Applications of the Dot Product

Part I. Scalar and Vector Projections

Given two vectors, a and b , placed tail to tail with angle 0 between them, drop a
perpendicular from the tip of a to the line containing b . The vector lying along the line
containing b , which has magnitude equal to the component of a in the direction

of b (i.e., ON in our diagram), is called the vector projection of a onto b

.The magnitude of the vector projection of a onto b is called the

Projection.
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Example 1:

a) Determine the scalar projection of a onto b.

b) Determine the scalar projection of p

to g.
3]=s onto §
lEl—}ﬁi —> p|=20
. - o
P22 | = arl.;f 120 N
1g|=30
B (P57 = -9
= (’5-) cos 50° |°l/|
- 3‘2| IF'COSS‘
B. Vector Projections — have direction — (go)a,, |20
— = ~I1D
. asb |
The vector projection of @ ontob is PT”OJbCl—(| br ]b
The vector projection of b onto dis Proj.b (5-; _E’) a
23
Example 2: Given vectors d=(-4, 1) and b= (4,3), determine Projal;.
- = T2
ok = [2:b\a
P 1z ( |a*lz) a |e-|-3) Ey.1] [ ,-13
'/[*ﬂ[*:"])[*l'] “/- —13 /
\({er)" " b
Example 3: Let u= proj; a where a=(1,1) and b=(4,2). Show that ‘Ez -ul s ‘& —kE‘ for all
keR. - = DK k+l
ot .| @-kL &
W= proj & Ls-2-7l Rs-l2 'l lk[ ] Y= lD(K""k+?w -2+l
- l+2.
= a’.T:) 4 = |0l [%%]I -|b- u=10(k-2
[EF s Jli-vk, 1-aK]| Vi o
- ([",].[*l-,_]> [‘*.7-] - \ 5 B (l 4|<)’+ ( 1|<)" min value s To
Jr=a)* e ~
( ) - ("5 +%) = | 1=3k+1¢K™ 1- wk+ 4k*
42\ [y,2] S
((JE’» = 3‘5___5-_ = |ao|<‘— lak+2
- (3@__ C,2] - J:[ K*-ck+1)
= —‘;5——?—5—] _r(.||ok ck+l) ~|lo|< Skt >O
RSz (l%) “avoam value is [i5
arl s lr-ktl &
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Example 4: The scalar projection of vector ¥ = [1,m, 0] onto vector v = [2,2,1] is 4.
Determine the value of m.

|Poy | < 27

h = I:I,m,c;_.'.[:z,:),l:l

Example 5: The vector r is twice as long as the vector s . The angle between the vectors is
1200. The vector projection of s on r is [2, —1, 7]. Determiner .

Griven ‘?l: ng—! Rroj_,?: (__??) -
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Part I1. Work

Definition: In Physics, WORK is done whenever a force, applied to an object, causes a
displacement in the object from one position to another.

* WORK s equal to the displacement traveled multiplied by the magnitude of the
applied force in the direction of motion.
For instance, if the force is in the same direction as the displacement, then just multiply the
magnitudes.

—_— work = ‘FHE‘

F

> J
However if the force acts at an angle to theﬂ’ displacement vector, we use the

component of the force, in the direction of the displacement vector (i.e we use the projection
of F onto d)

work = IIE?] Ij'Coss'
=F.J

The work done on an object is the dot product of the force applied on the object, and the
displacement of the object.

v

Note: - Work is a scalar quantity. The unit of measurement is the Joule (J) or Newton-
metre

(N-m).

* No matter how much force is applied, if no displacement occurs, work = 0.
Example 1: A crate, on a ramp is hauled 8m up the ramp by a constant force of 20N applied
at an angle of 30° to the ramp. Calculate the work done by the force.

Example2: A shopper in a supermarket pushes a cart with a force of 35 N directed at an angle
of 250 downward from the horizontal. Find the work done by the shopper as she moves down
an aisle 50 m in length.

EXamrle@‘ 8 A
\‘\"\5;0 / W=F .S .
é’ = |22 s & .. The work done is
o\ = - CQO)(3>CO$30° OpproX. 139 3¢
=139
Example @ : S
' ISl=50 W=F-S

25° = h—:\'llglwse‘ K -n\e er\( &n& .|S
IFl= 25 = (39)(50)ces25" opprox. 158¢ T .



Example 3: A crate with a weight of 57 N rests on a frictionless ramp inclined at an angle of
30° to the horizontal. What force must be applied at an angle of 20° to the ramp so that the
crate remains at rest?

z 7 Let R, be horizontol vector component of 4he
é 5FN force , ¥ he the force opplied and
F e e horizontal component of F.

-ﬁ
- . ) Cos 20°= | Fn I
]%xl = 5Fsin30 TE‘T

= Jd8.5
At eqebbriom. 7 RI- a5
‘F:H]': I%xl =303

. .. A _Fovc.e o{: 30.2 N m«s‘t Lo_
o.FFImJ So hak H’l’e CVa‘h.'

Yyemains di V‘G.St .

Example 4: A force 15N acting along the vectorii = (2,-1), displaces a particle from A(-4, 2) to

B(1, 5). If the distance is in meters, calculate the amount of work done.
- —> = -
_— - DB - OA -I5%
- -
A3~ = [1,5]-[#3] vl

™

_ [5,2] = 15[a,-1]

i=(2) i (V¥
= 3_0— 3—-_'5-
V %

3 [GE,’BE]
W=F.d
= [CE,-.’:E] . [513]

30d5-9I5
= ans

= Keas5%¥...

L wovk olone s~ L4707 .



Practice

1.

An object is dragged 5m up a ramp under a constant force of 30N applied at an angle
30° to the ramp. Find the work done.

A man in a wheelchair moves 15m down a ramp inclined at an angle of 10° to the
horizontal. The mass of the man and the wheelchair together is 8okg. (1kg = 9.8N)
Calculate the work done.

An object is dragged 5m on level ground by a 20N force that is applied 50° to the
ground. It isthen dragged 8m up a ramp with the same force. The inclination of the
ramp is 30° to the ground. At the top of the ramp, the object is dragged, with the same
force, horizontally 13m. Find the total work done.

A box is lifted through a distance of 1.2 m and placed on a wagon by exerting a force of
105 N. The wagon is then pulled through a distance of 25 m by a 45 N force applied at
an angle of 35° to the ground. Find the total work done.

Determine the work done by a force of magnitude 55N acting in the direction of the
vector u= (2, —2,1) , which moves an object from A(1,4,-1) to B (-1,2,1).The distance is

in metres.



Practice

1. An object is dragged 5m up a ramp under a constant force of 30N applied at an angle
30° to the ramp. Find the work done.

W =|F||d|cos(0)
=(30)(5)cos(30°)
=129.9J

2. A man in a wheelchair moves 15m down a ramp inclined at an angle of 10° to the

horizontal. The mass of the man and the wheelchair together is 8okg. (1kg = 9.8N)
Calculate the work done.

W= |F§||&| cos80°
W =80x%9.8x15c0s80°
W=2042J

3. An object is dragged 5m on level ground by a 20N force that is applied 50° to the
ground. It is then dragged 8m up a ramp with the same force. The inclination of the
ramp is 30° to the ground. At the top of the ramp, the object is dragged, with the
same force, horizontally 13m. Find the total work done.

work done before and after ramp : 18 X 20 x cos50° =231.40 J

work done on ramp : 8 x20 x cos20° =150.35 J
Total work done:381.75J




4. Aboxis lifted through a distance of 1.2 m and placed on a wagon by exerting a force
of 105 N. The wagon is then pulled through a distance of 25 m by a 45 N force applied
at an angle of 35° to the ground. Find the total work done.

Tl
‘r"—%&%wa? R
W, =|F||d| W, =|F||d|cos(35) W, =W, +W,
=(105)(1.2) =(45)(25)(0.8191) =126+921.55
=126J =921.55J =1047.55J

5. Determine the work done by a force of magnitude 55N acting in the direction of the
vector u=[2,-2,1], which moves an object from A(1,4,-1) to B (-1,2,1).The distance is
in metres.

d=AB=0B-0A =[-2,-2,2]

F =ku 5=

F=k[2,-2,1] W=Fed

— _55

|F| = k\li(z)2 +(-2)" + (1) W= ?[%'2, 1]¢[-2,-2,2]
k=@:>ij=@[2,-2,1] 3

3 3 W=36.7J



Cross Product of 2 Vectors u xv — in R3

¢ not multiply, slightly bigger

¢ also known as vector product

¢ result is always a vector not a scalar

e cross product is a particular vector that's perpendicular
to 2 non-collinear vectors, in fact, there's an infinite
number of such vectors!

Cross Product — Algebraic Vectors
Given the vectors u = [ul, u2,u3] andv = [vl, V,, v3] then:

1) Set up the vector components in the following manner:
For uxv:

2) To determine the x, y, and z component:

x-component of uxv, conduct the following operation on the middle four terms:

Determinant of —
0 2 xQ marrix

S L RARS "down produck~ up protuct

y-component: conduct the same operation, but on the four terms on the right:

u, u,
= 113V1 - U1V3

v, Vv,
z-component: repeat for the four terms on the left:

u u
o =wv, -u,v

1" 2 21

\% \%

1 2

Mel‘h’ocl B _G Xv
DC’LCVWI lnant Meft°‘l . Dlei—C ‘I‘he_ VCCI-O—VS tul.ce, (T; aLovc —\7)
i ! 2) Eliminate e -Fws‘t ond las’t’ Column.

ik :
112 113 &\'Aown“ onJuc‘ts —-“uF Fvo«:'uél? as Sl\owh .
v, V3

) uz u3><:;l)§u& 13
\ Vz V3 | V:. 3

-1l s

r 1
1 1
1 1
: :
1 1
u xXvs=s — —
! £ » UgVi—=U V3 > U\V,— Uy, -_\ I
1 1
1 1
1 1
1 1
1 1
I_ 1

Derwahon is on p-405 MHR



Example 1: Find the cross product of u = [-2, 1,-4] and v=[3, 0, -1].

TV = [a,,-4] x [3,0,-1] '2 R '0'3*,

= [-1-0, -2-2,0-3]

= [,-4,-3]

Example 2: Find the cross product of u = [-2, 1, -4] and v=[6, -3, 12].

TA> XT;= [‘2: - H'] x LG,'3,ID.] B _L)g::: ){2&:3 _F
= [12-12, =24 +24, 6-¢)
= [0,0,0]
Note : [€ -3, IQ]
_[_3[: l‘":l ﬁx_\'/,:_o, P _l7= k—‘.’,
v =-3u (Cc“lnemf veclsvs)

Example 3: If a = [1,3,—1],5 =[2,1,5] andv = [—3,y,z:| axv=Db,findy and z.

axv | 3a=sg'5g 1
=[,3-0x[3y2] L)’ 2
= [32+y,3-2, 9+4]
L @xV=bhb

[32+3 3-2,y+al= [2,1,5]

_— S—Z=| +7=5 CL\eck :
32;+j g @ Z=3-| 5:5—ﬁ Su'g ih Q) -
2=2 Y=— (S=3@)+(4) RS=Q

s LS=R-S.

..ZIISD.amJj s =4



Properties of the Cross Product

The Cross Product is:

1) Anti-Commutative: Uxv = —(\; X li)
2) Distributive over vector addition: ux (\7 + \Tv) = (ﬁ x :/) + ((1 x \;)
3) Associative over scalar multiplication: m(uxv)= (mﬁ) XV =ux (m; ) ,melR

4) |If uwandv are non-zero, uxv =0 if and only if  andv are collinear.

Example 4: If ABC is a triangle with vertices A(1, 1, -1), B(1, 0, 1), and C(1 + k, 0, 2) and
ABxAC = [-1,2,1], find the value of k.

- -S> red — —3
AR = OB— OA AC= OC—-O0A
CEI,o,:]— [‘. '.'ﬂ = [I+k,o,a]~ [l. I,--I]
= [ol-l’Q] = [k:~‘n3]

A—)BK_A_P— = [‘I,a,l-‘l

o -1 2 .0,
k 1 X338 3

ak=2

[-3+2,2k-0,0¢k] = [-1,2, 1] |
[-I,Qk,k]:-[—l,&,l} / E' -.newlueogk is|.

Example 5: Determine the value of m and n for @ = [m, —12,9] and b = [5,n, —3] such that

@ x b = 0. What is the relationship between @ and b. M -12.9 .m -12 9
— —> —y 5- n)g° >c S&n -3
a,)(-E=Oé>a.=|<-E , KER Method &
ZxT -3
[m,—12,9) = k [5.n,-3] axb =
Mm= 5k —© [_M,—I:!,‘i] X [51'1;"3] = LO/O,O—J
-l2=2kn —& [36—‘1n,l|-5+3m ,mn+c°] = [o ,o,o-_l
. 36—%‘\:0 5 =0
qezk S nO s @: " 5 3m
h=36 dIm=—45
k=3 m=5C3) = 3 -

=t
a and T ove scalar MV"LIP’CS o{ each sty . ChCCk®: -

-mej ave Collmeay veclors . Ls;a&:)é_‘io RS =0

=0

LS =RS. 9



Magnitude of the Cross Product

The magnitude of the cross product is defined according to the following equation:

’u X v’ = ’u’ M sin &

, Where 0 is the angle between the vectors such that 0°<6<180°.

It represents the area of the parallelogram enclosed by the two vectors.

Area o-\: Fava”eIOjram = base x heljh‘l':

|u l | v |$m8
Aparallelogram = ’l_’{ x ‘7’ SNDE lq
n =_rr_
|V

N’ sme'

base—lul

Example 6: Three vertices of a parallelogram ABCD are A(3,-1,2), B(1,2,-4) and
C(-1,1,2).
a) find the coordinate of the fourth vertex.

) —
a) find the area of triangle ABC. a_) AR = R

B —c OB —OR - Oz -0DB
/ / [1,2,-4]- [3-1,2]= [l 21— 6%
F —, [15 ~e)=[10,2]- ob
OD= [-l,l,‘ﬂ [-2,3-¢]
3= [1.-2,%]
. Coordiiales °'§'b ave. ('"33}

b) Area AHBC;Jil-A_EXﬁI

- — -2 5 3 —é
A%.—. [’2,3,-6] AB x RD é >§1 -; -1 €
. 5 o - D, 05]

= [ragl- [3,-1.2] - 4[2,¢.2]

= [—3.,—\, G-X

Afea AHBC:.L[K?BXEBI

(H-JS +G‘+2) " Avea o{: AARBC

_ 2\]—‘ Is ¥ units™.
= ¥ 10



Direction of the Cross Product — Into the Page or Out of the Page

Recall that the cross product gives us a vector that is
perpendicular to two vectors. To determine whether the

cross product a xb isinto the page or out of the page, we

use the Right Hand Rule.

« Make your thumb lie on the first vector (a ).

« Make your index finger lie on the second Vector(l; )
» Make your middle finger perpendicular to your thumb

clfz/F

Example 7: Given the following vectors determine if the cross product is into the page or

out of the page.

* NOTE: Just like the dot product, vectors must be tail to tail when evaluating a

cross product.

a
b

nte the P2qe

-

o X

b
< d\/b

a

Ou't of er Faje

-

b

vis fre pg

b
d

odf O.F the Page

Example 8: Determine the following cross products using the correct sign convention

a) §x}'\=_/l;_
b) kxi= G
o ixk =}
A=[0,0]
Lx]
=[|,o,o]x[0,l,o]
= [o,0,1]

=k

H Tx7=-=

n n
e) fxi = -k
1) }'\xl/c\=4£

]‘= [o, 1,0)

0.0
o I&Oﬁ

%

"
KA

I o o
o® o

™,
B2

"
5 J

Ped

Curl the fingers of your right hand from the first vector to the second. The
thumb then points in the direction of the cross product of the two vectors.

11



Theorem:
If @is the angle between aand b (so0 < < n), then |Zz><l§| = |Zz||l§| sin@
Proof:

If a= [a,a,,a,] and bz[bl,bz,b3] , then the cross product of « and b is the vector
axb= [a,b, —ab,,a,b, —ab,,ab, —a,b,]
Therefore:
- =2 2 2 2
|a><b| :(a2b3 —a3b2) + (a3b1 —a1b3) + (a]b2 —azbl)
=a,’b; — 2a,a,b,b, +a,’b,’ +a,’b’ — 2a,a,bb, +a’b] +a’b,’ —2a,a,bb, +a,’h’
=(a’+a," +a) (b’ +b, +b})—(ab +ab, +ap,)

)

= |a Bz—(&d})z

Il
Q
S

2 —12 =2 2
—|a| |b| cos 0

Il
IS
S

)

1—cos*0
( )

.2
sin“ 6

Il
S
S
©

Taking square roots and observing that +/sin> @ =sin @, because sin > 0 when 0 < 8 < 77, we
have:

|;1 X B| = |Zz| |Z)| sin@

The geometric interpretation of this theorem can be seen from this figure.




If aand b are represented by directed line segments with the same initial point, then they

determine a parallelogram with base ‘é‘and altitude ‘5‘ sin 8, and area
A= (‘E‘ sin 0)‘5‘ =‘sz1§‘

Thus, we have the following way of interpreting the magnitude of a cross product. The length
of the cross product axbis equal to the area of the parallelogram determined by aandb.



Applications of the Dot Product and Cross Product
I. Volume of Parallelepiped

A parallelepiped is a box-like solid, where the opposite faces of which are parallel and
congruent parallelograms.

Let a ,B ,and ¢ be three vectors whose tails meet at /
one vertex of the parallelepiped.

The absolute value of the triple scalar product of these
three vectors gives the volume of the parallelepiped.

xb /
/ =h Note: « is 4he angle
cose = ang
-------- ;’f 121 between 2 ond the
5 / h=12lcose oss product 2 xb,,
_fj ' whidh is also Pzrpandladar
o) | / V=(area. of bas@(hengh-B o the base..
i

LY, [/ =|2xE]|2] ws =

P\t V Reall: LV=Rlvlest ¢ = |2+ 3xB] < Trigle Sadar Froduck

2

proj(¢ onto @ x _b))
Volume = (area of base ) x height

= (area of parallelogram) xheight

—

\

parallelogram is made up of vector a

and b so its area = ‘axb‘

The height = the magnitude of the

projection of ¢ onto the vector perpendicular
colaxb)

to the base:

‘ProjA . E‘ =

axb

‘Z:xl?‘

Volume = (area of parallelogram) x height

Question: Is

V= E.(szB)

ce (E X B)‘ equivalent to

as(bxc)? Yes

Triple Scalar Product: is called the quantity ce(ax5), since it returns a scalar value.

12



Definition: Three vectors a ,b ,and care coplanar if and only if ce(axb)=0

Example 9: Determine the volume of a parallelepiped given the vectorsa = [-2,2,5], b= [0,4,1]

andc=[0,5,-1]. O 4l 0 41
[_? ]_>_> o 5 %1855 -
\/___ a_.l::KC,

= E3.3:5].[9,%,C|x[o,5,—ﬂ|
= En,n,s].[-ﬁ,o,oﬂ

= . Volume Is 1% um";s .
Example 10: Determine if the vectors [1,3,2],[5,0,-1], and [-4,3,3] are coplanar.

[1,3,2].[5,0,—l:\x["‘+,3,31 5 o>§1—|>§l‘_5'@§3-;
- [1,3,7.]_[_0+3,1+-|5,|5-o] -4 33
= [113,2—_'- [3,-” ,15_] Slh'ce H\'e 'EVI.‘F"E SCAIAV Fvoeluc‘lf s Be—vo’

= 3-22 ¢+30 fhe fhfee vec'l_n'\rs oxe Co‘FlomaY-

=0
Example 11. Circle whether the following expressions are vectors, scalar, or meaningless.

a) (5 + B) . (5 + E) vector meaning]ess

(- 5)ex(axb)

b) — scalar meaningless
g
c) axb+uec vector scalar( meaningless

d)

vector meaningless

13



II. Torque
Torque
Definition: Torque can be considered the turning effect of a force on an object.

It has a magnitude, measured in Newton-metres (Nm) and a direction. It is therefore, a
vector value.

For example: Turning a bolt with a wrench to drive it into a block of wood.

Right . Wrong /

Note: Torque is max when 6 = 90°
The most efficient way to maximize
torque with a certain force is to

maximize » AND/OR sin(6)

The torque vector will always act in a direction perpendicular to both » and F .

In our example the bolt is either being pushed into the block of wood (moving into the board)
or being pulled out of the block of wood (moving out of the board). In both cases, the motion
is orthogonal to the applied force and to the lever arm.

(I) Therefore, the torque produced can be determined by finding the cross product of » and F .

—

T=rxF

Grreek letter tau ()

14



(IT) It follows then that the magnitude of the torque produced is the magnitude of the cross
product of » and F . r and

or o| = |r||F|sine

*Recall: 0 is the angle between the » and
F when arranged tail to tail.

Its magnitude measures the twisting effect of the force, while its direction gives the direction
of the axis through O about which the force tends to twist (i.e. down and clockwise with a
right-hand thread or use the right-hand rule.

The direction of the torque vector is found by using the right hand rule.

*Terminology: i. Orthogonal ii. Normal iii. Fulecrum iv. “tighten bolt” vs.
“loosen bolt” (into/out of paper)

Example1: A 10 N force is applied at the end of a 30cm wrench with which it makes a 60°
angle. Calculate the magnitude of the torque.

]'_L')‘l = |?“E|$m8 SN

- (o.'ﬁ)@o}sm 120°

=ad.to

" The Majn.fiucle c'P fhe ‘I'.'.oroVe Is 2.60 N"".'._,

* Not +o scale .

Example 2: A 50N force is applied at a point on a door that is 70cm from the side of the
hinged edge. The force makes a 30° angle with the door. Calculate the magnitude and
describe the direction of the torque vector. Include a diagram.

Ft’" = |?||Blsine
= (07)(s0)sm 30°
=15
_me ma m‘\lluele OF the 'l:or7lu= is I¥5 Nwm and ﬂvTe
g
O'I\fec_'bor\ Is m'to he Faje.-

15



Example3: A force of 50N is applied to a bike pedal making a 65° angle with the lever arm. If
the lever arm is 30cm long, calculate the magnitude of the torque produced.

F]= [RIIP]sie

= (o%(f;o) sin&5°

=136

qum".'ucle °§ hTE fowyu is 13.6 Nm.

Example4: A bolt is being rotated by a 20cm wrench. If the wrench is oriented 30° to the
horizontal, and a downward force of 30N is being applied to the end of the wrench at an angle

40° to the vertical, find the magnitude of the torque produced. Is the bolt being screwed in or
removed?

=

] - [3l2]sme

@,:b(so S &0

541

. The 'to»*?/ae ];voaL.ceel is 591 7. The bolt 1=

Lemj scvened in.

16



Applications of Vector Addition — Force

Force : A physical influence that causes a change in direction on a physical object. It is
measured in a unit called Newtons (N).

To describe a force it is necessary to state: i) its direction
ii) the point at which it is applied
iii) its magnitude

The resultant is the sum of the vectors representing two or more forces.

The equilibrant is the opposite force that would exactly counterbalance the resultant.

Equilibrant Force: LetF, and F,

be two forces acting upon an object. The resultant vector can be represented by a
third vector using the concepts from vector addition.

Equilibrant

For a system of three forces to being '\equilibrium the vectors representing those forces,
when placed __head (ov 'I:QP) to ta)

Trangle Inequalily Hheovem : Any side
:1 :j.'l::vnn 7: M§st be sShovler Jlk:m
e ol'lt'av ) slcl“' added b'jdffev.

N b o< b+c
— f:_ b< atc
Fs < c <ath

Nofe: c = a+b (stv.],JH: [me)
r—d ) L No tvian ,g,
Fl coat (CAVI l:c' .ﬁrmgd)
Sﬂs{em at &v;l’l.LYlI.Am = ||§:]$h?“.‘_|‘]5:|

17



RESOLVING VECTORS INTO COMPONENTS (used in application problems when a
Cartesian coordinate system is not used)

A .](orce can be veseclved ints howzon‘{:al X

a,m.:l VeYtIC&! comronenk -—me majurl:ugles ave

as .fo”ous : -
How?\on{ﬂl Com the,ht. -

1B = ) Bleos(@)

Vev’hoJ. c.mroheh‘t | 3 | ‘;1
'%l: ’E’SM(S)

|

Ex.1 Asleigh is being pulled with a 5N force at an angle of 30° with the ground.
a) Calculate the force that is pulling the sleigh forward.
b) the force that tends to lift the sleigh.
— e = S ———
& \F| = |Fleese

. F
= 5ces 30 .
| = JAVAVARC
= 433

.. The _Form Ho'mb Is ru"fnj ﬂ;\e_ Slele _{oruma’ s ~4.23 N .

by |Fyl= rﬁ’;s-.he:
= 5sin30
= R.5

. The _govct. "hat tends o hg-l: e Sle'l\jL Is 25N .
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Ex. 2: Two tractors are being used to pull a tree stump out of the ground. The larger tractor
pulls with a force of 3000 N[E]. The smaller tractor pulls with a force of 2300 N [NE].
Determine the magnitude of the resultant force and the angle it makes with the 3000 N

force.

position diagram Vector diagram

3000 N

va:amp
[et 7 Yeresen'b tre Ylesulfan'b -Fovc.e.-
USm Casine lqw :

|?|z_—_ 3000 + 2300 — 2(3000)@3°°>Cos I13s*°
?]"= atoyeo73 52
I¥| = #403.88352

|| = #ao4

uSni\j sine low :

smi3s° - sine
4403.%8.-- 2300

&= sin”’ Ezsoo sinl3s°
4903 .-

&=19.4°

. The vesultant fovce is 4904 N [E19-4°N] ov [NF0.6°E]
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Ex. 3: A 100 N weight is suspended from the ceiling by two ropes that make angles of 30°
and 45° with the ceiling. Determine the tension in each rope.

position diagram Vector diagram

[t ?‘ and -ﬁ::_ Yeresen'L' the tension m e tuo vopes.
US{nj sine |aw:

SinF5°= sin 60° = sin 45°
e mL =R

|
- . o
IT,_| = |00SIh 60 [T = osink5®
Sih¥5° Sin ¥5°

Tl = 847 T = 73.2
.. The tensions ave 9.F N omel F3.2 N m the clwecton o.(,‘ }k’e vopes.




Ex. 4: Three forces having magnitudes of 4 N, 5 N, and 7 N are in a state of equilibrium.
Calculate the angle between the two smaller forces.

7N usl'n Cosine lm.) 2

F- H-2+53’—26I-)(5)6059 x
4N o 5N S =cos ' (Y453 ) N 5

a ;zz»r)(si ) a
= 10].53.. 4N
8_-.|0|.5
=|go0%=1015°
< =F85°
" The ang le behseer fre 2 swoller _§ovces Is ¥R.5°

Ex.5: A10 kg mass is supported by two strings of length 5 m and 7 m attached to two points
in the ceiling 10 m apart. Find the tension in each string.

Lc't I’ke, 'l'.ensno'ns be ;z' and f
USwiﬂ Cosine law -
52 10+ F>-2(l o)(;) Cos &
O=cCos ' (IO+F=5"

‘ 2(10)(3
F=10x9.8 S=237
Note : _’98: m— Fe 52+IO2 2(5)(0)6::5«»(
Force smass X oty " L =o' (524107 =F"

= = 20509

1 < =40.5°
98 N USW\S SIV‘\ﬁ lO\(—Q .
Sh68.2°_ o
o Sth(Q0>27.3) _ sin(A0" 0.5
i |7l

[T|= 22singaz®  |T| = 9%sinuq5°
— Sin68.2° Sing.2°
T|z925

IT.| = 202

" The tensions ave 935N and 0.3 N in fhe divection o{: P s":vmjs.
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A Ramp Problem

The next example shows that rectangular components do not necessarily have to be horizontal or
vertical.

A box weighing W Newton is resting on a ramp that is inclined at an angle of 6°. Resolve the weight
into the rectangular components, Fp , the force parallel to the surface , and F, , the force

perpendicular to the surface. Note F,, is the force of the ramp pushing against the box. This force
counteracts the component of gravity in the opposite direction to keep the box at rest.

|En|: m|<‘3’|c.ose f

“?F"—' m|§|sfn9~

|\ S

W =mg l€| =-9.%vv/s"
Ex. 7: Components of the forces of gravity A 20-kg trunk is resting on a ramp inclined at an angle of

15°. Calculate the components of the force of gravity on the trunk that are parallel and perpendicular
to the ramp.

= ) =1 -
lFFl =“"|3|SM5‘ lF,,,| = mlcj |cose
= ao(ﬁ.z)sin15° = QO@.%)60515°
= 50.F = 189
.. The -‘Furce Pmrq”e.l fs "ke Yomp s 50N am:l 'HTe -‘Fuvce. “!
FexFenchc.ulaYﬁ Thre vamp Is 189N é,.;

mg
Ex.8 : A block of mass M is held stationary by a rope of negligible mass. The block rests on a
frictionless plane which is inclined at 30° to the horizontal.

a) Resolve the force due to gravity into components
that are parallel and perpendicular to the plane.

FOYCC ‘Pavalu k% lEr, =M ’gl Slv; 30°

‘ke ‘Plane.

Fa_r_:z. n\_gcvqemhcu'lu% rl?"..l = M|§'loos 30°

P ane -~ 5
b) _Cielculate the tension in the rope .( g =9.8 m/s™)
—
R+T =3
-
F=-T 2
l?l; M(Q.?)SMBD' Wheve M i3 ﬂ\—g, Mmass M? F
= #aM of tie box

.. The tension i tke Yope is #9M N.
22



Practice Questions

1.

Two horses pull a load. The ropes between the horses and the load are at an angle of 80° to
each other. One horse pulls with a force of 200 N (newton), and the other with a force of 270
N. Here is a diagram to illustrate the two forces. Calculate the resultant force.[Ans.363 N at
47° to 200N]

200N
_o@@®@ il 0 -
Q29
270N

2. A mass of 500 kg is supported by two cables as illustrated.

What is the tension in each cable? (g =9.8m /s*) — —
[Ans. 3823 N and 5080.5N] : L

3. Alawnmower is pushed across a lawn by applying a force of 95 N along the handle of the

4.

mower. The handle makes an angle of 60.0° with the horizontal.

a. What are the horizontal and vertical components of the force?[Ans. Fx = 48N ,F, = 82N]

b. The handle is lowered so that it makes an angle of 30.0° with the horizontal. What are the
horizontal and vertical components of the force? ?[Ans. Fx = 82N ,F, = 48N]

20-kg trunk is resting on a ramp inclined at an angle of 15°. Calculate the components of
force of gravity on the trunk that are parallel and perpendicular to the ramp.

[Ans.F, =50.7 N ,F, =189.3N ]

Using two ropes that make an angle of 30° to each other, P
Jack and Alex pull Bill in a sleigh. Jack pulls with 240N )

force and Alex pulls with a force of 185N. Determine the ‘r 240N
magnitude and direction of the equilibrant force. [Ans.
410.8 N, makes an angle of 167- with the larger
force]

-

o
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6. An advertising sign is supported by a horizontal steel brace extending at

right angles from the side of a building, and by a wire attached to the | 25°
building above the brace at an angle of 25¢ .If the force of gravity on the S
sign is 850 N, find the tension in the wire and the compression in the e
steel brace. ‘rlr;:;:::'
7. An object of 15 kg is suspended by two cords of lengths 7 cm and 25 em
24 c¢m, and these two cords are 25 cm apart. Find the tension in 0 w5 5
each cord. [Ans. The tensions of two cords are 141N and 41.3N] a B
24 cm 7cm
15kg
Warm Up

A ski chairlift is suspended between two towers that are 60 m apart horizontally. When the chairlift is
20m from one tower, the cable sags 1m.The chairlift is loaded with four skiers with a combined weight
of 250N (including the mass of the chair). What are the tensions on the two parts of the cable?

y = o 7 Le.t ure dlajram Le_ as ,ALe”eJ

8 a
im
) \ 77 ‘L’Au9=—53 'l:_ano(z_l_l"_o
-l _
& =tan (‘:";> x;t‘m '<—.l+_°‘

©=2.8¢° o = |.43°

USm Sine law
250N j ’

Sk 4.29°_ < @F.14-°

250 |?ﬂ =S R8.5%°

A

\-_\21 = 250 sm 8F.It° lﬁl: 250 sin 835%°
S §.29° Sin §.29°
7] 2333 [T.| =23+

" The. tensions on The two FMi—s 0{: the calble

are 3332 N and 3341 N g Hiedivection
og Pﬂe, uLles
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Practice Questions-Solutions

1. Two horses pull a load. The ropes between the horses and the load are at an angle of 80°
to each other. One horse pulls with a force of 200 N (newton), and the other with a force
of 270 N. Here is a diagram to illustrate the two forces. Calculate the resultant force.

2

r| =200” +270"-2(200)(270)cos(100°)

|f-| =363N

sin(0) sin(loo")
270 B 363

0=47°

2. A massof 500 kg is supported by two cables as illustrated. What is the tension in each
cable?

A

sin(65°) _sin(45°) _sin(30°)

4900 [T} T,

2

=50%0.9 N

T,

=3823N, |T,

-

500kg

- of -

Vector Diagram

3. Alawnmower is pushed across a lawn by applying a force of 95 N along the handle of the
mower. The handle makes an angle of 60.0° with the horizontal.

a. What are the horizontal and vertical components of the force?

b. The handle is lowered so that it makes an angle of 30.0° with the horizontal. What
are the horizontal and vertical components of the force? ?

X F_|= mgcos(0) |1T‘)| =mgsin(0) N
=95(9.8)c0s(60°) =05(9.8)sin(60) T | & ‘
= 48N =82N FX RN =
b) |IT| =mgcos(0) |1?}| = mgsin(0) »
=95(9-8)cos(30)  =95(9.8)sin(30)

= 82N = 48N



MCV4U 6.3 Modeling Force with Vectors

4. A 20-kg trunk is resting on a ramp inclined at an angle of 15°. Calculate the components

of force of gravity on the trunk that are parallel and perpendicular to the ramp.
Describe the physical consequences of each.

R -
=90x9.8xsin(15’)
=51N

=90x9.8xcos(15’)

=189N {5

Q

The parallel component points down the slope of the ramp. It
196 N tends to cause the trunk to slide down the slope. It is opposed
by the force of friction acting up the slope. The perpendicular
force diagram component presses the trunk against the ramp. The magnitude
of the force of friction is proportional to this component.

5. Using two ropes that make an angle of 30° to each other, Jack and Alex pull Bill in a
sleigh. Jack pulls with 240N force and Alex pulls with a force of 185N. Determine the
magnitude and direction of the equilibrant force.

|ﬁ| = \/2402 +185” -2(240)(185)cos150°

=410.8N
sin150° _sin0O
410.8 - 185
£0=13°

- E=410.8N makes an angle of 180°-13° =167° with the larger force

6. An advertising sign is supported by a horizontal steel brace extending at
right angles from the side of a building, and by a wire attached to the
building above the brace at an angle of 25¢. If the force of gravity on the sign
is 850 N, find the tension in the wire and the compression in the steel brace.

[Ans. The tension on the wire is 937.9N and the compression in the steel
brace is 396.4 N]

c0s25° = 8—|§9
t

lf|=937.98

tan25° = ﬂ
850

|| = 396.4N



MCV4U 6.3 Modeling Force with Vectors

7. An object of 15 kg is suspended by two cords of lengths 7 cm and 24 ¢m, and these two cords are
25 cm apart. Find the tension in each cord.[Ans. The tensions of two cords are 141N and 41.3N]

25 cm
a B
24 cm 7cm
- 15k
5.0 £
25 cm 0"~
y B
tl Y t2
24 cm 7 cm
B e
~au tl
73.7° .
v

Let 7, and 7, represent the tensions in both cords.
é=F =15kg x9.8N | kg = 147N
24% 4252 -7
2(25)24)  p=a~163° (AltL)
a~16.3° vy %~16.3° (Supp £)
77 +257-24"  p=73.7°(Supp £)

cosf =
2(7)25) sin16.3° _ sin90°

-~

p=T73.7° I 147
|6 ~ 413N

cosa =

sin73.7° N sin90°
L] o147
o] = 1417

.. The tensions of two cords are141N and 41.3N.



Velocity as a Vector

Velocity measures the direction and the rate of change in the position of an object.

e Velocity is a vector because it has both tud and __ divection .
e Air speed (water speed) is the speed of a plane (boat) relative to a person on board.

e Ground speed is the speed of a plane (boat) relative to a person on the ground and
includes the effect of wind (current).

Ex1: A boat with a forward velocity of 14 m/s is traveling across a river, directly towards the
opposite shore. At the same time, a current of 5 m/s carries the boat down the river.
(a) Determine the resultant velocity of the boat.

-\7;,= ve|°é'3[°{: 'H-'C-e. Loo,"; wih resrec't ‘,3 watey
€]

= l‘l-m)s

-\71 = Ve'OC.Ir'J O.F Nod?zv Nlu‘ I'CSFec't k 'H\? Curven't
= SM,S [S]

V:: Vo.locl"ﬁ o.f Loa'b NIH:\ Ye:rec{' ‘l.'o Cquen'L

|v! ,: \lll-l-zq-s" -L“he'z'_'i_
lvkl'_.: 9 O= ayi"(‘S‘_"T)

L Tl"e Yes“l'tah+ Veloc”'j
of lire boot is Mam|s [S7037]

6= 19%F
(b) Suppose the river was 100 m across, how long would it take for the boat to cross
the river?
v=d_
+
t-d
Vv
= 100
1L g
+t= 7%

Tt wll take Fus K cross the viver.

25



Ex2: Alex wishes to use a canoe to cross to the other side of a river, which is 30 m wide. The
river is flowing at 10 m/min and Alex can paddle at 20 m/min.

(a) If he points his canoe directly across the river (perpendicular to the bank), where
will he land? How long will the crossing take?

L;‘E:n/jinlne fhe ellsfw{‘;f-el al—Vt Meﬂf«l@ : __-4_
Ve - = 10
10 m/min _I:.__;g_ f\d-'ol:s) bﬂe’—-liz- :_:_li,

‘!:am 26.6 °=._A__

3
d= BOO[tom (‘tqu '(4,-)]
d =I5

Alex wll land 15 w1 dounstraom jcom the roin‘t divecth zeyoss
fvom s s‘\.‘pw‘l:wj fosrbéh'{nk,.j 1.5 min To do so.

(b) In what direction should he aim the canoe in order to land at a point directly
opposite his starting point? How long will it take to make this crossing?

Le’t Hi’e Q’gojram [ae, RS ’ONLCMQJ .

202=. 0¥ F/Tar-

SnG = 1003
Iv l:\lq-oo—loo 2%
b S=60°

[Val= 1035
kel

v
t_-320
lovZ
E=J7

. Alex .SLouLJ head ot so* s the ],Mk " ﬂ;—e_ el(Yec:tlD'V\
he \.5 lﬂeaJl'lj. H: Hl” tﬁke- th 1. F2 mun.
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Ex3 : (a) Fiona heads straight out across a stream flowing at 2 km/hr. She can row at
3.5 km/hr in still water. Determine her resultant velocity.

et ‘\-/; be e Y‘es«.aH:an‘b Ve-loéjtfj .
3.5 km/h

|'\7Rr'= 3.5% 2%
I—/,;:e V2] = 1e28

V.| =4 .02

. Fionas resultant
&= t" 3'5) / ve_loc'da is 4.ozkmh
at e03° I ﬂ?e bank .

(b) Suppose Fiona needs to land on the bank directly opposite her starting position.
Which direction would she have to steer and what would be her resultant velocity?

Let fre allajraw' be as IqLe“QJ.

CosO= 2 V| = 35227
&= c;os"(_;?_s_ |V;|: \JE
S=552° [Vel 2 227

N F;ona. mus't L\e&J 5572° + "t\e. Lan\( . Hev
Vesultont velsaily is 2:8% kmfh.
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Ex.4 : A small aircraft is flying on a heading [N 30° W] at a constant speed of 150 km/h. The
wind is blowing from 5° south of west with a speed of 40 km/h. Determine the actual
speed and direction of the aircraft relative to the ground

N het ‘\-/; be the resultant Velcc.lig-
usm Ccsme. |aw:
)

[vkr= 4o +150" - 2 (#9)(150)ces 65"

Va

Vel = 127944 ...

Vel = 138

- Using sine ,GQ,

Sllf.i 6_5: = sinS
1 2F QY. .. Yo

©= Sl.n-‘ (io smE5 ')
13F 944 -

B=152°
=30 15.2°

“L=143°

-“:le. VounJ e.e,al o ‘l'ke, w\'fcm-H: s 13% kMJL
amclaﬂ\e e'lj \on i Nigs*W.
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Ex5 : A pilot wishes to fly from Toronto to Montreal a distance of 500 km on a heading of
[N 75° E]. The airspeed of the plane is 550 km/h. An 80 km/h wind is blowing from

[N 55° W].
a) What heading should the pilot take to reach his destination?

b) What will be the speed of the plane relative to the ground?(groundspeed)

c¢) How long will the trip take?
) Usmﬂ sihe |ow,

V,| =80 km/h Shib =
V| =550 km/h o= sin"@x;_oso")
\7R =9 &=6329°
. X =FE5°—-6-39°
— e <=¢3.6"
T"“’““’T  this i wheré you want to end up! o The F"ot should head

i the divection o{l Né3-6E.

b) Usu\a Cosine ,owo,
[V~ 550"+80-2(550)(@0)ces (55°+Cv ¢

|V = 598
.. The svouncl sPe.eJ s 543 km, h -

C) ‘t:._:!s_

't:- 500
59%4...

t=023¢ h

t= 50.2| mn

.. The triP will take 50.2 mmn.
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Exit Card!
A light plane is travelling at 175 km/h on a heading of [N8'E] encounters a wind of

40 km/hr from [N80 E]. Determine the plane’s ground velocity.

Let "k'e. chdjrqm Le. as laLe“ecl .

Wrr-- bo + 175 = 249 (175)ces 72°

|QL$%?

SInE - sihF2°
Ho 67

&= sin™ ko sn’n#&")
16

6—=13.2°
{=13.2°—¢°
o{=512°

" The SvounJ ve_locfﬁ IS ~|6F km/l—. in the divection
o_(, N52°W .
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Practice on Velocity as Vectors

1.

Chris is hoping to catch a connecting flight, and time is short. He must cover a distance of

800 m to his next gate in 6 min . Fortunately, a moving walkway extends from gate to

gate, going 40 m/min .

a) If the walkway is going in the same direction as he is, how fast must he walk on it to
make his flight?

b) If he gets on the walkway and then realizes it is going in the opposite direction, how
fast must he walk on it to get to the gate on time?

Thieves are fleeing in a stolen boat travelling at 30 km/h due west. A police boat is sent to
catch them. When the stolen boat is 3 km due north of the police, the police set out at a
speed of

40 km/h .

a) In what direction must the police head in order to intercept the thieves?

b) When will the interception occur?

An airplane which flies at 200 km/h is headed due north. A wind is blowing due east at
40 km/h.

a) What is the magnitude and direction of the plane's velocity relative to the ground?
b) After flying for 90 minutes under these conditions, what is the location of the plane?

An airplane is flying at 150 km/h at a heading of W 10° N. When it lands 2 hours later, its
location is 275 km from the starting point, at a heading of W 20° N. What is the
magnitude and direction of the wind velocity?

A pilot is planning his flight to an airport which is 400 km southeast of his starting
location. His plane flies at 250 km/h but a wind of 20 km/h is blowing from the
southwest.

a) What heading should he choose for the plane?

b) How long will the journey take?

. Alex wishes to use a canoe to cross to the other side of a river which is 30 m wide. The

river is flowing at 10 m/min and Alex can paddle at 20 m/min. Her goal is a dock which is
6 m downstream from a point directly opposite her starting point. In what direction
should she aim her canoe? How long will it take to make this crossing?

Answers

1.a) 93.3 m/min b) 173.3 m/min

2.a) [N 48.60 W] b) 6.8 minutes

3.a) 203.9 km/h [N 11.3° E] b) 305.9 km [N 11.3¢ E] from starting point.
4. 28.0 km/h [E 48.5° N]

5. a) [E 49.60 S] b) 1 hour, 36 minutes

6. 720 upstream from the bank, 1.6 min
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Velocity as a Vector-Partial Solutions
1. There is no solution provided for this question.

2. a)

sin(9)=i—$

3

4
0=48.6°

The police should head in a direction [N 48.6° W].
b)

tan(())=3T0t

tan(48.6°) =10t
t=0.113h or 6.8 min
1. The interception will occur after 6.8 minutes.

3. There is no solution provided for this question.

4. Let O be the angle formed between the wind velocity E and the

aircraft's velocity. Let v be the resultant velocity. Then
M = ? =137.5 km /h, with a direction of [W 20° N], as shown in the
diagram.

Applying the cosine law,

‘ﬁ " =150° +137.5% - 2(150)(137.5) cos (10°)

‘ﬁ‘i28m/s

Using the sine law, sin(@) sin (1 00)

137.5 28
137.5sin(10°
sin(0) = 37-5%n(10")
28
0=58.5°

Therefore, the wind velocity is 28 m/s [E 48.5° N].

5. There is no solution provided for this question.



Let t be the time for the entire crossing. Let 0 be the angle that her boat makes with
the perpendicular to the current when it is launched.

in(0)= > _ x =20tsin (0
sin(0) 20t_)X 20tsin(0)
Xx+6=10t >6=10t-Xx

6=10t-20tsin(0) (1)
cos@=32 _, 30 =20tcos(0) (2)
20t

5x(1): 30 =50t-100tsin(0) 3)
sub. (2) into (3):20tcos(0)=50t-100tsin(0)
2cos(0)=5-10sin(0)

raise both sides to the power of two:
4cos”(0)=25-100sin(0)+100sin*(0)
4(1-sin®(0))=25-100sin(0)+100sin*(0)
104sin”*(0)-100sin(0)+21=0

sin(0) =0.3098 and 0 ~18°.

a=90°-18° =72°

3

P ~ 1.6 minutes.
2cos(1 )

30=20tcos(0) > t=



Exit Card!
A light plane is travelling at 175 km/h on a heading of [N8'E] encounters a wind of

40 km/hr from [N80 E]. Determine the plane’s ground velocity.

Let "k'e. chdjrqm Le. as laLe“ecl .

Wrr-- bo + 175 = 249 (175)ces 72°

|QL$%?

SInE - sihF2°
Ho 67

&= sin™ ko sn’n#&")
16

6—=13.2°
{=13.2°—¢°
o{=512°

" The SvounJ ve_locfﬁ IS ~|6F km/l—. in the divection
o_(, N52°W .
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Warm-Up

1. A plane is steering [N25°W] at an airspeed of 325 km/hr. The wind is from [N40°E] at
90 km/hr. Find the ground speed of the plane and its course, [298 km/h [N40.9W]]

Let |V] be Yhe ground speed.
325 km/h IV]*= (ao)'+ (zam)"- 2 (a0)(335) cos 65°

[V| = 298.3311472
l'm: a0 km/h

sin o _ _SinG®
0 N9.3317473F

o« =(59°

Direchon = 159° +25°
=4049°

= The grbund speed is approx. 248 km/h in
a direchon of [N 409°w].

2. A plane is heading [S70°W] with a ground speed of 625 km/hr. If the pilot is steering
west at an airspeed of 665km/hr, what must be the wind speed and wind direction.

[227 km/h [S20°E]]
B 665 km/h IW la < (6653 + (625\)3' QCGGSX‘)QS) s 300
=K | £ 2% 443413
W 30°
|V|= 635 km/\ _
sina _ sindp°
035 ~ a}.4434139
o = 70.1° =~ The wind speed 1S
Direction = A0°-70.1° approx. AT km/h in
= 19.9° dhe divection of [S |2.9° E]
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3. Ariver is 2 km wide and flows at 6 km/hr. A motor boat that has a speed of 20 km/hr in
still water heads out from one bank perpendicular to the current. A marina lies directly
across the river on the opposite bank.

a) How far downstream f ram the marina will the boat reach the other bank? [0.6 km
downstream]

b) How long will it take? [6 minutes]

6!35;/}; ®) let x be the distance downstream
y 20 ZM Q &« distance
wmd  ewn| /3 tn = ¢ tan6 = 72'
6’ = '43.3" X= tan 73.3°
X=0.b

. The. baat will be approx. 0.6km downsiream.

D 1ok R be +he resultant vector
dstoe: |RI= G+ (0.6)
|Rl=a.09 += 20
=0.1h
a a = € min
speed: [RI'=Go) (0 1+ will fake € min-
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CARTESIAN VECTORS

A vector can be identified as a Cartesian Vector if its endpoints can be defined using Cartesian

Coordinates.

A
To write a geometric vector v in Cartesian form, you need fo use
trigonometry. The magnitude of the horizontal component is |V|cos®, 1 4
|¥|sind v
angle ¥ makes with the horizontal, or the positive x-axis. Thus, o

Note: & =+an _IV_IM>  151cos6 x

Vios&

and the magnitude of the vertical component is |¥|sinf, where 6 is the

v = [|V|cosb, |¥|sind].

Example 1. Write a force of 300N at 30° to the horizontal in Cartesian form.

let F o the fore  F= dﬁ\coSG, |ﬁ-\s]n65
= (300 ws30, 300 sin 30°) -
= 'W\e.'("brce. in on
(103, 150) form is (143, 15D) .

Example 2. A ship’s course is set to travel at 45 km/h, relative to the water, on a heading of 030°.
A current of 10 km/h is flowing from a bearing of 140°.

a) Werite each vector as a Cartesian vector.
b) Determine the resultant velocity of the ship.

o) 9 - :
> Lot S ke the velatdy, of Lot € ke +he valo
> ¥/ > the SSh‘P ety 130° of “he current “
(4 X
— A5 350, 45 5 i) Mo” 2= (1o ws I3, 10sin130)
= (%, qsr) < = 6.43,7.66)
Bt 2 Le,-mbe%emnwvdou%\a
R s+C
3 = (450360, 45 sin 60°) +(10 cos 137,10 5in 120°)

< -"=<l!a.|,L|6.6>

YRR 5 =~ The ship is vavelli

1R| =,\](|6.l)°+0%.6)3 Bear'm%= +an <‘lb > o q:.;Pk:%“\_va br:gﬁ%

=493 = 012.1°

of D19.1°



Velocity, Forces, and Cross Product

1. The resultant of P and Q is a force, F is 80N [N70°E] and P is 25N [E]. Find the
magnitude and direction of Q [57.15N [N61.1°E]]

=%°N L.e;l’ ke diagram be as |qLe,“e-=l-

% Us»ﬂ Coslj;\a law :
7]

=asN |a]2.-.-. 8o™p 25 —2(80)(35)ces 20°

ae_ 5%2

Fln-l avljle e : 801-‘* 252-l‘ 5?-22— 2(3.'5}(5?")5"56'
No‘['el‘. li-tjou\ use Swne lows e; oos_] 80’-—251—' 572’. '<=151 ‘lo—qoo

ou wu lv(cl on le - .
Y&\v&l‘. and :‘\:H{en ‘59\4 [38' e 2("';)(‘5:"1 o= G).] °‘
aoid ambiguonts Case o g5 | © . moqmitude 15 572N

The lonJcs'l: side must be opposife e |axges divechion is NELI°E

andle

2. A particle of mass 11 kg is suspended from a horizontal ceiling by cords from two points A
and B on a horizontal ceiling such that AB = 2 m. The length of the cords are 1.6 m and 1.1
m. Calculate the tension in each cord. [90.31N and 65.1N]

2m

USlnj Cosine lam,
R

2 2@
Cos ol = [l =1.6=a*

Force = ll'ﬁ X 3-*”}52 "‘:G.€>(3)
= 107.€ N <= 33.3°
4 1t = 122 () @)ees B
10¥.3N p=53.0"
%, |
us'hj Sine IQLQ, Sin 853“____. Sih sg?b
N 0% [E]
SinB€-2 ' sin 3F° ,
lo¥.3 1B [.E’,lz Q0.3
= - . The fensiens are 65.0 N ond
l-l:'l':'.és'o 90.2N 1h ke

dwechon of fhe
LIres .



3. Aplane has a velocity of 450 km/h [N17°E]. The wind is 75 km/h from [N30°W]. Find
the ground velocity of the plane.[ 402.6 km/h [N24.83°E]]

Le‘l’ ﬂi'e, jroune) Ve}oc:lfj O:F l‘ke. Plane. Be, 3 .
lﬁ‘]’; “I'SOz-l‘?S'z—;zﬁ.s@(;s)ms e

I_j_s] = H02.604
15‘] = 403

USIHJ Sine }aw :
—Sw‘s = Sin H ©
5 Ho3

SnB = FEsin4z°
ho3 ". The ground \re,locllij Is

©=¥83° nozkm|h on a lneamvs og a4.R°
- ° ® or mHhe direction O:F
Benry = %75t )
= .8

4. A force of 25 N makes an angle of 37° with a force of 32N. Find the magnitude of the
equilibrant and the angle it makes with respect to the 32N force. [54.1 N 16.15°]

Le?l' #Té Y‘éSu/fant Jfovce. Ae E;

asN _3;'-’1\/
- R
4_/5——-35%\\ Using cosme Jaw :
37° 32 — °
T [R]*= 252+32%—2(a5)(32)ces 143
K| = 5%.1
Mslr:j Sihe Jass :
sm< = sm 43’ 6“?]8’0 _é,
32 Teml ks
‘(:— -20853' o ‘”;e ev‘,},quh‘tJ‘.orct is 54.N
= 33F%20 .85 and makes an Gr:j’e OJC 163.85 °
f_?, = Iéo]so pln'\' ”‘—e 32" 'n e Counh-v cluka.a:sb

direction .



5. Ifd=[1,2,4]and b=[2, -3, 1] find A.[fi=

a‘ X-E-T-" ['l:l—q’] X [a.'-.sl‘]

= [a-12,-3—1,-2-4]

= [-10,-9,-%] g -3 '>§1>§“3 xf

laxf] = \I(-lcba'-l*[-‘bl'l'(-?)" let /Y\\ be a un)}' veclor-
=230

1
\/23—0[_107_97_7] ]

N
Nn = —“O ’ "‘?‘
\]230 230 \|130
6. Given (1, 2, 3), B(3, -1, —2), and C(4, -1, —1).

a. Find D such that ABCD is a parallelogram.
b. Find the area of AABC. [4.09 units2 ]

@ A D BR= OA-0B
/ / B_A) = [1a2l-[2-2)
2 <  BA= Ea3,5]
?A=C_—>D A=Y{=-2 utl=3> Z+1=5
5:0—]3_0-—5 / X=2 “5:2 Z=4

E‘-Q.3.5] = [x,!j,z__\ - I:H-.-I,-ll » D@,a,@

[2,2,5]= ["-"-1-,3+|,2-+|]

b BA=[-2,3,5] B =[1,00]

Area. of ARBC = /E‘\XB—C:} = 31’;?2""('35.
po
= |["2,3,5] x[lloll]| = ﬂ
£ 255202 f s %
R 1 %o = 3;?';-:” = 4,09

. 2
. Area Is #.09 unike



7. Given a =[1, -1, —2], b= [2, -3, -2], and ¢ = [3, -2, 4]. Find the volume of a
parallelepiped whose sides are represented by the given vectors.

=
volume = |2.b xZ‘|

= ‘ [1.-1,-2]. E:z,—s,-z] X [3a‘2:""]|

_ | [‘.-1,-2,:]. [13—*,—6+%,-—*r+?]|

= | [-‘n"a-‘zj°[?’i15]|/ = I-“|.|
-D =22 422 =3
—z‘a—*’gs’?’-zﬁ = | g-2-10| =4

N -
. volume Is 4 uml’s



MCV4UZ Relax...Review

. Alice pulls the handle of a wagon with a force of 200N. If the handle forms a 43° angle
with the vertical, what is the horizontal component of this force?

. While camping in northern regions at night, people often keep food out of the reach of
animals by hanging it between two trees. If a food bag weighing 435 N is tied between
two trees 6 m apart by two ropes that are 4 m and 5 m long (after tying) find the
tension in each rope.

. Apilot in an airplane with an airspeed of 625 km/h wishes to fly a city 1500 km due
east. There is a wind blowing from [N 25° E] at a speed of 70 km/h.

a) In what heading should the pilot steer?
b) What will be the groundspeed of the airplane?
c) How long will the trip take?

. A boat crosses a river and arrives at a point directly across from its starting point. The
boat can travel at 3.5 m/s and the current is 1.2 m/s. If the river is 450 m wide at the
crossing point how long will it take to cross and in what direction must the boat steer?

. Suppose 2000 J of work is done by pulling a toboggan 260 m by a force applied at an
angle of 40° with the horizontal. What is the magnitude of the pulling force?

. Consider the points A(1, 0, 2), B(2, 0, 1), C(3, 2, -1) . If a force of 10N acts in the

direction of [1’ L _1] to move an object from A to B, and distance is measured in meters,

how much work is done?

. An airplane pilot checks her instruments and finds that the speed of the plane relative to
the air is 325 km/h. The instruments also show that the plane is pointed in a direction
[N30°W]. A radio report indicates that the wind velocity is 80 km/h blowing from [E
25° N]. What is the velocity of the plane relative to the ground as it is recorded by an air
traffic controller in a nearby airport?

. Alarge cruise boat is moving at 15 km/h [E25°S] relative to the water. A person jogging
on the ship moves across the ship in a northerly direction at 6 km/h. What is the
velocity of the jogger relative to the water?

. A plane is seen to travel in a direction [N55°E]. If its ground velocity was 300 km/h and
the wind was blowing 50 km/h from [N45°W], what was the plane’s velocity relative to
the air?



MCV4UZ Relax...Review

10. An object weighing 20 kg is suspended by two wires of equal length 50 cm. How far
apart must they be attached to the surface above so that the force on each is 150 N?

11. Two vectors, ; and I; ,of magnitude 3 and 5, respectively, make an angle of 57° with each

other. Determine the magnitude and direction of b-a .( Round your answer to one
decimal place) [3 marks]
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1.

MCV4UE

Relax...Review

|fy| = |f‘| cos47°
=200c0s47"
=136.4N

Alice pulls the handle of a wagon with a force of 200N. If the handle forms a 43° angle
with the vertical, what is the horizontal component of this force?

F
e

2. While camping in northern regions at night, people often keep food out of the reach of

2

2

6°+4°-5
cosf=—F 2
2(6)(4)
0=56°
2+52_42
cosa=——
2(6)(5)
a=41°

sing7° sin34° sing9°
435 T- T,

T.|=330.8 N, |T:|=245.1N

animals by hanging it between two trees. If a food bag weighing 435 N is tied between
two trees 6 m apart by two ropes that are 4 m and 5 m long (after tying) find the
tension in each rope.

435N



MCV4UE Relax...Review

3. Anpilot in an airplane with an airspeed of 625 km/h wishes to fly a city 1500 km due
east. There is a wind blowing from [N 25° E] at a speed of 70 km/h.

a) In what heading should the pilot steer?
b) What will be the groundspeed of the airplane?
c) How long will the trip take?

;air = 625 M/h
d =1500km
|\7wind| =70 km /h

sin115° _sin0O

a)

625 70
0=5.8°

o

sin59.2° _sini115
R e

b)

|§| =592.3km/h

c) t= ﬂ
A%
= 1500
592.3



MCV4UE Relax...Review
. A boat crosses a river and arrives at a point directly across from its starting point. The

boat can travel at 3.5 m/s and the current is 1.2 m/s. If the river is 450 m wide at the
crossing point how long will it take to cross and in what direction must the boat steer?

. ( 1.2}
O=cos™| —
1.2m/s 35
0=70°
> Dl _ 2 _ 2
2] |R| =3.52-1.2
R |ﬁ| =3.3m/s
t=—
A
t= 450 _ 136s
33

. Suppose 2000 J of work is done by pulling a toboggan 260 m by a force applied at an
angle of 40° with the horizontal. What is the magnitude of the pulling force?

W=|13||a|cos(6)
2000 = |F|(260)cos(40°)

|f‘| =10.04N

. Consider the points A(1, 0, 2), B(2, 0, 1), C(3, 2, -1) . If a force of 10N acts in the
direction of [1, 1, —1] to move an object from A to B, and distance is measured in meters,

how much work is done?
F= k[1,1,-1]
|13| =ky1+12+(-1)?

1o=k(\/§)—>k=10\/E

3

F. = 10:;/5 [1, 1,-1]




MCV4UE

Relax...Review

7. An airplane pilot checks her instruments and finds that the speed of the plane relative to
the air is 325 km/h. The instruments also show that the plane is pointed in a direction
[N30°W]. A radio report indicates that the wind velocity is 80 km/h blowing from [E
25° N]. What is the velocity of the plane relative to the ground as it is recorded by an air
traffic controller in a nearby airport?

v

|€w| = \/3252 +807%-2(325)(80)cos(95°)
=341.1km/h
sin(a) _sin(95°)
8o 341.4
| Bosin(95")
3414

sin(a

a=13.5°
. Vg =341.4 km /h [N43.5°W]

8. Alarge cruise boat is moving at 15 km/h [E25°S] relative to the water. A person jogging
on the ship moves across the ship in a northerly direction at 6 km/h. What is the
velocity of the jogger relative to the water?

n

25Uﬁ

Vh

15km/h

VR

65°| Ve

6km/h

Ve

= \[62 +15°-2(6)(15)cos(65°)
=13.6km /h
sin(a) _sin(65")
6 13.6
_ 6sin(65°)
13.6

sin(a)

a=23.6°
0=25°-23.6°
=1.4°
.V =13.6 km / h [E1.4°S]



MCV4UE Relax...Review
9. A plane is seen to travel in a direction [N55°E]. If its ground velocity was 300 km/h and

the wind was blowing 50 km/h from [N45°W], what was the plane’s velocity relative to
the air?

|‘7h| = \fgooz +50%-2(300)(50)cos(80°)
=295.4km /h
sin(a) sin(80°)
50  295.4
_ 50sin(80°)
~ 205.4

sin(a)

a=9.6°
0=55°-9.6°
=45.4°
"V, =295.4 km / h [N45.4°E]

v

10. An object weighing 20 kg is suspended by two wires of equal length 50 cm. How far
apart must they be attached to the surface above so that the force on each is 150 N?

FETISNEN IS NI IS IIEISNIZERNIT RSN TSNS l 50

196 260
150
196 N
\J
cos(20) = 150° +150° -196
2X150 %150
20 =81.6°
0=40.8°

c0s(40.8°) = x
50

x=37.85
2X =175.7



MCV4UE Relax...Review

11. Two vectors, d and b ,of magnitude 3 and 5, respectively, make an angle of 57° with each

other. Determine the magnitude and direction of b-d .( Round your answer to one
decimal place) [3 marks]

beaf- o

|B - 5| = 4.2 units

2 |-
+ja

"L 2(|B||5|)c0s57°

sina _ sin57°
3 4.2

~.b-a=4.2 units 36.8° to a away from b

- /Za=36.8°



