
































5-3 : Warm - Up

!1! Find the intersection :

a)# : 2x +5g +32=1 and lz : n¥=yt2 =3

b)I
, :3x+5y +2-2=-4 and lz : X÷= y+2= ÷



Warm - Up Solutions

la) l :X - 2++3 sub linton, :

y=t -2
z= -3T 2(2t+3)t5Lt-21+31-3+1=1

4++6+5+-10-

9¥t=5 false statement

:.l&IareX& distinct

b) l:X=2tt3

y=t -2 sublintolt
,
:

2=-3+312++3
)t5Lt2)t2t3t)= -4

6++9+5+-10 - 6t= -4

5t= -3

t= -35

X=2f})+3 y=t3⇒-2 2=-31-1 )
= -6=+3 =-11=955=95

: . the pt - of intersection is (of , -13g ,§) .
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D=lprojn.PT/--lP.Tz..rTI
It

=/PIE .cm?xm--D1
Tim

HII

PTI [2,51/1] - C- 1,2 ,-8]

= [3,3 , 19]

F-=IxI
= [-3,1/2]×[1,2/3]
= [3 - 4,2+9 ,-6-D

= f- 1,11 ,
-F]

d-yp.I.int ,
✓

=

-
= 103

151 3519

=[3,3,l9].G1i11s-F# F.88 units
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The Distance between a Point and a Plane in R3 

 
Distance from a Point to a Plane 

 
 
Proof: 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example: Find the shortest distance between the plane 4x + 2y + z – 16 = 0 and each point.  
 
a) P(10,3,-8)        b) B(2,2,4) 
 
 
 
 
 
 
 
 
 
 
Distance between Two Planes 

 

Distance between two parallel planes with equations 1

2

Ax + By + Cz + D = 0

Ax + By + Cz + D = 0
   is: 1 2

2 2 2

D - D
d =

A + B + C
  

 
Example:  Find the shortest distance between the planes with equations 3x – 4y + 5z -10 = 0      

and 6x – 8y + 10z – 10 = 0.  
 
 
 
 

The distance from a point 1 1 1( , , )Q x y z to the plane 0 ��� DCzByAx  is 
222

111

CBA

DCzByAx
d

��

���
 . 

10

*gtfo

D= lprojnpoay
= IPI.TT
in

=⇐i-Xo,y,-yo,Z,-Zo]o[A,Bi
TATE

=

Axi-AXo-Bg-Byotcz.CZ#TAtBFc
=A×i+Bu¥¥ay⇒/=IAIIE.tt#Lld=/Ax,tBy,tCZitDl-

d=/AxitBy,tCZi
TATE TATE

=I4%¥¥ifs =t4¥¥¥
= 22

= 0

521

3.X - Hy-152--10=0 ¥ Ex- 8y-11oz -20=0

d=lDi-Dz1T÷÷÷÷÷f÷E÷÷ # ⇐ units@

I 1

I 1

I 1

IT ,
:
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          Exit Card! 
1) Determine the value(s) of k for which the planes x - 2y + z + k = 0an2 + 2zd x - 2y = k - 2 have a 

distance of 8 units. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2) The shortest distance between the skew lines
ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼
ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼

x, y, z = 1, 1, K + t 2,-1, 1  ; t R

x, y, z = 0, 0, 2 + s 3, 1, 2 ;s R

∈

∈
 is 35 units . 

Find the value(s) of K . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

11

TALLIT

D ,=K X-2yt2Z - CK-27=0
F- = C ,-2,2] D= - CK - 2)
Nj = [I , -2,2]
- in;=nT
-

'

. Planes are parallel
d=/Di-D#
TAFE

8=lktk
FETE

¥÷÷. - -

F- [2-1,1]×13 ,
, ,2]

RPT = G. 1. K-2]

= [-2-1,3-4,21-3]
= C-3

,
-1,5]

D= Iprojnp.FI/--lP,pT.nT
It

fzst-lf.l.k-27.C-3i-l.SI#raEsT35=-3-l-5k-to-l
TE

35=1 5k - 141

5k - 14=135

5k- 14=35 or 5k - 14=-35
5k -_ 49 5k = - 21 @
1k=4IT/ 1kzT-
-



      Exit Card #3! 

Name:__________________                                                                 Mark:      /10 

1. Determine the value(s) of k if the angle between the planes with equation 3x+z- 5 = 0 and 

kx+2 3 z+10 = 0 is 
π
6

.e 

 

 

 

 

 

 

 

 

 

 

 

2. The distance from P(3, - 3, 1) to the plane with equation Ax - 2y +6z = 0  is 3. Determine all 
possible value(s) of A for which this is true.e 

 

 

 

 

 

 

 

 

 

 

 

 

� �

� �� �
ª º ª º§ · ¬ ¼ ¬ ¼

¨ ¸
© ¹

1 2

1 2

2

2

n •ncos θ =
n n

3,0,1 • k,0,2 3πcos =
6 2 k +12

3 3k +2 3=
2 2 k +12

3
2

3
=

� �k +2

2 2

2

2 2

k +12

k +12 = k +2 (k >-2)

k +12 = k +4k +4
8 = 4k

k = 2

 ª º¬ ¼

x

xª º ª º¬ ¼ ¬ ¼

PQ
n

2

2

P = (3,-3,1) Q = (0,0,0) & n A,-2,6

PQ n
Proj =

n

3,-3,1 A,-2,6
3 =

A + 4 + 36

3 A + 40 = 3A + 6 + 6

3 2A + 40 = 3 � z
2 2

A + 4 A A -4

A + 40 = A + 8A + 16
24 = 8A

A = 3

; ,



5-4 Warm - Up

!1! Find the distance from the point Q (1,3 , -2) and the plane

4x- y - -2+6=0 .

!2! Find the distance between the lines ,
if possible:

l, :F= ( 2.1 , 0) tt ( l , -1,1) , tea

lz : D= (3,0 , - 1) + s (2.3 , - 1) ,
S ER



Warm - Up Solutions

① Pt . on plane : Let x=l , y =L

4 - I - 2+6=0 PI -- [0,2 ,

- It]
2=9

D= 1150-5-1 or D= I 44) - (3) - L-2) +61
Int T

-40,2 .

- ID . C 4
,
- I

, -131
(4)2 t (4)HHT

# =/4-3+2-161(4)2+ L-DIGIT ¥
=¥z fzor 2.12 u =¥ or 2.12u

②at-3¥I

p.tz-cz.o.tl
- C2.1.07

D= [1-3,2+1,3+2] = [ I
,
- I
,

- I]

=L -2,3 ,
5]

lprojnP.PT/=/PTPznjI/=Cl
,

- I
,

- Doc-2,315]

FEET
=L-2-3-51
Trs

=
10

Fg
I 1.62 u



Intersection of Two Planes 
 
There are three ways for 2 planes to interact in 3-space. 
 
 
 
 
 
 
 
 
 
 
 
 
x The planes are parallel and distinct or coincident iff (if and only if) the normals are collinear 

(scalar multiples). 
x The planes intersect iff the normals are not collinear. 

 
Examples: Investigate the intersection of the planes and find the equation of the line of 

 intersection if applicable. 
 

1)  1

2

π
π

: 4x - 5y - 2z -1= 0
: x - y - 2z = 0

 

 
 
 
 
 
 
 
 
 
2) π1: x+2y +3z-6= 0  

    π2: 4x+8y +12z = 25  

 

 

 

 

 

x 

y 

z 

O 

Parallel and distinct 

(no intersection) 

x 

y 

z 

O 

Intersect in a line 

O 

Parallel and coincident 

(intersect at every point)   

x 

y 

z 

12

Lint nnT m→=nTxn
D. = kDa

set y=o
in both equations :

= [4 ,-5, -2] 4 - 5 -2 4 - 5 -2 4×-22=1 -①I
- 1*-2*1*-1 K x - 2z=o -② Sub 1h20 :

TELL , - I , -2] ① -② : -22=-1

HT# kn→z⇒2 planes are not parallel 312=1 I z=¥①
m→=nTxnT x
m→= Go-2 , -2+8, -4+5]

i. The equation of the line of intersection is :m→=[8,6 , D r→=↳ .co.tz]tt[8.6,1] , TER

hT=G ,2,3] D ,
= -6

nz→=[418,12] DE -25=44,213]
D ,#Dz

n7=4nT

-
i. The 2 planes are parallel and distinct.

AXI-Bytczt.D-OF.EE#ltaD.k
ñn=n→xña

(Note: can set y=oo_r

Method ① :
✗=D of -2=0 )

www.kttn4D ,



Method ② :

Step① : Check for parallel planes (if not specified)
ti
,
= (4 ,-5,-2] F-2=4 ,- I,-2] .

.

. Az t Knt .

.

.
2 planes are not parallel

step② : Use elimination to solve :

4×75ft 22¥
-

I }
2 equations with 3 unknowns
↳ solution will not be unique but a line
of intersection involving one parameter.Eliminate x : Eliminate y :

① - 4×20 : - y -16Z
-1=0 ①- 5×20 : -Xt8 z - 1=0

y = 6z
- l

X = 8Z - I

step③ : Assign a variable to be the parameter

Let z -- t
, TERI ( the parameter)

. : the parametric equations of the line of intersection are :
x= 8t- I

y= Gt - I ,
where tEIR

z = t

Note: Direction vector is 18,6 , I] which can be found using in , x Tiz
Fi XF
,
= 14,-5, -D X f ,-1,2] ( line of intersection of the planes lie in

= (8,6 , I] ← at
each plane , so d- is he to ri , and nj )



3) π1:
­
°
®
°
¯

x = -4+ s
y = s+ 3t
z = -s - 2t

  π2: 
­
°
®
°
¯

x = 8+6u +2v
y = 3u +5v
z = u - v
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F'= £4,0 ,o]ts[1,1 , -Dtt [0,3-2] ,s,tElR r→=[go,o]tu[6,3 ,DtV[2,5.-D , U.VE/R

n→=[1,1 , - i]x[0,3,-2]
'd ' ¥

n→z=[6,3, ,]×[2,5 ,

-D 6 3 1 63 I

h→= [-2+3,0-12,3-0] $ 5¥ , 2*5 -f
h→=G

, 2,3] hT= [-3-5,21-6,30-6]

nT=f8
, 8,24]

IT
,
: Xt2yt3ZtD=0 nj 8ft , 1,3] Point (8,0 , o)

sub C-4.0,0) :

-4+13=0
D= 4

-
i. IT

,
:t⇒t3zt4=-z : -Xtyt3Zt8

m→=nTxnI 4, 3*3*1 ,# §
=L , 2.3)Xfl , 1,3]

= [6 -3, -3-3,1+2]

= [3 , -6,3]

= 311
,
-2

,
I]

Sub z=o in IT
,
d Tk :

Xt2y=
- 4 - ①

-xty= - 8
-②

① +② :3y= - 12

y=
-4

Sub in ① :

X-12C- 4)= - 4
X= -4+8

21=4

i. The equation of the line of intersection is :
r→=[4 , -4,0]ttE .

-2.D. TER

- ooo - -

to •_•- É• Egf

method ① :

• . -

• - - • - -

method ② :

- I • I - D8
I Let z=t :

the - Ty : ✗+2g +31-+4=0
- T↳:X- y -31--8=0

IT
,
-Is : 34+61-1-12=0

y= -21--4• at oo

to 1-4+2011-2 : 3×-31--12=0
✗ =t+4

7

i.The parametric equations of
the line are:

x=t+4

If y= -21--4
>
TER

2-=t



Special Cases 

 Two planes are perpendicular iff  _________ 

 

 

 

 

 

 

 

 

 

 Two planes are parallel  iff  _________________ 

 

 

 

 

 

 

 

 

Angle between two planes: 

The angle between two planes is the same as angle between their normals! 

 

 

 

 

             

 

 

1 2

1 2

n •n
cosθ=

n n

14

rt
'

.no?=onT=kn?



Angle between a line and a plane       

 

 

Ex. Line ℓ with equation > @ > @ �Rr = 5,-1,4 + t 2,-2,0 ,t  intersects the plane a aπ: x+z=5 +4 at an 

angle of 
 

6
S

.Find the value of a, where a  is a positive constant 

 

Practice 

1. Determine the intersection of the planes 𝜋1:  6𝑥 - 3𝑦 + 12𝑧 = 9 and 𝜋2: 4𝑥 - 2𝑦 + 8𝑧 = 6 if it 
exists. If it does, determine the acute angle between the two planes. 
  
2. Determine the intersection of the planes 𝜋1:  𝑥 + 3𝑦 + 𝑧 = 2 and 𝜋2:  2𝑥 + 𝑦 - 𝑧 = -1 if it exists.  
If it does, determine the acute angle between the two planes.  
 
3. Find the intersection of 𝜋1:  2𝑥 + 𝑦 + 3𝑧 = -7 and 𝜋2 :𝑥 - 𝑦+ 𝑧 = -5 by using the cross product of 
the two normal vectors to find a direction vector of the line.  When finding your point, set x=0 in 
both equations and solve for y and z. 
  
   
4. The planes with equations 𝜋1:  3𝑥 - 5𝑦 + 2𝑧 = 1 and 𝜋2:  3𝑥 - 5𝑦 + 2𝑧 = 𝑘 are parallel 𝑘є𝑹. 
a. A line intersects 𝜋1 perpendicularly at the point (2, 1, 0), where does it intersect 𝜋2? 
b. Find all values of k for which the distance between the planes equals 3.  
 
 
 
 
 
 
 
 
 
 

n • m
cos =

n m
β

15

_FF←-
#

✓
"

n→= [a
,0,1]



Practice 

1. Determine the intersection of the planes 𝜋1:  6𝑥 - 3𝑦 + 12𝑧 = 9 and 𝜋2: 4𝑥 - 2𝑦 + 8𝑧 = 6 
if it exists. If it does, determine the acute angle between the two planes. 
  

 

?

1 1

2 2

2 1 2 1

n =[6,-3,12] , D = -9
n =[4,-2,8] , D = 6

3 3n = n and D = D
2 2

Two planes are coinsident

  

 
 
2. Determine the intersection of the planes 𝜋1:  𝑥 + 3𝑦 + 𝑧 = 2 and 𝜋2:  2𝑥 + 𝑦 - 𝑧 = -1 if it 
exists.  If it does, determine the acute angle between the two planes.  
 

                                 

3. Find the intersection of 𝜋1:  2𝑥 + 𝑦 + 3𝑧 = -7 and 𝜋2 :𝑥 - 𝑦+ 𝑧 = -5 by using the cross 
product of the two normal vectors to find a direction vector of the line.  When finding 
your point, set x=0 in both equations and solve for y and z. 
 
 
 
 
 
 
  
 
   

,

u

ª º
�« »

¬ ¼

1 1

2 2

1 2

n =[1,3,1] , D = -2
n =[2,1,-1] , D = 1
m = n n

=[-4,3,-5]
Let y = 0 : x + z = 2 (1)

 2x - z = -1 (2)
(1)+(2) : 3x = 1

1 5x = & z =
3 3

1 5L : r = ,0, + t[-4,3,-5] t
3 3

� �

� �� �

xθ 1 2

1 2

2 2 2 2 2 2

o

n ncos =
n n

[1,3,1]•[2,1,-1]=
1 +3 +1 2 +1 +1

4=
66

θ 60.5

RT -1211,37 § ! ,#7*3*1,9nT=G ,-1,1]

m→=nT×n→z ① t② :

m→= (I -13,3 - 2 ,-2 - I] 4Z= - 12

z= .

'

.
The equation of the

m→=[4,1 , -3] sub in ① :
line is :

Sub X=o in IT ,
t Tk : yt3f3)= -7 r→=[0,2 ,-3]tt[4,1 , -3] ,

y -132=-7 - ① y=-7+9
TER

-ytz= - 5
-② y



4. The planes with equations 𝜋1:  3𝑥 - 5𝑦 + 2𝑧 = 1 and 𝜋2:  3𝑥 - 5𝑦 + 2𝑧 = 𝑘 are parallel 
𝑘є𝑹. 
a. A line intersects 𝜋1 perpendicularly at the point (2, 1, 0), where does it intersect 𝜋2? 
b. Find all values of k for which the distance between the planes equals 3.  
 
 
 
 

a) B, = [3 ,-5,2] n→z=[3 ,-5,2]
hT=n→z The planes are parallel .

Equation of line is = [2,1 , o]tt[3,-5,2]

X=2t3t

y = I -5T

2-= 2T

Sub in Tls : 3Gtst) -54 -st) -12Gt) = k
6+9t- 5+25tt4t=k

38T -11 = k
t=k

38

Sub in parametric equations :

X = 2 -1345¥ y= I - 545¥ 2- = 21k¥
X= 2t3k-3 y= 38

- 5k-15
38 -3g Z = KI

X = 76 -13k-3 19

-3g y' 43-51<38
X = 73 -13k
-3g

.

.

.

It will intersect That (7353¥ , 433-512 , k⇒ , KEIR

b) D= lDl
TAFE

3=1-1*1
Etfs

I 3 = -1¥
rss

I3538+1 = k

k= I -13538 or k = - I -1338T



Name: _______________________            Exit Card #2                                                    Mark:      /10 
 
Part A. Multiple Choice. Chose the best choice for questions 1-3 

 
1. What value of k will make the planes 1 2π : 2x - ky + 3z - 1 = 0 and π : 2kx + 3y - 2z = 4   

perpendicular? c 
 

A. 2  B. 4  C. 6  D. 8 
 
2. Which of the following is a line parallel to the line of intersection of two planes given by equations:

-3x + y - z = -2  and  5x - 2y - 3z = -9 ?c 
 

         
A. x = -s + 12, y = -4s + 3, z = 2s                C. x = s + 12, y = -12s, z = 3

B.  x = -4s + 12, y = -13s + 34, z = s           D. x = -5s + 10, y = -14s + 3, z = s + 5
 

 
3. Determine the value of k for which the planes x – 2y + kz +7 = 0 and x – 2y – 2 = 0 have an angle    

       of  intersection of 600. c 

   A.   3   B.         ± 10          C.                                          D.      ± 15   

4. Given the two planes below, find the value(s) of k (if there is any) that make the two planes intersect 
in the desired way, if possible. Explain your reasoning. 

                                                                  
6x - 9y +15z = 21
10x -15y + z = 35k

 

a) Along a whole plane c 

     
.

1 1

2 2

Let π : 6x -9y+15z -21=0, divide by 3, we get  π :2x -3y+5z -7=0.

kLet π : 10x -15y+kz -35=0, divide by 5, we get  π : 2x -3y+( )z -7=0
5

 

     For π1 and π2 to intersect in a plane, they have to be coincident, or more precisely,   

       the same plane. Looking at the equations, when
k5= , or k =25
5

 , the two planes    

      will have the same equation and hence will be coincident. 

b) Along a single line. c 

      If k≠25, then the normal of π1 is not parallel to the normal of π2 and therefore, two  

       planes must intersect in a line. 

c) No intersection c 

The only way π1 and π2 can have no intersection is if they are parallel and distinct. 
However, from (a), we see that if they are parallel (same normal vectors) they will 
also have the same equation, and will be coincident. Therefore, there is no value of 
k for which the two planes will be parallel and distinct. 

 

± 4

___ 
 

___ 
 

___ 
 

C

D

D



5. Suppose ℓ is the line of intersection of the two planes 1π :2x -3y+4z=3 and 2π :2x+3y -2z=-3 . 

Determine the point on ℓ that is closest to the point P (2,1,−2) .f 
 

> @ > @
> @
> @

> @

�

1

2

Let m be the direction vector of the line of intersection.

m= 2,-3,4 × 2,3,-2

= -6,12,12

= 6 -1,2,2

set z = 0 : 2x - 3y = 3 
2x +3y = -3

4x = 0

x = 0 and y = -1

Equation of the line of intersection : r = 0,-1,0 +s -1,2,

π :2x -3y+4z=3 
π :2x+3y -2z=-3

> @

� �

> @
> @ > @

A

?

2

Let point A -s,-1+2s,2s is the point lies on the line
that has closest distance to point P(2,1,-2),

since AP m , we have AP •m = 0

AP = 2+s,2- 2s,-2- 2s

2+s,2- 2s,-2- 2s • -1,2,2 = 0
-2- s+4 - 4s - 4 - 4s = 0
9s = -2

-2s =
9

-2 -13A , ,
9 9

§ ·
¨ ¸
© ¹

-4
9

 



MCV4UE                     Mid-Review 

1. Given the line ª º ª º¬ ¼ ¬ ¼r = 12,-8,-4 + t -3,4,2 , find the intersection(s) with the xy- plane. 

2. Find vector and parametric equations of the plane that contains the two intersecting lines , 

ª º ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼r = 3,-1,2 + s 4,0,1  and , r = 3,-1,2 + t 4,0,2 . 

3. Find a scalar equation of the plane that contains the origin and the point (2, -3, 2) and is 

perpendicular to the plane x + 2y - z + 3 = 0. 

4. Determine the parametric equations for the plane containing the 2 parallel lines:  

ª º ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼2 : r = 0,1,3 + t -6,-3,6  and L : r = -4,5,-4 + s 4,2,-41L . 

5. Determine the scalar equation of the plane parallel to the plane 1π :3x + y - 2z - 4 = 0  and 

containing the point of intersection of lines 1L : x = 7 + 2s, y = 2 + s,z = -6 - 3s and 

ª º ª º¬ ¼ ¬ ¼2L :r = 3,9,13 + t 1, 5, 5 . 

6. Find the scalar equation of the plane that is perpendicular to the 
plane > @ > @ > @r = 4,-5,2 +s 2,1,3 +t -1,4,0  and intersects it at the line > @ > @r = 4,-5,2 + t 1,-1,1  .                                                       

7. Find the vector equation of the line of intersection between the plane  5x -2y +3z-2= 0and the  
    xy-plane. 
8. Consider the lines 1l : r =[1,-2,4]+s[1,1,-3]  and 2l : r =[4,-2,k]+ t[2,3,1]  Determine the equation of the 

plane that contains 1l  and is parallel to 2l  . 

9. Find the equation of the plane that contains the line r =[3,1,0]+ t[2,1,4] and is perpendicular to the 

plane π:p=[1,1,1]+k[1,0,5]+s[-4,2,3] . 
10. Determine the measure of the acute angle to the nearest degree between the lines:  

ª º ª º¬ ¼ ¬ ¼1l : r = 1,-2,3 + t 4,1,-1   and   2l :   x = 3 - t , y = t ,z = 3+ 2t . 

11. Determine the Cartesian equation of the plane that contains the point (2,-1,1) and is perpendicular 

to the line joining points (-1,3,2) and (4,0,-2). 

12. Determine the value of k if the acute angle between the planes 2x+ky-8=0 and x-3y+z+4=0 is 60 . 

16



MCV4UE                     Mid-Review-Solution 

1. Given the line  � � � �ª º ª º¬ ¼ ¬ ¼12, 8, 4 3,4,2r t , find the intersection(s) with the xy plane. 

    Equation of xy- plane: z=0 

    

� �
���oz=0

x = 12 - 3t
y = -8 + 4t

z = -4 + 2t t = 2
P.O.I : 6,0,0

 

 

2. Find vector and parametric equations of the plane that contains the two intersecting lines , 

 � �  � �ª º ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼3, 1,2 s 4,0,1  and ,  3, 1,2 t 4,0,2r r . 

   

ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼r = 3,-1,2 + p 4,0,1 + q 2,0,1 ; p,q R

x = 3 + 4p + 2q
y = -1
z = 2 + p + q

∈

 

3. Find a scalar equation of the plane that contains the origin and the point (2, -3, 2) and is 

perpendicular to the plane  2  3 0x y z� � �  . 

       

1

2 1

n = [1,2,-1]

OP = [2,-3,2]

n = n × OP
= [1,2,-1]×[2,-3,2]
= [1,-4,-7]

equation of plane : x - 4y - 7z = 0

 

 

4. Determine the parametric equations for the plane containing the 2 parallel lines:  

� � � � � � �ª º ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼1 2L  : r= 0,1,3 t 6, 3,6  and L :  r= 4,5, 4 s 4,2, 4 . 

          

ª º ª º¬ ¼ ¬ ¼

ª º ª º¬ ¼ ¬ ¼1 2

u = PQ = 0,1,3 - -4,5,-4 = [4,-4,7]

m = -3 2,1,-2  , m = 2 2,1,-2

v = [2,1,-2]
equation of plane : x = 4s + 2t

y = 1 - 4s + t
z = 3 + 7s - 2t
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5. Determine the scalar equation of the plane parallel to the plane S � � �  1 :3 2 4 0x y z  and 

containing the point of intersection of lines  �  �  � �1 : 7 2 , 2 , 6 3L x s y s z s and 

 �ª º ª º¬ ¼ ¬ ¼2 : 3,9,13 1,5,5L r t . 

            

��o

��o

��o

1 2L : x = 7 + 2s L

y = 2 + s y = 9 + 5t

z = -6 - 3s z = 13 + 5t

7 + 2s =

2 + s = 9 + 5t s - 5t = 7 (2)

-6 - 3s = 13 + 5t 3s + 5t = -19 (3)

From (2) & (3) : s = -3 , t = -2

Check :

: x = 3 + t

3 + t 2s - t = -4 (1)

2s - t = -4
2(-3) - (-2) = 4

P.O.I is (1,-1,3)

 

6. Find the scalar equation of the plane that is perpendicular to the plane  
r⃗=[4,−5,2]+s [2,1,3]+t [−1,4,0] and intersects it at the line r⃗ =[4,−5,2]+t [1,−1,1].      

        

> @ > @1

1

n = 2,1,3 × -1,4,0  =[-12,-3,9]= -3[4,1,-3]

m =[1,-1,1]

n = n ×m
=[4,1,-3]×[1,-1,1]
=[-2,-7,-5]
= -[2,7,5]

                                    

7. Find the vector equation of the line of intersection between the plane  5x -2y+3z-2=0and the xy-

plane. 
Equation of xy-plane : z=0 
Scalar equation of line of intersection between two planes:  5x-2y-2=0  

 m =[2,5]

r =[0,-1]+ t[2,5]
 

8. Consider the lines 1 : [1, 2,4] [1,1, 3]l r s � � �  and 2 : [4, 2, ] [2,3,1]l r k t � �  Determine the equation of the 

plane that contains 1l  and is parallel to 2l  . 

π :3x + y - 2z +D = 0 point(1, -1,3)

3 - 1 - 6 + D = 0

D = 4

π :3x + y - 2z +4 = 0

←

∴

π :2x+7y+5z+D=0 (4,-5,2)
8- 35+10+D = 0
D = -17

π :2x+7y+5z -17=0

←

∴



MCV4UE                     Mid-Review-Solution 

     
m

?

n =[1,1,-3]×[2,3,1]=[10,-7,1]
10x - 7y +z+D = 0 (1,-2,4)
10+14+4+D = 0
D = 28

π :10x -7y+z+

 

28 = 0

 

9. Find the equation of the plane that contains the line [3,1,0] [2,1,4]r t � and is perpendicular to the 

plane : [1,1,1] [1,0,5] [ 4,2,3]p k sS  � � � . 

         

> @ > @1

1

n = 1,0,5 × -4,2,3  =[-10,-23,2]

m =[2,1,4]

n = n ×m
=[-10,-23,2]×[2,1,4]
=[-94,44,36]
= 2[-47,22,18]

 

10. Determine the measure of the acute angle to the nearest degree between the lines:  

1l : r = 1,-2,3 +t 4,1,-1ª º ª º¬ ¼ ¬ ¼   and   l :   x = 3 - t , y = t ,z = 3+ 2t2 . 

          � �� �

1 2

1 2

o

m •mcosθ=
m m

[4,1,-1]•[-1,1,2]=
16+1+1 1+1+4

-5cosθ=
108

θ 118.7

 

11. Determine the Cartesian equation of the plane that contains the point A(2,-1,1) and is 
 perpendicular to the line joining points B(-1,3,2) and C(4,0,-2). 

     

> @n = BC = 5,-3,-4
π :5x -3y -4z+D=0
A π :10+3-4+D=0
D = -9

π :5x -3y -4z -9=0

∈  

  

π : -47x+22y+18z+D=0 (3,1,0)
-141+22+D = 0
D = -119

π : -47x+22y+18z -119=0

←

∴
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12. Determine the value(s) of k if the acute angle between the planes 2x+ky-8=0 and x-3y+z+4=0  

      is 60 .     

                 

 

         
� �� �

)

1 2

1 2

2

2

n •ncosθ=
n n

1 [2,k,0]•[1,-3,1]=
2 4+ k 1+9+1

1 2- 3k 2= (2- 3k >0 or k <
2 311(4+ k )

2 2

2 2

2

11(4+ k ) = 4(2- 3k)

44+11k = 16- 48k +36k

0 = 25k - 48k - 28

24±2 319k =
25

k 2.39 or k - 0.47

































Warm -up 

Determine the intersection of the following planes 

a.    
x y z
x y z
x y z

- + = -2
2 - - 2 = -9
3 + - = -2

                                                                     Ans:  [(−1,3, 2)]  

b.  
x+y+2z = -2
3x - y+14z = 6
x+2y= -2

                                                        Ans: [𝑥, 𝑦, 𝑧] = [1, −3, 0] + [−4, 2, 1] 

 

c. 
3x+2y - z = 0
3x - 5y+4z = 3
2x - y+ z = 1

                                                                 Ans:
2 3

r = ,- ,0 + t -1,[ [
7

] 5,7
7

]   

  

d. 
x - y+4z = 5
3x+y+ z = -2
5x - y+9z = 1

 Ans: No intersection exists 
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MCV4UZ                            Unit 5 Review: Equations of Lines & Planes 

> @ > @ > @
> @ > @ > @

�
�

1

2

L  : x, y,z = -2, 1, 1  + t 3, 1, 1 ;t R
L  : x, y,z = 7, - 4, 3  +s -1, 1, 0 ;s R

1

2

:

:

x y - 4
= = z

x + 1 y - 5 z + 2
= =

2 5

- 8
3 4

2

1

2

3

π : x - 5y+2z -10=0
π : x+7y -2z+6=0
π :8x+5y+z-20=0

1

2

3

π : 2x+ y+6z - 7 =0
π : 3x+4y+3z+8=0
π : x -2y - 4z -9=0

1. Find the distance between the following skew lines 
 

a) b)   
                                      
 
 
 
2. Solve the following systems of equations. Give a geometrical interpretation  of the 

system and its solution. 
a)                              b)                                                        

                                                         
 
 
 

3. Determine the shortest exact distance from the point A(1, 2, 3)  and the line 
­
°
®
°
¯

x = 3s
y = 1+ 4s
z = 5+ s

. 

 
 

4. The shortest distance between the point (1,3,2) and the line x - 1 y - 3 z - k
= =

-1 1 2
 is 3 units. Find 

the value(s) of k . 
 
 
5. Consider the following three planes:    
 c � �  �4 3 3 8x y z  
 d � �  �2 4x y z  
 e � � �  �23 2 ( 6) 4x y m z m  
       Determine the value(s) of m for which the planes intersect in a point. 
 
 
6. Prove that the following planes may intersect in a line provided that 2 2 2a + b +c = 1- 2abc  .

1

2

3

π : -x+ay+bz=0
π : ax - y+cz    = 0
π : bx+cy - z   = 0

29
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> @ > @ > @
> @ > @ > @

�
�

1

2

L  : x, y,z = -2, 1, 1  + t 3, 1, 1 ;t R
L  : x, y,z = 7, - 4, 3  +s -1, 1, 0 ;s R

1

2

:

:

x y - 4
= = z

x + 1 y - 5 z + 2
= =

2 5

- 8
3 4

2

1

2

3

π : x - 5y+2z-10=0
π : x+7y -2z+6=0
π :8x+5y+z-20=0

1. Find the distance between the following skew lines 
 

a) b)   
                                      
 

 
 

 
 

 
 

 
 
 

 
 
 

 
 

 
 
 
2. Solve the following systems of equations. Give a geometrical interpretation  of the 

system and its solution. 
a)                             
 
 
 
 

 
 
 
 
 

 
 
 

 
 

 
 

 
 

 
 
 
 
 

� � � �

� �

� �

ª º¬ ¼

ª º ª º¬ ¼ ¬ ¼
ª º¬ ¼

ª º ª º¬ ¼ ¬ ¼

1 2

1 2

2 2 2
1 2

1 2

1 2

P = -2,1,1 & Q 7,-4,3

PQ = 9,-5,2

m ×m = 3,1,1 × -1,1,0

= -1,-1,4

PQ• m ×m = 9,-5,2 • -1,-1,4

= 4

m ×m = 1 + 1 + 4 = 3 2

PQ• m ×m 4 2 2d = = = units
33 2m ×m

� � � �

� �

� �

ª º¬ ¼

ª º ª º¬ ¼ ¬ ¼
ª º¬ ¼

ª º ª º¬ ¼ ¬ ¼

1 2

1 2

2 2 2
1 2

1 2

1 2

P = 0,4,8 & Q -1,5,-2

PQ = -1,1,-10

m ×m = 3,4,1 × 2,5,2

= 3,-4,7

PQ• m ×m = -1,1,-10 • 3,-4,7

= -77

m ×m = 3 + 4 + 7 = 74

PQ• m ×m -77
d = = = 8.95 un

74m ×m
its

o
o
o o

o

ª º ª º ª º
« » « » « »�����o ����o« » « » « »
« » « » « »¬ ¼ ¬ ¼ ¬ ¼

ª º
« »�����o« »
« »¬ ¼

2 2
1 2 2

1 3 3
3 3

2 3 3

1 R R
-R +R R 4

1-8R +R R R R
15

-R +R R

1 -5 2 10 1 -5 2 10 1 -5 2 10
1 7 -2 -6 0 12 -4 -16 0 3 -1 -4
8 5 1 20 0 45 -15 -60 0 3 -1 -4

1 -5 2 10
0 3 -1 -4
0 0 0 0

3y - z = -4 and x - 5y +2z = 10
Let y = t

> @ > @ �

then z = 3t +4 and x = 5t - 2(3t +4)+10 or x = -t +2

Equation of line of intersection : r = 2,0,4 + t -1,1,3 , t R
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1

2

3

π :2x+y+6z-7 =0
π : 3x+4y+3z+8=0
π : x -2y - 4z -9=0

  b)                                                        

                                                         
 
 

l o
o

o o

ª º ª º ª º
« » « » « »����o �����o« » « » « »
« » « » « »¬ ¼ ¬ ¼ ¬ ¼

ª º
« »����o �����o« »
« »¬ ¼

1 3 1 2 2

1 3 3

2 2 2 3 3

R R -3R +R R
-2R +R R

1 R R -5R +R R10

2 1 6 7 1 -2 -4 9 1 -2 -4 9
3 4 3 -8 3 4 3 -8 0 10 15 -35
1 -2 -4 9 2 1 6 7 0 5 14 -11

1 -2 -4 9 1 -2 -4 9
0 1 1.5 -3.5 0 1 1.5 -3.5
0 5 14 -11 0 0 6.5 6.

ª º
« »
« »
« »¬ ¼

�

���o

�����o

z=1

z=1 & y=-5

5

6.5z = 6.5 z = 1

y +1.5z = -3.5 y = -5

x - 2y - 4z = 9 x = 3

Point of intersection : (3,-5,1)

 

 
 
 

3. Determine the shortest exact distance from the point A(1, 2, 3)  and the line 
­
°
®
°
¯

x = 3s
y = 1+ 4s
z = 5+ s

. 

   

� � � �
> @ > @

> @ > @
> @

[B lies on the line]

2 2 1

2 2 1

A 1,2,3 ,B 0,1,5

AB = -1,-1,2 , m = 3,4,1

AB×m = -1,-1,2 × 3,4,1

= -9,7,-1

AB×m
d =

m

9 +7 +1=
3 +4 +1

131 3406= or units
2626  

 
 
 



MCV4UE                            Unit 5 Review: Equations of Lines & Planes 

4. The shortest distance between the point (1,3,2) and the line x - 1 y - 3 z - k
= =

-1 1 2
 is 3 units. Find 

the value(s) of k . 

         

> @ > @ > @ > @
> @ > @

> @

� �2

P(1,3,2) and  Q(1,3,k)

PQ= 1,3,k - 1,3,2 = 0,0,k - 2 ; m = -1,1,2

PQ×m = -1,-1,2 × 0,0,k - 2

= 2- k,2- k,0

PQ×m = 2 2- k

m = 1+1+4

= 6

  

 
 
 
 
5. Consider the following three planes:    
 c � �  �4 3 3 8x y z  
 d � �  �2 4x y z  
 e � � �  �23 2 ( 6) 4x y m z m  
       Determine the value(s) of m for which the planes intersect in a point. 
 

     

l o

o

� o

ª º
« »ª º ª º
« »« » « »����o �����o« »« » « »
« »« » « »¬ ¼ ¬ ¼ « »
¬ ¼

ª º
« »�����o« »
« »¬ ¼

2 1 1 2 2

1 3 3

2 3 3

R R -2R +R R
3- R +R R

2 2 2
2

7 R R R
2

2

4 3 3 -8 2 1 1 -4 2 1 1 -4
2 1 1 -4 4 3 3 -8 0 1 1 0
3 -2 m - 4 m - 4 3 -2 m - 4 m - 4 -7 15 2m+40 m -

2 2
2 1 1 -4
0 1 1 0
0 0 2m - 8 2m+4

To have only one point of z �intersection we must have m 2.
   
 
 
 
 
 
 
 

� �

� �

o

2

2

2

2

P Q×m
d =

m

2 2- k
3 =

6

18 = 2 2- k

18=2(2- k)

9=(2- k)
±3=2- k
3=2- k or - 3=2- k

k =-1 k = 5
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6. Prove that the following planes may intersect in a line provided that 2 2 2a + b +c =1-2abc  .

1

2

3

π : -x+ay+bz=0
π : ax - y+cz    = 0
π : bx+cy - z   = 0

 

     

� �

?

1 2 3

2

2

2 2 2

2 2 2

Three planes intersect ina line iff n •  n ×n =0.

[1,a,b]•([a,-1,c]×[b,c,-1])=0

[1,a,b]•[1- c ,cb+a,ac + b]=0

1- c +a(cb+a)+ b(ac + b)=0

1- c +acb+a + bac + b =0

a + b +c =1- 2abc

  

 

:
- I

- I



    Quiz: Equations Of Planes  Name: _____________ 

1. Determine two points on the plane OP =[2,0,-1]+s[0,2,-1]+t[5,3,4]  . 

 

 

 

2. Determine the parametric equations for the plane [x -2,y,z-3] =s[1,1,1]+t[0,3,5]. 

 

 

 

3. Give a vector equation for the plane described by x =3-s+4t ,y=2t, z=1+4s-5t.  

 

 

 

 

4. Find a normal to the plane r =[3,1,-6]+s[0,1,1]+t[-1,2,1 ]. 

 

 

 

  

5. Find vector and parametric equations of each plane.  

a) plane parallel to xy- plane through the point (l, 3, 5).  

 

 

 

b) The plane through (3, -5, 1) and parallel to the plane given by                 

                                      x y z= s+3t - 5, = 2+s- t, = s+t - 5   

 

 

 

30

Subs -_ o >to ⇒ point (2,0 ,- D
Sub 5=1 ,

to⇒ point (2,2 ,-2)

F'= [2.0,3]ts[1,1 , Dtt[0,3,5]
Parametric equations ⇒ X=2ts

y=st3t
Z=3ts+sf

STER

r→= [3,0 ,
Dtsfl , 0,4]tt[4,2 ,-5] s,tElR

h→= [0,1 , DX £1,2 ,
I] O l l O l l

n→= [I -2 , -1-0,0+1]
-I 2# 1¥ - I # 2 If

h→= f- I , -1,1]

= G. 3,5] -154,0,o]tt[0 , 1,0] s ,tElR Note : Any direction vector can be
X= Its

used as long as there is no

y=3tt s.EE/R Z -component
2- = 5

or F' = [-5,21-5]+56,1 ,Dtt[3 ,
-1,1] ,

sitEIR

Vector equation of plane is :

F) = [3
,

-5.Dtmf , I ,Dtn[3 ,-1,1] m,nER

Parametric equations ⇒ X=3tmt3n
y=
- 5tm- n m , HEIR

2- =L +mtn



c) The plane through the points (1, -3, 2), (0, 1, -2) and (9, 2, 0). 

 

 

 

 

6. Find a scalar equation for each plane .  

a) The plane with direction vectors [1, 5, -2] ,[0,0,1] through the point (3,4,1). 

 

 

 

 

 

b) The plane containing the line[x,y,z]=[1,3,-1]+r[3,2,2]and parallel to the      
 x y z=2+3s, =-2s, = 4   

 

 

 

 

 

c) The plane through the point (0,2,-1) and perpendicular to the line [x, y, z] =t[3,-2,4] 
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A B C

→

d. = ATB = C- 1,4 ,
-4]

II = AT = [8,5 , -2]

vector equation of the plane is TIG , -3,27+51-1,4 ,- 4) +t[8,5 ,-D s ,tEIR

Parametric equations are x= I -stst

y =-3
-14515T

2- = 2 - 4S -at
sit EIR

h→= [1,51-2]×10,0 , I] I 5 - 2 I 5 -2

h→=[5 , - I , o]
Of 0*1*0*0 I

-

.
5X -y -113=0 Note : normal has no Z -component,jab (3,4 , D : 5/3) - 4+13=0 plane is parallel to z -axis

D= - 11 (no z- intercept )
-

i. The scalar equation is 5X-y- 11=0

h→=d,→×dj
⇒ F'= [2/0,4]+513 ,-2,0] , SEIR

{32,23×13 .-a. o] 3313*3*3*3
&

0+4,6-o, -6-6 ] .

'

. 2X -13g- 62-+13=0

= [4,6 ,-12]
Sub 4,3 ,- t) : 24)-13 (3) - 6ft) -113=0

= 212,3
,
-6]
I 2+9+61-13=0

D=- 17
.

'

. The equation is 2×+3562--17=0

d→=n→= [3
,-2,4]

3×-25142--113=0
Sub 6,2

,
-D :

3G) - 26) -14ft) -113=0
- 8+13=0

D=8

.

'

.
The scalar equation is 3×-25142-+8=0


