you to enter the limits of integration values, the
integrand and the variable you are integrating with respect to. Press when you have entered all
the information to evaluate.

Method 2: From the GRAPH
1. Enter the equation in the equation editor screen and graph the function.
2. Enter ‘Z”d‘ \trace\ \ 7 | , then enter the lower limit, press | ENTER |, enter the upper limit, then press
ENTER|.

Example 2: Find the area of the region enclosed between the curve y =9 —x? and the x-axis.

DPind x-ink for lorts 2 Find Hhe orea
D"‘ 'm‘\‘es\rfx\:\on: AY‘Q&F g(q_'xa) d'x %:q_xa
0=0|-x“ -3

3
=9 = Qx- 2 C s
= - 3 -3 \/'3 | 3»
X=%*3 3 3
(3 -3
- [2@-~ 2 ]-Jaea- 2
3 3
= 13-Ew.)
- . ]
=36 e area 1s 36w
To determine the area enclosed between y = f(x), the x-axis, and the lines x = a and x = b where the
function is below the x-axis, the definite integral becomes: 4 = — f; f(x)dxorA = |f;f(x)dx|.
Example 3: Find the area between y = x> —1 and the x-axis fromx = =1 to x = 1.

Area.= -S(v(;— 1) dx

= [4-A],
@)
1-4-1

N <. e orea. under Yoo vve
is Q untls.

n

20



Example 4: Consider the graph of the function f(x) = x> —5x2 +6x.
a) Draw the graph of y = f(x) over a suitable domain.

Y1 3
_Q[x):';(%- 5;1—67( '(:(30-': " "57(2""67(

|/ = x(x-5x+0)
///// f . - :((('x- )(x+2)

a////s ’

AN

4

b) Determine the definite integral f03 f(x)dx.

3
{ (P-54"+bn)dn = xK_5X, %qs
0

9 3 =[
o] 4 3
KB, e _
—'q'*%ﬁ,(gx] f *'2‘

c) Evaluate the definite integrals foz f(x)dx and f:f(x)dx.

3(X3-5xa+6x>d'x 38(7(3-57‘:-1-67()&)(
_ .‘2S‘_|_ 5.&2 ,7R 2 " 3 L3
:5‘ (3L)3+3x]° = -3 .
:_3___'_2 2 _ 4 3 4 3 o
Bdalo ]9 o
= 2 _ -5
B T

d) Find the area enclosed between the graph of y = f(x) and the x-axis.

2 2
Dereo= S(_’XB—S;-\-G)X)&X - §(X3-5x +bx)dx
o
3 2 L) L] 3 3
S - [R5

(-3)

—
—

fl

3] o] 0"\"“ =P

H

- The o is %’% unts



The function of f(x) = x3 — 7x% + 14x — 8 is shown to the
right. There are x-interceptsof x = 1,x = 2 and x = 4. '

The definite integral, A = fff(x)dx will give the difference /\ .
between the two areas on the interval [1, 4]. i

If the total area enclosed between f(x) and the x-axis is to be
determined, we need to split the integral using the points of
intersection between f(x) and the x-axis (i.e. the x-
intercepts). Then, we need to determine the definite integrals
using the intervals [1, 2] and [2, 4] as the limits. Finally,
adding the magnitudes of the definite integrals will determine the total area.

. Area = flzf(x)dx - f:f(x)dx or Area = flzf(x)dx + |f24f(x)dx|.

Note: Displaanent= Vot b diskonce = Svedldt  (rfer 4o CP 1)

Note:
If the area of the region bounded by the graph of y = f(x) and the x-

‘ axis is calculated by hand, then the parts above and below the x-axis
. heed to be considered separately.

If the area is calculated by the GDC, then the formula f;lf(x)ldx can

be used. The similar formula without the absolute value only gives the
correct answer if the entire graph of f is above the x-axis.

22 GDCINSTRUCTIONS

b :
== Note: To use the GDC to enter fa |f(x)|dx, the absolute value function needs to be entered. In the

integrand, press IMATH , arrow to the right to the CMPLX menu, select |5 |for 5: abs(, then enter the
function inside the absolute value sign.

Refer to pages 19-20 for full instructions on getting to the Integration option.

NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MP n

[CMPLX] 3
T?lgnﬁgM (VW4 PROB FRAC I°(|X3-SX2+6X|]dXI
2:real(
3:imag(
4:angle(
EHabs (
6:PRect
7:»Polar

22



1-5 Warm Up

1. Determine the anti-derivative, F(x):

a) f(x) =12x3 —9x? + 8x + 31 b) f(x) = 4sin(2x) + 5cos(3x + 1)
o) f(x) = —2e¥3% +x—g d) f(x) = x*Vx3 + 2

2. Determine the integrals:

a) [ e€*5® sin(x) dx b) f—“lr;(x) dx
c) [ {1+ tan(x) sec?(x) dx d) [ cos3(x) dx

3. Aparticle is accelerated in a line so that its velocity in meters per second is equal to the square root of the
time elapsed, in seconds. How far does the particle travel in the first hour?

Solutiens:
3 .
&) F(K) - ‘Q'X &31-“' 8_;(:! + 3l,x+ C b) F(X)'—' ‘Ll[:‘(iQOS(ax)] N 5813(371-0 ‘e
= 3x -37<3+‘lx°+ IxX+C =-Qws(ax)+§:§\n(37f+|)+c
3 3x
== d) F(K)" x (7(-!-.2)2

N

=-e +«J__J?~\|°<’f'| xc 3
= 'q‘C’K +Q)’+c

® o) j wsxsmxd'ﬁ

b) jmdx

s _ It
= -2 +C }_,( )

N]w

= S (x)]

24



Solutons continued ...

¢) qu | +ton(x) soc’(m) dx

let u= |+ 4anx ”-SU.% du
du 2 g 3
dx = Sec ¥ =3 W +¢
du = =% dx

2
= %(\-\- tanx)* + C

0 Slos ol

= S‘COS?Z()G)SCK) dx
= f[l-s‘m‘(x)] as(x)dx let d::: sin(x)
:y(l-u’)dn- ax = ot
dw= oos(x) dx
zu-s3+c

o= 8inx) - % s'in?’(x) +C

@A parbide ‘s aceleoted in o line so Hhat its Vdoc_l-ha In mekers ger
second s ec’yo.l ‘o dhe square root of the e elapsed, in seconds
How -far does the parficle +ravel in +he 1% hour?

éi_{s:: . v 40 %5=0 .. 2
. =0 8=t
5= {74t +
2 = =3
N g‘-‘;:-&-c @+£=3600, S 5 (3600)
= 56y
= (44 oDO

- The. parhicle drovels K4 km wn Yhe Brst hour

3600
Mlemate solabon:  S= [+3dE
0



Area Between Two Curves

In general, if f and g are continuous functionsin [a, b] and /> g in [a, b], then the area between f and g

from a to b is the area under f - g from a to b.

b
A=[(f(x)—gxDdx,  f(x)=g(x)

Procedure:
e Sketch the graph, if possible.

YA

Find points of intersection of curves to decide how many areas need to be calculated

g y=9(x) - g /
\ 0 a b X [ \\. R =
Example 1: Find the area between y = x2+2 and y=x fromx=1tox=3.
2 3
\3::7( +Q 16/\ A"@»: S [cxa_'_a)_(x)] d-')(
- \
Y=x 3 293
K
= %— +I% - T]n
Y (¥ 3 0)
) 7; = [%}H[a)- 3"] ‘[%l £)-5 ]
S
3 . o 2
- Hhe area s ' uars
\
Example 2: Find the area between the graphs y =4 — x? and y= X -4,
\ 3
‘6/ I) p"d "'“\Q, P\', O‘c m“'. Q) F"r‘d %me—'
A?or l'\rv\'r\S'- A 3\ ( ) ( . d
= ) | (3-%)-(x"-4)|ax
Hooft = o= 4 2 [ )
2 =8 = { (3-2)
- ~2
X =4 ) Q_‘KB]Q
x =% - 8‘7( -3 -3
: &)
=[30)-%2 ]-[s@- "’%-)]
= A
3 25
. the orea is %‘- W



Example 3: Find the area between the graphs y = sin(x) and y = cos(x) from x=0 tox = z.

5“ %:S'\r\b() 3>P|l\d amo.
//y Z M‘S [ms(x) §m(x)-_\dx+ % [su\(x) ws(x)]d?(
7
7 %:ws(ﬂ %\I\(‘K) + ws(x)]o -t-[ ws(x) - sm('xs_l
l:f- -;5 1;"— ’ [§m(‘ Yecos(3) (s\n(e)~ws(o))] +

) \nkersection pswnt(s):

(s Fﬁ-san(ﬂ))-(.@(—;.“i)-s-m(%))]

= Y =L 43
i (o (o)
Lan(x)=1 .
= % = 0-463 e ovea is OpproX- 0.462 o',
Example 4: Find the area between the graphs y =e¢™™ and y =—x from x=-In2 tox=1In2.
‘6 A () .
A= S (e, - (—x)] dx
]h(l)
-K = "'e, + ()

N
{
(Q
N f)‘(

2 ]|

: G [—um]’]

.M(}) NI') e + Q

ms‘ [onG’ ORI

[ ¢ *‘T]'[“" =y
2 2
o [ R
v _
codhe area is 2 unts®

=5 GDCINSTRUCTIONS [ (e*ecx0)ax

= '~ Note: To use the GDC to evaluate the definite integral, enter f(x) — g(x)
~ inthe integrand. Refer to pages 19-20 for full instructions.
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The Area between Two Curves

So far, we have only considered areas bounded by a single curve and the x-axis. Sometimes it is useful
to be able to find areas bounded by two curves.

There are a few scenarios that you will have to consider when answering a question
1. Finding the area of a region between two curves
Ex) Find the area of the region bounded by the graphs of y =x* + 2,y = —x,x = 0,and x = 1. [%

2. Area of a region between intersecting curves
Ex) Find the area of the region bounded by the graphs of f(x) = 2 — x? and g(x) = x. [2]

2

3. Region lying between two intersecting curves
Ex) The sine and cosine curves intersect infinitely many times, bounding regions of equal areas. Find
the area of one of these regions. [2vZ]

4. Curves that intersect at more than two points
Ex) Find the area of the region between the graphs of f(x) = 3x* — x? — 10x and g(x) = —x? + 2x. [24]

by 10Ty Tlod T ; 10Ty - a7y T T - toTy— T

=~ = 0T

% S i 3 4] j:,z“/zr></:/4 i z/\as\;\\/l 77/" |
== B T

o - | A8 PN ] RN
Area of a Region between Two Curves

If f and g are continuous on [a, b] and f(x) = g(x) for all xe[a, b], then the area of the region bounded by
the graphs of f and g and the vertical linesx =aandx =b is

b b b
A =f f(x)dx —f g(x)dx =f [f(x) — g(x)]ax

In order to do these problems, you must
1. Find the intersection points of f(x) and g(x).
2. Determine when each curve is above the other in the specified interval [a, b].
3. Write down separate integrals to calculate the area where appropriate.
4. Calculate each integral and find the total area.

For difficult polynomial problems (case 4), the best tool for completing steps 1-3 is by solving
f(x) = g(x) using an interval table
e Te) Create an interval table to solve [f(x) — g(x)] = 0. In doing this, you will find the x-values
where f(x) and g(x) intersect. When you get +, this means f(x)>g(x) and when you get -, this
means f(x)<g(x). This allows you to set up your integrals properly.

27



Sample Problems

L B

Find the area enclosed between the graphs of y =2 —x and y = 12 — (x — 2)? [3%3]
Find the area enclosed by the graphs of y = e* and y = x?, the y-axis, and the line x = 2. [e2 —%

Find the area enclosed between the graphs of y = 2 cos(x) + 1 and y = 1 — 2sin(x) where 0 < x < .
[4v2]

e Hint: you will have to solve tan(x) = —1

Find the area enclosed between the graphs of y = x* + x and y = 2x where -2 <x < 1. 17‘1

Find the total area enclosed between the graphs of y = x(x —4)? and y = x* — 7x + 15. [8]

The area enclosed between the curve y = x? and the line y = mx is % Find the value of m if m > 0.

[m = 4]

28



Area Between Two Curvee Sample Probleme-Solutione
i 4= dek s = ld~ (x-2)* festph: N=3

E-%= 12 - (x-2)" 4=
d-X= (& - (2-a ) fo= 12 (0
=i v
det a= Q-
- “ :_ 3
i \a-a> Prea= (" (2o (x-)") - (-] dx
-
0*40-12=0 e
T GR aPdy-4) m2 X dx
(o+ $La-3)=0 J"‘ [ ' J

a=-% ora=3 =§6 (-x™*+Sx+6) OXK
&-')\:-L} A-x =3 g

. > 2 b
x=¢  %x=-| T[-E g een]

=C¥2 +a0+36 -] § +3 -6
= 5% ¥ 1]

b
= 3:[»-%

-2 |,
| .
=g =8\
(¢ 2} l
+ .4



B 3‘: Qeaix+! 823 |~a sin X

deosx +X = Y-8

% +Qn’X = -}
¥ ref X=4an™' (1)

3T
:j—{ R”—"i‘f"[( Beotntt) = { l~2£m'><ﬂd”( +
0
')(\:'ﬂ"_T[ s s X outnde T
4 dei 2ana) - (Reeey +1) 1d a¢
= 31 I ‘L@l 2 ) = (et -
W =
3T T
= £4 (2cosx + G,lswx)d?( +5) (-2 sn/x-2 covx) an
g
3T T
= EQ Siny - QCOS’X]‘f + [racwx -&swxj
0 3t
4
=Q+,§_\-é’-‘?\ - ,&_Q’
7 el Cosa)-g-2
N P
LSRR ﬁl
:ﬁ - L%'\ri.
N 2.
WA Yo 3K 2,-0Y(-1,0) o, 1)
- - |4+
K34+ = QX e
*-%x=0 + l+
X (D=0 I
J
=0 ,1) 3” g i.‘
0 \ O cnPen
-\ Al | 3. + 4 {dn - X
Y%rer,uj (2 - Vg -FS (P em-2xd t ], * ““%‘\
-2 4 JRN L ,xv-__y\ligc’ +[K1‘ﬁ‘%jo
:r’xl_l“i"\ 4—(&-— ’T—i‘ ? A 4
e = 2.5

b 2L = -
T ea9~1-2314 (40.25) + 025



5.

‘:%(‘X"H’ g"= A =4 +15

2 5 . (1,3)(3,5)
Tod s ™ X (% -8x+lb) = x==Fx +15 v B R
A3-Gy:+ion 2 - 115 n-3 | - |+
%> -qu*+3x -15=0 LR R
. x-lis a Factor g"‘jz :‘ 'ﬂz
X =8y 115
%=l ))(3_6{,&3‘1.234( -1S X : :
= 3 .
K- fren= ,? (42-ax*+135-15)dy ¢l (-X+an"-23,
‘%7\1'"23“ . ; 5 ? +l5)d9( .
2
Lok s 3 LF 300 Lyask ] X 3- 2y

1545 9
|S%-15 uﬂt
3 S R

o 3-Qu2 42315 = (%) ('2&1—8«%\6) \
= (%D (%- ) -5) |
%=1,3,5 '

%
K= X
% = 31‘ .m:xl 3’7m
) -"\4'0 “§ T e— .?5.
- & =0
xloe-m) =0
3
K=0, M S .
3 “a 2
3
G4 = M

Nole s if ﬁouc’nose. %* e

be above ma
area would be neg,



Warm Up

1. Determine the area of the region boundedbyy = —xandy =x?> +2,x =0andx = 1.

|
A= j; (x"+2+x) dx
3 a 91
= %"—\-&X{—‘g—l

)

[WeaT]-o

- 1* . 1F 2
=% - Te aeais gu
2. Determine the area between the curves f(x) = x — 1and g(x) = x? + 3x — 4 fromx = —5tox = 2.
Point(s) of Intersection : ;
K434 = x | ; /)
7&'(‘&7( "3 = 0 /‘\‘ %
/\
(x43)(x~1) =0

il

= Vot 3Gl + oD Goeamal e+ § 300G )] o

-5

-3 \ b}
= § (n*-ax-3) dx - § (5% 2x-3dox + S‘ (x*ax-3) dx
-5 =3

-3 ! 3
= &t —?rx] —[L ~3’x] +[Z‘“+X- %
-3 -5 3 tX -3 S E ]\

- [@g,, B)-36) - [%’3 +(5) -3 (—s)] - [%Ql (02—3(1)] + [ﬁ,j—): (-9- 3(-3)1
RIENGEDEEONGS0)

Q

E)
32 32 F
= 2 2 27
3 W



1-6 Warm Up

1. Determine the integrals:
2+x

a) [ —dx b) fx—+5

c) f(xf%)sdx d) [ sin(x) (1 — sin?(x)) dx
2. Evaluate:

a) [, (2x® = 3x% + 7x + 2)dx b) [, 3—mdx

3. Determine the area below the curve y = x? + 6 between x = 1 and x = 4.

4. Determine the area enclosed between the curve y = x3 — 3x2? — 10x and the x-axis. Verify your answer
using the GDC.

Soluhons :
Qo) |exPex)dx b) o |x+5l+c
= -g(a) -« +c

- =1 |

C) let u=%"t3 S ﬁ? du d) j‘s'm'x (cosa7<> dw
du -y _
d = o :53. %)4—(‘, le} o= s S‘ud"*
U. =- ¥
=xdx =-_3 - 3 +c
m+c %- SInX —_ LOS »
-du=sinxdx = —g tC

30



(- Warm Up solufions conbinued

y 5 -2
® o) aﬂx_aﬂa ,,;m] b)j:xsdx
- r-x 1—:;:7(1-:.1%_1'1 :37(%‘]8
=[2G 6 B)- [ EET)] -5 (ap- 3'(.>%‘
= 235-18 = 6"3
= bt =3

® Area = 3 (%" +6)dx

= 3%+ Gx]:'
= [3(06(0)]- [30)% 6(0)]
= Yag-1-0
=3 - Area s 3% unds”
® )Bﬂn;_% 0% Arm-=_§(x3-3xa-10x)dx-§(x3-3x’-|0x)d,< s
S =[f£-x3-sx=1°-p:-xa-s¢r B
) (-a)“ _(a 5(:}] [(ur (5)-56) ] +o0 / IRV,
f’f&f’%)mm..s o o
A 0T o 10135 wnits

us'w% BOC: f= i]x’%x‘-lbx\ dx MATH , 4 enter upperand lower Timns,
= [0l.36 00 do dhe -m\_p%md, MATH )ELNum menu.,
[1: obs, Hen enler e Funchion



Volumes of Solids of Revolution

A cylinder, a cone and a sphere are all examples of solids of revolution,
which are shapes formed by completely rotating a line or a curve about a
fixed axis. The volumes of these shapes are called volumes of solids of
revolution.

To get a solid of revolution, we start out with a function,
y = f(x), on aninterval [a, b].

We then rotate this curve about a given axis to get the surface of the solid
of revolution. For purposes of simplicity, we will rotate the curve about
the x-axis, although it could be any vertical or horizontal axis. Doing this
to the curve will give the following three-dimensional region.

To find the volume of the solid of revolution, we can slice this solid into
many disks from [a, b]. Each disk will be cylindrical in shape where the
volume can be determined by the general formula, V = mr?h. Each disk
in the solid will have a radius of y and thickness of dx.

The volume, V, of the disk is given by: V = my?dx

Volume, V, of the whole solid is the sum of all such disks from
x = atox = b.
b
V= z my?dx
xXx=a

The smaller the disks the solid is divided into, the closer the value is to the
actual volume. In other words, we want x — 0.

b
V= lirr(l)nzgzayzdx or V:ﬂjyzdx
X—

a

For example, determine the volume of the solid obtained by rotating the

region bounded by y = x2 — 4x + 5, x = 1, x = 4 and the x-axis about the x-axis for 27 radians.

y=x2—4x+5

YA
y=f(x)
/\/
00  a b i
YA

YA

VA

> <
dx

y=x%2—4x+5

: |
1

e

<V
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In this case, the radius is the distance from the x-axis to the curve, which is the same as the function value at
that particular x. The cross-sectional area is then,

A(x) = n(x? — 4x + 5)2
= m(x* — 8x3 + 26x% — 40x + 25)

Next, determine the limits of integration. From left to right, the first cross section will occur at x = 1 and the
last cross section will occur at x = 4. These are the limits of integration.

The volume of the solid is then,

4
V= th (x* — 8x3 + 26x% — 40x + 25)dx
1

4

= n(%x5 —2x* + 23—6x3 —20x% + 25x)| 1

_787‘[
T s

Example 1. Find the volume of the solid formed when the area between the curve y = x2 +1 and the x-axis
fromx = 1tox = 3isrotated through 27 radians about the x-axis.

V=1 i; (%4 l)zdx 4 %=7<’+\
=T ?(x"wx’«u\) dx |///1 )
=T‘[l§+g§‘3+7<]|3 or TD(%:%’Z:?('T ) EEEEA
=T (%f* %@3 (3))-(-(-éf+ "‘zg—'-}z " 0))

- (%-3F) "
= lm%t' ~the volume. is ‘3"%15 units

32



Example 2. Find the volume of the solid formed when the region enclosed by the curve y =+x+2 is
completely rotated about the x-axis between x = 2and x = 7.

7 2
V=1 { (Jxea) dx
o]

= K42 /__)
TC§( ) dx / ///

< il WA'Q
+ T3 Q T

= TC[( @ +Q(:")) (L:_)?_._Q(a_))] v
10 (%« H-a-4)
G%TE = e volume is Q%E uﬁ(kB.

fl

You can also rotate the area between 2 curves about the x-axis to form a solid.

YA YA
y=£(x)
RS y=vx
/\/ y=x
y=g(x) p
0 a b X -0 1 AT?’

YA

3\
=Y

In this case, the formula for the volume of the solid of revolution becomes,

b
V=x| [(g(x))2 —(f(x))? }zx , where g(x) > f(x)
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Example 3. The area enclosed between the curve y =4 — x2 and the line v =4-2x is rotated about the x-

axis. Find the volume of the solid generated.

) Ponk(s) of ntersechion:

4o 5= 4-3x
X ax =0

w(%-2)=0

Soxz=0 or X=Q
2) \olume :
2
V=1 §) [(’1 -'xa)a‘ (‘l*&x)a] dx

=T i (\b-‘lxa-r x'- ot lox - ‘\x’) ax

=T

(T3 1

[7(4-— 12 +16%) dx

2

= TD[%E- *lx3+ Zxa]O
= m[(@g‘- 4(2)+ 73(:1)2) - (o)_J

W=A-3 4

4‘3= 4 / t

=T %'3;4'33}
= .3_&512 . e volume is 345——“ anitrs >
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Volume of Revolution about x-axis Problems

1. Find the volume of the solid of revolution generated when the area described is rotated about the x-axis
a. The area between the curve y = x> and the ordinates x = 1 and x = 3. [207]

b. The area between the curve x? + y? = 16 and the ordinates x = —1 and x = 1. [?rr]

¢. The area between the curve y = (2 + x)? and the ordinates x = 0 and x = 1. %n]

2. Consider the region enclosed by the curves y = Vix, y = 6 — x, and the x-axis. Rotate this region about the x-axis and find
the resulting volume. [327"]

~ L
N C 4 6
\’*« s Vznf [mzdx+nf [6 — x]%dx
I 0 4
45 \\'\
. \\R J—
A

3. Let R be the region in the first quadrant enclosed by y = vVx — 1, y = x — 7 and the x-axis. Sketch the region. Rotate R
about the x-axis and find the resulting volume. [%n]

: -

1o /// . , 10 ,

of - V:rrf [Vx-1 dx+rrf [[\/x—l] - [x—7]2]dx

sf,-/f"‘ : 7
-5 L /5 10 15
_52// ’
,/-‘;E - 1

-~ -15E —_

4. Let R be the entire region enclosed by y = x? and y = 2 — x? in the upper half plane. Sketch the region. Rotate R about the
x-axis and find the resulting volume. [1?671]

1
V= nf [(2=x%)% = (x?)?]dx
-1

5. S is the region enclosed by y = —x2? + 2x + 3 and y = 3x — 3, the y=axis, and the x-axis in the first quadrant. Rotate S

about the x-axis and find the volume. —3‘2”

1 2
V= nf [=x2 + 2x + 3)%dx + rrf [(=x2 + 2x + 3)%2 — (3x — 3)%]dx
0 1
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Volume of Revolution about the x-axie-colutiong
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Review Warm Up

Determine the following indefinite integrals.

a) [7x%x b) [ V5x7dx c) [ cos(4x — 1)dx
d) [ e e) [ 05639 sin(3x) dx

Evaluate the following definite integrals.

a) foz > _dx b) fOBx\/ZS — x2dx

(2x+1)2

Find the equation of the curve y = f(x) whose tangent line has a slope Of% = x — sin(mx) if the

curve passes through the point (1, %)

Find the area, A, of the region bounded by the graph of f(x) = e~2* and the x-axis, between x =
In(2) and x = In(3).

. The region enclosed by the graph of the function f(x) = v/x sin(x) between x = 0 and x = 7 is
rotated through 27 radians about the x-axis to form a solid of revolution.

a(l,2_1, . _1 — vcin2
a) Show that = (4x 4xSln(Zx) 8cos(Zx)) = xsin‘(x)

3
b) Hence, show that the volume of this solid of revolution is ”T units3.
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Review Warm Up - SoruTions

1. Determine the following indefinite integrals.

a) [7x%dx b) [ V5x7dx c) [ cos(4x — 1)dx
T

= 47<p - E’K - SIn(4%x-\

o TC = T+c = SInLtel) (A| )+(‘,

2
- aﬁqx e

d) [ ——dx e) [ e%sG0) sin(3x) dx

X“—6Xx C%Cs.’()

= Ilx'-Gx +5] Sl

3 +C 3

2. Evaluate the following definite integrals.

a) [ (inl)z dx b) J, x\25 — xZdx
- 3
_ -5(x+1) JQ - -a(35-%) ]3
2 0 3(D o
- -5 _ -5 —(25- :% 3
[2[2[1)1—!]‘2} [2[&(0) _H]a] = _( 2 'X) ]0
- 2.5 At 2
o4 =-[25-(33]’ _ —iat\;.(o}"la
- a 3 3
= _w - )_a—s-.

3

—
=

3
e!
3



3. Find the equation of the curve y = f(x) whose tangent line has a slope ofi—i’ = x — sin(mx) if the

curve passes through the point (1%)

%a: x - $in () mwm of the cune
lrrl-uoro.kbo\'h sides: Is \6: %-. wS('lﬁX) ._I.
TC
4= % cos(TCX)+C
. L
re(1,3): 3= %)+ Tr,(m)J“
C=1

4. Find the area, A, of the region bounded by the graph of f(x) = e~2* and the x-axis, between
x = 1In(2) and x = In(3).

A(w)= 7 (on) - F(on2)

(7))
)
- (46

wirks”

Iy

_I_
a
i
o



5. The region enclosed by the graph of the function f(x) = vx sin(x) between x = 0 and x = 7 is
rotated through 27 radians about the x-axis to form a solid of revolution.

a(t 2_1 . X — vcin?
a) Show that — (4x 4xsm(Zx) 8cos(Zx)) = xsin*(x)

3
b) Hence, show that the volume of this solid of revolution is ”T units®.

®) 3%; B‘xa-'%xs'm (-3 ws(ax)]

= %S' - ﬁ [S'\n(ax}+&x ws(&x?]— % [—& ﬁn(&x):‘

_X _ m(@)  x oos(x) . $in(x)
-4 72 4

= %(-[l - (oS (&x)]
2[1- (29|

= 7(s'm2(x)

1l

bv=7 1‘5:& anGldx

g T
= |5 A-Fxsm(@) - % ws(w)]o

T L(_}i(m)z__l\i(m)s-m(a@ - —%ws{}‘@) - ()‘.L,(O)a-'}\ (0) sin(0) - "lz 608(°>>]

£l
SHE
o

|

In
|

z.

e



MCV4UE
Integral the following
‘;

.
1 d
) '[\/1+x4 )

3) Icos x)(sin(x)+7)%dx

5) Itan(x)dx

7) j3xe'Yz dx

9) j—ln (jx) dx

Relax.....Review

Solve the initial value problem. bl =6xe" + yz6xe'*2

Note: #2, 6,12, 13d, 17 and
20 are not part of the course.

)ese? (x )dx

x+l

)j(x +2x 3)

2) Icot

6) J- cos
1+sm

$) j(x—_

dx

12) ., ¥(0)=0
13) Evaluate the following definite integrals without the use of your calculator.
a) J.4e3‘dx b) .|.”(c0s2x+6x2 —i)dx
1 0 x+1
e x2 —1 5
¢) jl( . }/x d) [ J1o-x|dx
14)  Figure below shows triangle AOC inscribed in the region

cut from the parabola y=x*by the line y=a*. Find the ratio of
the area of the triangle to the area of parabolic region.

15)  The function f, defined by

f(H)y=6+ cos[ﬁjﬁt SSin(z—(’)j, 1s used to model the

acceleration of a plane, in miles per square minute, for S
0<7<40. According to this model, what is the - 0
velocity of the plane at 7 =23 | if v(0) = 7mile/ min? 5L

(SRR TR | ST - MU R R -]
T ™ TTT T
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16)

17)

(a)
(b)
(c)
(d)
(e)

18)

19)

20)

21)

(2)
(b)

Find the area of the region bounded by the curves y = cos(2x), y = sin(x) ,X = —% and x = 5?7[ i

(Calculator) Let g(x)=2xe"” +x* —8 as shown at right. Let frepresent
the position of a particle on a number line. Define fas

follows: s(r)=5+ J.jg(x)dx for time 0<7<8.

When is the particle moving to the left?

Write the equation for the line tangent to the graph of s at time 7 = 3.
Use your tangent line to approximate the position of the particle at time 7 = 3.1.
Where is the particle at time ¢ = 77

How far has the particle travelled 1n the first 7 seconds?

Let f'be a function with the following properties:

i) f'(x)=ax’ +bx i) £'()=6 i) £"(1)=18 iv) [*f@dx=18
Find an algebraic expression for f(x).

The region bounded by the curve y =x*> + 1 and the line y = -x + 3 is revolved about the x-axis to
generate a solid. Find its volume.

Let / and g be the functions given by f(x)=1+sin(2x) and g(x)=e"?. Let R be the shaded

region in the first quadrant enclosed by the graphs of fand g as shown in the figure below.

(a) Find the area of R. y

(b) Find the volume of the solid generated when R is revolved y=£(x)
about the x-axis.

(c) The region R 1s the base of a solid. For this solid, the cross
sections perpendicular to the x-axis are semicircles with

diameters extending from y = f(x) to y=g(x). Find the

volume of this solid.

Two runners, 4 and B, run on a straight racetrack for 0 <7 <10
seconds. The graph below, which consists of two line

segments, shows the velocity, in meters per second, of Runner 0
A. The velocity, in meters per second, of Runner B is given by
. 24t
the function v defined by v(1) = ——.
2t+3
A
3., 10) (10, 10)
Velocity of Runner 4 i
(meters per second)
0, 0) >

Time (seconds)

Find the velocity of Runner 4 and the velocity of Runner B at time 7= 2 seconds. Indicate units
of measure.

Find the acceleration of Runner 4 and the acceleration of Runner B at time ¢ = 2 seconds. Indicate
units of measure.
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MCV4UE
Integral the following

3) J.cos(x) (sin(x)+7)°dx

sin(x)+7=u

cos(x)dx =du
I= qudu
=Luwd+e
3

- %(sin(x)+7)3 +c

5) Itan (x) dx

cos(x)=u
-sin(x)dx =du
1=-[du
u
=-In|cos(x)|+c

Relax.....Review SOLUTION

Don'l' % Icot )ese? (x )dx
I= J.[csc2 (x) 1] csc( [cot )csc(x)]dx

csc(x)=u
-cot(x)csc(x)dx =du
I= I( 2-1)udu
=tut-Lurte
4 2
_1

—csc? (X)-icsc2 (x)+c

x+1
4[24
)J(x2+2x—3)2 3
x*+2x-3=u

(2x+2)dx=du
1 cdu
1==(=
2’ u
1
=-— +c¢
2u
1
=- +c

cos
+m 1+sin’

sin(x ) u
cos(x)dx =du

lF

=arctan(u)+c

= arctan(sin(x))+c



7) J.3xe"2 dx

9) jde

In(2x)=u
—=du
I=judu

2

=—u’+c

=-In*(2x)+c
2

e
11 dx
) J.l—e *
1-e*=u
-2e*dx =du
_1(du
2 u

-1
= —1n|1- e

+cC

x=u’

dx = 2udu

I=2J(%jﬁdu

2
=—u’-4qu®*+6u+c
5
5 3 1
2 el 2 =
=—X2-4x2+6x2+cC

10) | dx
sec(x/:)=u
sec(&)tan(ﬁ) ~
= dx =du
I=2_[du
=2u+c

=2SCC(\/;)+C



'+
Dbdg M)  Solve the initial value problem. % =6xe" +y°6xe", y(0)=0

% =6xe™ (1+y?)

dy = 6xe* dx
(1+y*)

dy "

'[(1+y2) —j6xe dx
arctan(y) = 3e* +c « sub. in (0,0)
0=3+c
c=-3

arctan(y) =3e* -3
y= tan(3e"2 - 3)

13) Evaluate the following definite integrals without the use of your calculator.

2 | _fe“dx b) | :(cos2x+6x2 —%jdx
- %egx Tl = isin(zx) +3x*-5ln|x + 1|T
- %(em -e?) =5 -5In (s +1) )
Prea of Yropezoid
c) J.f(xzx_ljdx D‘g‘;"' ¥ I_55|10—x|dx:§(10)(15+5')=100
A
- [*xdx- %




14)  Figure below shows triangle 40C inscribed in the region cut from the parabola y=x° by the line

y=a?. Find the ratio of the area of the triangle to the area of parabolic region.

A, :1(2a)(a2)

2 T
8-
=a’ y=x* 7t
a -3 6F
A=2 2_ 2 - a—i |
L(a X )dx or f _&;(a x) dx 4 s C zy:az
[2 X} , e (0. (.
=2lax-—- = |ex- g | :
3 o [ 8 T i ! i
3 3 3 L 'I_ L I: L x
=2[a3 _a_J = [&?(Q)‘ (%..)] - I—OBGQ)—L'Z—)] 3 -a ! 1F a 3
3 3 2f
4 - 3-— %,_+a’3_a—3 3L
=—a3 = ﬂ 3
3 30
A, _ @
A iag
3
Ay _3
A 4

15)  The function f; defined by () =6+cos (ﬁj +3 sin(i—é} , 1s used to model the

acceleration of a plane, in miles per square minute, for 0 <7 <40. According to this model, what

is the velocity of the plane at # =23 , if v(0) = 7mile/ min?

v(t) = J6+cos t + 3sin 7t dt
10 40
120

v(t)=6t+ 1osin[ij -—_cos E—J +c

10) 7

v(o)::?-:c=—|g—q

V() = 6t+10sin(ij-ﬂcos(1J A
10 7 40

v(23) = [80.43F mile /min
= (30 mile/min



16)  Find the area of the region bounded by the curves y = cos(2x), y =sin(x) ,x = 7 and x= Sz

y

*

Ll

S X
T2 -n/3/ /6 /6 Yls w2  2miB/ se

A= J.g[ [cos(2x) - sin(x) |dx + J. ;%[ [sin(x) - cos(2x) Jdx

57
6

6

= {; sin(2x) + COS(X)}

3,3, 3, B, B
4 2 2 4 2 4

+ {-cos(x) - ésin(2x) +}

Nla

L

, _9V3
Don't 4

do 1)’0 (Calculator) Let g(x)=2xe" > +x”> —8 as shown at right. Let s represent
the position of a particle on a number line. Define s as follows: 1o

s(t)=5+ Lt g(x)dx for time 0<¢<8.
(a)  When is the particle moving to the left?

v =s'()=g®)

particle is moving to the left when v(t)<o,i.e g(t)<o

the graph of g(x) lies below the x-axis for t20 when ost<2

(b)  Write the equation for the line tangent to the graph of s at time ¢ = 3.

m, =s'(3) w
=g(3) —— Equation of the tangent line at point
=2(3)e®> +3*-8 (3,5) is y-5=(6e+1)(x-1)
=6e+1

5(3) =5+ g(0dx
=5




(©)

(d)

(e)

18)

Use your tangent line to approximate the position of the particle at time ¢ = 3.1.

y-5=(6e+1)(3.1-1)
Y =41.35 m to the right of origin

Where is the particle at time ¢ = 7?
s(7)=5+ J. 7(2xe(x'2) +x2- 8)dx
3
=1560.418
How far has the particle travelled in the first 7 seconds?
distance = .f 7|2xe(’"2) +x*-8|dx
=1843.971 m

Let f'be a function with the following properties:
i) f'(x)=ax’+bx ii) /'()=6 iii) f"(1)=18

Find an algebraic expression for f(x).
f'(1)=6 :a+b=6 (1)
f(x) = [ (ax* + bx )dx
f(x) = EX3 +EX2 +c
3 2

f(x)=ax®*+bx=f'(x)=2ax+b

f'(1)=18:2a+b=18 (2)

{a”’:(’ ~a=12& b=-6
2a+b=18

SLf(x)=gx%-3x*+c¢

L2(4X3 -3x° +c)dx =18

oxt-x3 +cx] =18

2
1
lb-%+2c-1+1-¢=18

c=10
- f(x)=4x*-3x"+(0

) [*f(@)dx=18



19)  The region bounded by the curve y =x*> + 1 and the line y = -x + 3 is revolved about the x-axis to
generate a solid. Find its volume.

y=x>+1
y=-x+3

Finding point of intersection
x*+1=-x+3 4

xX*+x-2=0

(x+2)(x-1)=0

Xx=-2,x=1

N

V= .71'J.12 [(-X +3)*-(x*+ 1)2]dx

V=.7IJ._12|:-X4 -x? -6x+8}dx

1 3 2 1 0 1 2 ei'
=.7t[2x5-1x"-3x2+8x}
5 3 - *
_n3ax
5

98542)6 Let / and g be the functions given by f'(x)=1+sin(2x) and g(x)=¢"?. Let R be the shaded

region in the first quadrant enclosed by the graphs of fand g as shown in the figure below.

%)
(a) Find the area of R.
Point of intersection Let B=1.135
f(x)=1+sin(2x) A=J':[1+sin(2x)-e"/2}dx
g(x)=e"" =0.4291 u*

1+sin(2x)=e** jusing GDC
X=0,x=1135



(b) Find the volume of the solid generated when R is revolved about the x-axis.

B 2 2
V= yt'[ [(1+sin(2x)) -(e"/z) }dx
=4.2665 u?
(c) The region R is the base of a solid. For this solid, the cross sections perpendicular to the x-
axis are semicircles with diameters extending from y = f(x) to y=g(x). Find the volume

of this solid.

V=£J~B £1+sin(2x)-e"/2]2 dx
2 Jo 2

=0.077 u?
21)  Two runners, 4 and B, run on a straight racetrack for 0 <7 <10 seconds. The graph below,
which consists of two line segments, shows the velocity, in meters per second, of Runner 4.
The velocity, in meters per second, of Runner B is given by the function v defined by

24¢
v(t) = .
2t+3
A
(3, 10) (10, 10)
Velocity of Runner 4 -
(meters per second)
0,0 Time (seconds) -
(a) Find the velocity of Runner 4 and the velocity of Runner B at time # = 2 seconds. Indicate units
of measure.

Runner A : velocity = (Ejz
3

=%é6.667 m/s

RunnerB : v(2) = 4—8é 6.857m/s
7

(b) Find the acceleration of Runner 4 and the acceleration of Runner B at time ¢ = 2 seconds. Indicate
units of measure.

. 10
Runner A : acceleration=—m /s®
3

_72
(2t+3)%| .,
=1.469 m/s*

RunnerB: a(2)=v'(2)=



