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Introduction to Integration 

Two main operations in calculus are differentiation and integration.  Ironically, these operations can be 
thought of as being “opposite operations of each other”.   

 When we differentiate, we find a rate of change at a particular point on a curve. 

 When we integrate, we are attempting to find the area between the curve and the x-axis in some 
particular interval [𝑎, 𝑏] 

 
 
 
 
 
 
 
 
 
 

Warning:  ∫ 𝑓(𝑥)𝑑𝑥 
𝑏

𝑎
 measures the difference in area in the interval [𝑎, 𝑏] and NOT the area between the 

curve and the x-axis. 
 
How did all of this come about? 
 
Let us suppose that we are given a function 𝑓(𝑥) and we want to find the area 
enclosed between the curve 𝑦 = 𝑓(𝑥), the 𝑥-axis, and the lines 𝑥 = 𝑎 and 
𝑥 = 𝑏. 
 
In order to do this, mathematicians decided to break up the area into 
subdivisions.  
 
 

 𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑠𝑢𝑏𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 =  
𝑏−𝑎

# 𝑜𝑓 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑙𝑒𝑠
 

   

  Δ𝑥 =
𝑏−𝑎

𝑛
 

 
 
 
The area of each section can’t be calculated due 
curved top.  In order to account for this, we can 
approximate the area by crafting rectangles. 

 If we take the smaller rectangles we get 
the lower sum. 

 If we take the larger rectangles we get 
the upper sum. 
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Since the lower sum will always give us an area smaller than what we want and the upper sum will give us an 
area always larger than what we want we get the following: 
 

∑ 𝑎𝑙𝑙 𝑙𝑜𝑤𝑒𝑟 𝑠𝑢𝑚 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑙𝑒𝑠 ≤ 𝐴𝑟𝑒𝑎 𝑈𝑛𝑑𝑒𝑟 𝑐𝑢𝑟𝑣𝑒 ≤ ∑ 𝑎𝑙𝑙 𝑢𝑝𝑝𝑒𝑟 𝑠𝑢𝑚 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑙𝑒𝑠 

 

∑ 𝑓(𝑥𝑖
#)Δ𝑥 ≤ 𝐴 ≤

𝑛

𝑖=1

∑ 𝑓(𝑥𝑖
∗)Δ𝑥

𝑛

𝑖=1

     𝑤ℎ𝑒𝑟𝑒 𝑛 𝑟𝑒𝑝. 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑙𝑒𝑠 𝑢𝑠𝑒𝑑. 

 
Note:  As the number of rectangles used increases, our approximations 
must get closer and closer to the actual area. 
 
Therefore, our area in the interval [𝑎, 𝑏] must be given by 
 

𝐴 = lim
𝑛→∞

∑ 𝑓(𝑥𝑖)Δ𝑥

𝑛

𝑖=1

 

 
We will use a much simpler notation for this  
 

𝐴 = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

 

 

Note:  the ∫  sign is an elongated ‘s’ and stands for ‘sum’, just as the ∑ did previously.  However,  

           ∫  means limit of a sum whereas ∑ means finite sum 
 
A Crude Version of The Fundamental Theorem of Calculus 
 

𝑑

𝑑𝑥
[∫ 𝑓(𝑥)𝑑𝑥] = 𝑓(𝑥) 

 
This means, if we take the derivative of an integral, both operations cancel each other out and we get back the 
original function. 

 Note:  The opposite is also true, if we integrate a derivative, we get back 𝑓(𝑥). 
 

Moreover, if we want to solve for ∫ 𝑓(𝑥)𝑑𝑥 then that means we need to move the 
𝑑

𝑑𝑥
 to the other side.  

Therefore, we must “anti-differentiate 𝒇(𝒙)” to solve our integral. 
 
Suppose that 𝐹(𝑥) is the anti-derivative of 𝑓(𝑥).  This means, if we take the derivative of 𝐹(𝑥) you get 𝑓(𝑥).  
If we anti-differentiate both sides of the above equation we end up getting 

∫ 𝑓(𝑥)𝑑𝑥 = 𝐹(𝑥) + 𝑐          𝑤ℎ𝑒𝑟𝑒 𝑐 𝑖𝑠 𝑎𝑛 𝑢𝑛𝑘𝑛𝑜𝑤𝑛 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 Note:  𝑓(𝑥) in the integral is called an integrand. 
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Integration 
 

Anti-differentiation 
The process of obtaining the original function from its derivative is called 
“integration’ or “anti-differentiation’.  
 

Example: If 2)( xxf  , then xxf 2)('  , so an anti-derivative (the opposite of a 

derivative) of x2  is 2x  or 2)( xxF  . 

What about 1)( 2  xxf ,  2)( xxf , 
2

5
)( 2  xxf ? _______)(' xf  

 
In fact, there are many possible anti-derivatives of x2 , each one differing from the others by a  vertical 

translation. Hence, the anti-derivative of x2  is cxxF  2)(  where Rc , and 𝑐 is called the constant of 

integration.  
 
A function )(xF  is an anti-derivative of )(xf  if )()(' xfxF   for all 𝒙 in that interval. 

 
Note: Always check to see if the anti-derivative is correct by differentiating the anti-derivative. 

Example:  If 253)( 2  xxxf , then cx
x

xxF  2
2

5
)(

2
3 .  Check: ________________)(' xF  

 
Here are the anti-derivatives of some of the basic functions: 
 

)(xf  )(xF  

1 cx   

1   , naxn  1   ,
1

1 


 ncx
n

a n  

nbax )(   
1   ,

)1(

)( 1




 

nc
na

bax n

 

1x  ln|𝑥| + 𝑐, 𝑛 = −1 

1)(  bax  
ln|𝑎𝑥+𝑏|

𝑎
+ 𝑐, 𝑎𝑥 + 𝑏 > 0   

kxae  
c

k

aekx

  

sin(𝑘𝑥) , 𝑘 ≠ 0 − cos(𝑘𝑥)

𝑘
+ 𝑐 

cos(𝑘𝑥) , 𝑘 ≠ 0 sin(𝑘𝑥)

𝑘
+ 𝑐 

 
Two important rules for derivatives are 

 The Constant Multiple Rule:  ∫ 𝑘𝑓(𝑥)𝑑𝑥 = 𝑘 ∫ 𝑓(𝑥)𝑑𝑥 

 Sum or Difference Rule:  ∫[𝑓(𝑥) ± 𝑔(𝑥)]𝑑𝑥 = ∫ 𝑓(𝑥)𝑑𝑥  ±  ∫ 𝑔(𝑥)𝑑𝑥 
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Indefinite Integration 
 

The set of all anti-derivatives of a function )(xf  is called the indefinite integral of )(xf , and is denoted by 

 dxxf )(  where the symbol  is the integral sign like an elongated S indicating summation, and )(xf  is the 

integrand of the integral.    cxFdxxf )()(     where 𝑐 is the constant of integration 

 
Geometrical interpretation: Integration is a summation process of finding the 
area under the curve. 
 
 
 
1. Find the indefinite integral of the following. 

a) dxxx  )348( 2      b) ∫[2 cos(2𝑥)]𝑑𝑥     

 
 
 
 
 
 

c)  







 dxx

xx

43

2
     d) 

 dxeee xxx )86( 42    

 
 
 
 
 
 

e)  











 
dz

z

zz

2

4 32
     f) ∫

sin(𝑥)

cos(𝑥)
𝑑𝑥 

 
 
 
 
 
 
 

g)   dxx 3)53(      h)  







 dxx

43

1
sin


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1-1 Practice 
 
Find the following indefinite integrals: 
 
a)  ∫ 𝑥𝑑𝑥  b)  ∫ 𝑥3𝑑𝑥  c)  ∫ 4𝑥3𝑑𝑥  d)  ∫ 3𝑥2 + 6𝑥 + 5 𝑑𝑥 
 
 
 
 
 

e)  ∫ 𝑎𝑥𝑛𝑑𝑥    f)  ∫ 10 √𝑥23
 𝑑𝑥    g)  ∫

3𝑥3𝑑𝑥

4𝑥5   

 
 
 
 
 
 

h)  ∫
5

𝑥
𝑑𝑥      i)  ∫

𝑥5−3𝑥+7

2𝑥2 𝑑𝑥    j)  ∫
𝑥9−10

√𝑥
 𝑑𝑥 

 
 
 
 
 
 
 
 
 

k)  ∫
2

5
𝑒𝑥𝑑𝑥   l)  ∫ 3𝑒2𝑥+5  𝑑𝑥  m)  ∫ 5 sin(𝑥) 𝑑𝑥  n)  ∫

3

4
cos(𝑥) 𝑑𝑥  

 
 
 
 
 
 
 
 
o)  ∫(𝑥2 + 5)2  𝑑𝑥     p)  ∫(𝑥 + 3)4 𝑑𝑥 
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1-2 Warm Up 
 

Find the indefinite integrals of the following: 
 

1. ∫(6𝑥 − 7) 𝑑𝑥   2. ∫
1

𝑡2 𝑑𝑡    3. ∫(𝑥 − √𝑥)𝑑𝑥 

 
 
 
 
 
 
 
 
 
 
 

4. ∫(𝑥3 − 𝑥2 + 4𝑥)𝑑𝑥   5. ∫
2

√𝑥
3 𝑑𝑥    6. ∫

𝑥3+𝑥2+1

𝑥3 𝑑𝑥 

 
 
 
 
 
 
 
 
 
 
 
 
7. ∫(8𝑥 + cos(𝑥)) 𝑑𝑥   8. ∫(2𝑒𝑥 + sin(𝑥))𝑑𝑥 
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Integrals with Initial Conditions  
(Evaluation of the Constant of Integration) 

 

A function has infinitely many anti-derivatives, differing only by an arbitrary constant, 𝑐. In applications, one is 
usually given additional information that helps to determine a value for the constant of integration, 𝑐, thereby 
specifying the unique anti-derivative that solves the problem. This information is often called a boundary (or 
initial) condition. 
 

1. Find the displacement function s if t
dt

ds
4  when 𝑠 = 8 at t = 0. 

 
 
 
 
 
 
 
 
 

2. Given that 
𝑑𝑦

𝑑𝑥
= sin(2𝑥) and that 𝑦 = 1 when 

6


x , find 𝑦 as a function of 𝑥. 

 
 
 
 
 
 
 
 
 

3. The gradient (slope) at any point on the curve )(xfy   is given by the equation, 
2

1




xdx

dy
. The curve 

passes through the point (2, 3).  Find the equation of this curve. 
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Application of Integration to Kinematics (Study of Motion) 
 

Recall: )(')( tstv   and )('')(')( tstvta   

In the context of integration, these ideas give  dttvts )()(  and  dttatv )()( . 

 
Example 1: A particle is projected in a straight line relative to a fixed point, O with velocity function 

0   ,1025)(  tttv . If the displacement of the particle from O at time 𝑡 = 2 is 8, find: 

a) the displacement function, 𝑠(𝑡) of the particle. 
b) the displacement of the particle when 𝑡 = 4. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 2: The acceleration, in m/s2 of a body in a medium is given by 0,
1

3



 t

tdt

dv
. The particle has an 

initial speed of 6 m/s. Find the speed after 10 s. 
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Integrals with Initial Conditions Extra Practice 
 

1. Given that 𝑓′(𝑥) = 𝑥2𝑒𝑥3
 and 𝑓(2) = 5𝑒2, determine 𝑓(𝑥).     [𝑓(𝑥) =

𝑒𝑥3

3
+ 5𝑒2 −

𝑒8

3
] 

 
 
 
 
 
 
 
 
 
 
 

2. Find 𝑓(𝑥) if 𝑓"(𝑥) = 𝑥−
1

2 + 𝑥−
2

3 , 𝑓(0) = 5, and 𝑓(1) = 0.  [𝑓(𝑥) =
4

3
𝑥

3

2 +
9

4
𝑥

4

3 −
103

12
𝑥 + 5] 

 
 
 
 
 
 
 
 
 
 
 
 
3. A fighter jet begins a downward descent in order to pick up some vertical speed. Its acceleration can be 

modelled by the equation 𝑎 =  0.48𝑡2 +  2  for 0 < 𝑡 < 10, where 𝑎 is measured in 
𝑚

𝑠2 and 𝑡 is the time in 

seconds from where the fighter jet begins his descent.  If his velocity at 𝑡 = 2 is approximately 8
𝑚

𝑠
, 

determine the velocity after 8 seconds have passed.      [100.64 m/s] 
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# 4 alternate answer:  
1

5
(𝑥2 + 6)

5

2 − 2(𝑥2 + 6)
3

2 + 𝑐 



11 
 

 

Substitution Rule 
 

In general, the rule is used to find the anti-derivative of a function using chain rule. 

If )(xgu  , then   duufdxxgxgf )()('))(( . 

 
 
 
 
 
 
 
 
Example: Find the following indefinite integrals. 

a)   dxx 4)12(      b)   dxxx 32 )1(2  

 
 
 
 
 

c) 


dx

x

x

43

2

     d)   dxxx 1  

 
 
 
 
 
 
 

e) ∫
3 ln(𝑥)

𝑥
𝑑𝑥      f) ∫(4 + sin(𝑥))9 cos(𝑥) 𝑑𝑥 

 
 
 
 
 
 
 

g) 



dx

xx

x

5

13

3

2

     h) 
 dxxex 12

 

 
 
 
 
 

Steps in integration by substitution (change of variable) rule: 
1. Define 𝑢 (i.e. let 𝑢 be a function of the variable (often 𝑥) which is part of the integrand) 
2. Convert the integrand from an expression of 𝑥 to an expression in 𝑢 (need to convert the “𝑑𝑥” 

term to a “𝑑𝑢” term) 
3. Integrate and then rewrite answer in terms of 𝑥 (substitute back for 𝑢) 
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[
15

4
+

4

𝜋
 km] 

[4.5 m to the left] 

0  
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1-3 Warm Up 
 

1. Find the indefinite integral: 

a) ∫(𝑥2 − 5)82𝑥𝑑𝑥      b) ∫
𝑥2

√1−𝑥3
𝑑𝑥   

 

 

 

 

 

 

 

 

 

c) ∫ sin(4𝑥) 𝑑𝑥       d) ∫
𝑒√𝑥

√𝑥
𝑑𝑥   

 

 

 

 

 

 

 

 

 

Challenge questions! 

2. Find the indefinite integral: 

a) ∫ sin2(𝑥) 𝑑𝑥       b) ∫
cos(2𝑥)+1

cos(𝑥)
𝑑𝑥    

 

 

 

 

 

 

 

 

 

 

c) ∫ 𝑥3√𝑥2 − 6 𝑑𝑥 
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Definite Integral 
 

If the function, 𝑓(𝑥), is continuous at every point on the interval [𝑎, 𝑏] and 𝐹(𝑥) is any anti-derivative of 𝑓(𝑥) 

on [𝑎, 𝑏], then 
b

a

dxxf )(  is called the definite integral and is equal to 𝐹(𝑏) –  𝐹(𝑎). 

)()()()(   aFbFxFdxxf
b

a

b

a

  , where 𝑎 and 𝑏 are the lower and upper limits of integration respectively. 

 
Note:  

 𝑐 is omitted as it would cancel itself out as shown:    [𝐹(𝑏) + 𝑐]– [𝐹(𝑎)  +  𝑐] = 𝐹(𝑏)– 𝐹(𝑎) 

 a definite integral has a numerical value 

 the evaluation of the definite integral 
b

a

dxxfA )(  represents the area enclosed 

between the graph of 𝑓(𝑥), the 𝑥-axis and the lines 𝑥 = 𝑎 and 𝑥 = 𝑏.  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Properties of the Definite Integral 
 
If 𝑓 and 𝑔 are continuous functions defined on a given interval [𝑎, 𝑏] and 𝑐 is a constant, then: 
 

1) ∫ 𝑓(𝑥)𝑑𝑥 = 0
𝑎

𝑎
 

2) ∫ 𝑐𝑑𝑥
𝑏

𝑎
= 𝑐(𝑏 − 𝑎) 

3) ∫ 𝑐𝑓(𝑥)𝑑𝑥
𝑎

𝑏
= 𝑐 ∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎
 

4) ∫ 𝑓(𝑥)𝑑𝑥
𝑎

𝑏
= − ∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎
 

5) ∫ [𝑓(𝑥) ± 𝑔(𝑥)]𝑑𝑥
𝑏

𝑎
= ∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎
± ∫ 𝑔(𝑥)𝑑𝑥

𝑏

𝑎
 

6) ∫ 𝑓(𝑥)𝑑𝑥
𝑐

𝑎
= ∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎
+ ∫ 𝑓(𝑥)𝑑𝑥

𝑐

𝑏
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Example 1.  Evaluate. 
 

a) 
5

3

1
dx

x
      b)  










4

2

2
1

dx
x

x  

 
 
 
 
 
 
 
 
 
 
 

c)  











1

0

2

1

3
dx

x
e x      d) ∫ sin(3𝑥)𝑑𝑥

𝜋

2
𝜋

6

 

 
 
 
 
 
 
 
 
 
 
 
 

e)  
2

5

4)43( dxx      f) 



0

2

)( dxex x  
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g)  
1

0

554 )1( dxxx      h)  
5

0

2 )3( dxxx  

 
 
 
 
 
 
 
 
 
 
 
 
 

2. Find the area under the curve 
12

2




x
y  from 𝑥 = 0 to 𝑥 = 1. 
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1-4 Warm Up 
 

1. Find the equation of the curve with 
𝑑𝑦

𝑑𝑥
= 𝑥2 + 6𝑥 − 3 and passes through the point (3, 10). 

 
2. Find the equation of the curve 𝑦 = 𝐹(𝑥)  that passes through the point (1, 4) and satisfies  

𝑑𝑦

𝑑𝑥
= 9𝑥2 − 𝑒2𝑥 + 1. 

 

3. Determine the function, 𝑓(𝑥), if 𝑓′(𝑥) = sin(2𝑥) − cos (
𝑥

3
) and it passes through the point (

𝜋

2
, −3). 
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Area Under a Curve 
 

 

The area enclosed between )(xfy  , the 𝑥-axis, and the lines 𝑥 = 𝑎 and 𝑥 =

𝑏 is written as 
b

a

dxxfA )(  and can be evaluated. 

 

Example 1: The function f is defined by 152)( 2  xxxf . 

a) Draw the graph of )(xfy   for the domain 105  x . 

 
 
 
 
 
 
 
 
 
b) Shade the area enclosed by the graph of )(xfy  , the 𝑥-axis, and the lines 𝑥 = 0 and 𝑥 = 5. 

 

c) Evaluate the definite integral 
5

0

)( dxxf  to find the area of the shaded region. 

 
 
 
 
 
 
 
d) Check your answer to part (c) using your GDC. 

 
 
GDC INSTRUCTIONS:  
 

For TI-83:  
Method 1: From the HOME SCREEN 

1. Press MATH   9  fnInt( 

2. Enter the function  ,   x, T, 𝜃 , n   ,    enter the value of the lower limit   ,    upper limit  )   ENTER 

 
Method 2: From the GRAPH 

1. Enter the equation in the equation editor screen   y=      and graph the function. 

2. Enter    2nd     trace     7    , then enter the lower limit, press  ENTER  , enter the upper limit, then press  

ENTER  .  
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For TI-84: 
Method 1: From the HOME SCREEN 

1. Press MATH   9  fnInt(.   

2. The screen will display the general definite integral for you to enter the limits of integration values, the 

integrand and the variable you are integrating with respect to.  Press ENTER when you have entered all 

the information to evaluate. 
 
Method 2: From the GRAPH 

1. Enter the equation in the equation editor screen   y=      and graph the function. 

2. Enter    2nd     trace     7    , then enter the lower limit, press  ENTER  , enter the upper limit, then press  

ENTER  .  

 

Example 2: Find the area of the region enclosed between the curve 29 xy   and the 𝑥-axis. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
To determine the area enclosed between )(xfy  , the 𝑥-axis, and the lines 𝑥 = 𝑎 and 𝑥 = 𝑏  where the 

function is below the 𝒙-axis, the definite integral becomes: 𝐴 = − ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 or 𝐴 = |∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎
|. 

 

Example 3: Find the area between 13  xy  and the 𝑥-axis from 𝑥 = −1 to 𝑥 = 1.   
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Example 4: Consider the graph of the function xxxxf 65)( 23  . 

a) Draw the graph of )(xfy   over a suitable domain. 

 
 
 
 
 
 
 
 
 
 
 

b) Determine the definite integral ∫ 𝑓(𝑥)𝑑𝑥
3

0
.  

 
 
 
 
 
 
 
 

c) Evaluate the definite integrals ∫ 𝑓(𝑥)𝑑𝑥
2

0
 and ∫ 𝑓(𝑥)𝑑𝑥

3

2
.   

 
 
 
 
 
 
 
 
 
 
d) Find the area enclosed between the graph of )(xfy   and the 𝑥-axis. 
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The function of 𝑓(𝑥) = 𝑥3 − 7𝑥2 + 14𝑥 − 8 is shown to the 
right.   There are 𝑥-intercepts of 𝑥 = 1, 𝑥 = 2  and 𝑥 = 4. 
 

The definite integral, 𝐴 = ∫ 𝑓(𝑥)𝑑𝑥
4

1
  will give the difference 

between the two areas on the interval [1, 4].   
 
If the total area enclosed between 𝑓(𝑥) and the 𝑥-axis is to be 
determined, we need to split the integral using the points of 
intersection between 𝑓(𝑥) and the 𝑥-axis (i.e. the 𝑥-
intercepts).  Then, we need to determine the definite integrals 
using the intervals [1, 2] and [2, 4] as the limits.   Finally, 
adding the magnitudes of the definite integrals will determine the total area.   
 

∴ 𝐴𝑟𝑒𝑎 = ∫ 𝑓(𝑥)𝑑𝑥
2

1
− ∫ 𝑓(𝑥)𝑑𝑥

4

2
      or      𝐴𝑟𝑒𝑎 = ∫ 𝑓(𝑥)𝑑𝑥

2

1
+ |∫ 𝑓(𝑥)𝑑𝑥

4

2
|. 

 
 
 
Note:  

If the area of the region bounded by the graph of 𝑦 = 𝑓(𝑥) and the 𝑥-
axis is calculated by hand, then the parts above and below the 𝒙-axis 
need to be considered separately. 
 

If the area is calculated by the GDC, then the formula ∫ |𝑓(𝑥)|𝑑𝑥
𝑏

𝑎
 can 

be used.  The similar formula without the absolute value only gives the 
correct answer if the entire graph of 𝑓 is above the 𝑥-axis. 

 
 
 
 

GDC INSTRUCTIONS 
 
Note: To use the GDC to enter ∫ |𝑓(𝑥)|𝑑𝑥

𝑏

𝑎
, the absolute value function needs to be entered.  In the 

integrand, press  MATH  , arrow to the right to the CMPLX menu, select  5  for 5: abs( ,  then enter the 

function inside the absolute value sign.    
 
Refer to pages 19-20 for full instructions on getting to the Integration option. 
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Definite Integrals and Area under the Curve Problems 
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1-5 Warm Up 
 

1. Determine the anti-derivative, 𝐹(𝑥): 
 

a) 𝑓(𝑥) = 12𝑥3 − 9𝑥2 + 8𝑥 + 31    b) 𝑓(𝑥) = 4 sin(2𝑥) + 5 cos(3𝑥 + 1) 
 

       c) 𝑓(𝑥) = −2𝑒√3𝑥 +
√2

𝑥+1
      d) 𝑓(𝑥) = 𝑥2√𝑥3 + 2 

 
 
2. Determine the integrals:  
 

a) ∫ 𝑒cos(𝑥) sin(𝑥) 𝑑𝑥      b) ∫
√ln (𝑥)

𝑥
𝑑𝑥     

  
 

c) ∫ √1 + tan(𝑥) sec2(𝑥) 𝑑𝑥     d) ∫ cos3(𝑥) 𝑑𝑥 
 
 
 
3. A particle is accelerated in a line so that its velocity in meters per second is equal to the square root of the 

time elapsed, in seconds.  How far does the particle travel in the first hour?  
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Area Between Two Curves 
 

In general, if f and g are continuous functions in [a, b] and gf   in [𝑎, 𝑏], then the area between 𝑓 and 𝑔 

from 𝑎 to 𝑏 is the area under 𝑓 –  𝑔 from 𝑎 to 𝑏. 

 A =  
b

a

dxxgxf ))()(( ,      )()( xgxf   

Procedure: 

 Sketch the graph, if possible. 

 Find points of intersection of curves to decide how many areas need to be calculated 
  

 

 

Example 1: Find the area between 22  xy  and xy   from x = 1 to x = 3.  

 
 
 
 
 
 
 
 
 
 
 
 
 

Example 2: Find the area between the graphs 24 xy   and 42  xy . 
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Example 3: Find the area between the graphs 𝑦 = sin(𝑥) and 𝑦 = cos(𝑥) from 0x  to
3


x . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 4: Find the area between the graphs xey   and xy   from 2lnx  to 2lnx . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

GDC INSTRUCTIONS 
 
Note: To use the GDC to evaluate the definite integral, enter 𝑓(𝑥) − 𝑔(𝑥) 
in the integrand.   Refer to pages 19-20 for full instructions.  
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Warm Up 
 

1. Determine the area of the region bounded by 𝑦 = −𝑥 and 𝑦 = 𝑥2 + 2, 𝑥 = 0 and 𝑥 = 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. Determine the area between the curves 𝑓(𝑥) = 𝑥 − 1 and 𝑔(𝑥) = 𝑥2 + 3𝑥 − 4 from 𝑥 = −5 to 𝑥 = 2. 
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1-6 Warm Up 
 
1. Determine the integrals: 

a) ∫
2+𝑥

𝑥3 𝑑𝑥       b) ∫
𝑑𝑥

𝑥+5
    

 
 

c) ∫
3𝑥

(𝑥2+3)5 𝑑𝑥      d) ∫ sin(𝑥) (1 − sin2(𝑥)) 𝑑𝑥 

 
2. Evaluate:  
 

a) ∫ (2𝑥3 − 3𝑥2 + 7𝑥 + 2)𝑑𝑥
5

2
   b) ∫

1

√𝑥23 𝑑𝑥
8

1
 

 
 
3. Determine the area below the curve 𝑦 = 𝑥2 + 6 between 𝑥 = 1 and 𝑥 = 4. 
 
 
4. Determine the area enclosed between the curve 𝑦 = 𝑥3 − 3𝑥2 − 10𝑥 and the 𝑥-axis.  Verify your answer 

using the GDC. 
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Volumes of Solids of Revolution 
 

 

A cylinder, a cone and a sphere are all examples of solids of revolution, 
which are shapes formed by completely rotating a line or a curve about a 
fixed axis. The volumes of these shapes are called volumes of solids of 
revolution. 
 
To get a solid of revolution, we start out with a function,  
𝑦 = 𝑓(𝑥), on an interval [𝑎, 𝑏].  
 
We then rotate this curve about a given axis to get the surface of the solid 
of revolution.  For purposes of simplicity, we will rotate the curve about 
the 𝑥-axis, although it could be any vertical or horizontal axis.  Doing this 
to the curve will give the following three-dimensional region.   
 
To find the volume of the solid of revolution, we can slice this solid into 
many disks from [𝑎, 𝑏].  Each disk will be cylindrical in shape where the 
volume can be determined by the general formula, 𝑉 = 𝜋𝑟2ℎ.  Each disk 
in the solid will have a radius of 𝑦 and thickness of 𝑑𝑥. 
 
The volume, 𝑉, of the disk is given by: 𝑉 = 𝜋𝑦2𝑑𝑥  
 
Volume, 𝑉, of the whole solid is the sum of all such disks from  
𝑥 =  𝑎 to 𝑥 =  𝑏.   

𝑉 = ∑ 𝜋𝑦2𝑑𝑥

𝑏

𝑥=𝑎

 

 
The smaller the disks the solid is divided into, the closer the value is to the 
actual volume.  In other words, we want 𝑥 → 0. 
 

𝑉 = lim
𝑥→0

𝜋 ∑ 𝑦2𝑑𝑥𝑏
𝑥=𝑎    or   

b

a

dxyV 2  

 
 
For example, determine the volume of the solid obtained by rotating the 
region bounded by 𝑦 = 𝑥2 − 4𝑥 + 5, 𝑥 = 1, 𝑥 = 4 and the 𝑥-axis about the 𝑥-axis for 2𝜋 radians. 
 

    
 
 
 
 
 
 

x 

y 

y 

dx 

𝑦 = 𝑥2 − 4𝑥 + 5 

𝑦 = 𝑥2 − 4𝑥 + 5 
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In this case, the radius is the distance from the 𝑥-axis to the curve, which is the same as the function value at 
that particular 𝑥.  The cross-sectional area is then, 
 

𝐴(𝑥) = 𝜋(𝑥2 − 4𝑥 + 5)2 
                                               = 𝜋(𝑥4 − 8𝑥3 + 26𝑥2 − 40𝑥 + 25) 

 
Next, determine the limits of integration.  From left to right, the first cross section will occur at 𝑥 = 1 and the 
last cross section will occur at 𝑥 = 4.  These are the limits of integration.   
 
The volume of the solid is then, 
 

𝑉 = 𝜋 ∫ (𝑥4 − 8𝑥3 + 26𝑥2 − 40𝑥 + 25)𝑑𝑥
4

1

 

            = 𝜋 (
1

5
𝑥5 − 2𝑥4 +

26

3
𝑥3 − 20𝑥2 + 25𝑥)|

4
1

 

                      =
78𝜋

5
 

 
 
 

Example 1. Find the volume of the solid formed when the area between the curve 12  xy  and the 𝑥-axis 

from 𝑥 =  1 to 𝑥 =  3 is rotated through 2  radians about the 𝑥-axis. 
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Example 2. Find the volume of the solid formed when the region enclosed by the curve 2 xy  is 

completely rotated about the 𝑥-axis between 𝑥 = 2 and 𝑥 = 7. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
You can also rotate the area between 2 curves about the 𝑥-axis to form a solid. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In this case, the formula for the volume of the solid of revolution becomes,      
  

 dxxfxgV
b

a
  22 ))(())((  , where )()( xfxg   
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Example 3. The area enclosed between the curve 24 xy   and the line xy 24   is rotated about the 𝑥-

axis.  Find the volume of the solid generated. 
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Review Warm Up  
 

1. Determine the following indefinite integrals.  

a) ∫ 7𝑥9𝑑𝑥   b) ∫ √5𝑥7𝑑𝑥    c) ∫ cos(4𝑥 − 1)𝑑𝑥 
 
 

d) ∫
𝑥−3

𝑥2−6𝑥+5
𝑑𝑥    e) ∫ 𝑒cos(3𝑥) sin(3𝑥) 𝑑𝑥 

 
 

2. Evaluate the following definite integrals. 
 

  a) ∫
5

(2𝑥+1)2
𝑑𝑥

2

0
     b) ∫ 𝑥√25 − 𝑥2𝑑𝑥

3

0
 

 
 

3. Find the equation of the curve 𝑦 = 𝑓(𝑥) whose tangent line has a slope of 
𝑑𝑦

𝑑𝑥
= 𝑥 − sin(𝜋𝑥) if the 

curve passes through the point (1,
1

2
). 

 
 

4. Find the area, A, of the region bounded by the graph of 𝑓(𝑥) = 𝑒−2𝑥 and the 𝑥-axis, between 𝑥 =
ln(2) and 𝑥 = ln(3). 

 
 

5. The region enclosed by the graph of the function 𝑓(𝑥) = √𝑥 sin(𝑥) between 𝑥 = 0 and 𝑥 = 𝜋 is 
rotated through 2𝜋 radians about the x-axis to form a solid of revolution.   
 

a) Show that 
𝑑

𝑑𝑥
(

1

4
𝑥2 −

1

4
𝑥𝑠𝑖𝑛(2𝑥) −

1

8
cos(2𝑥)) = 𝑥𝑠𝑖𝑛2(𝑥) 

 

b) Hence, show that the volume of this solid of revolution is 
𝜋3

4
 units3. 
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Note: #2, 6, 12, 13d, 17 and 

20 are not part of the course.  
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