Vector & Parametric Equations of a Plane

A Plane is:
> aflat surface that extends infinitely far in all directions \

» represented by a parallelogram
» denoted by nt

How can a plane be formed?
1. b.;’ 2 terse g‘tu% linés.

2. _bﬂ_m_hnLQnJ_nnLPmﬂtmt on ke line.
3. bj_s_whumLF_muL
. Joﬂ_.LF_am“gLaz\A_dlsﬁni lines.

Developing the vector and parametric equations of a plane

Consider: How can we specify an arbitrary point, P (x, y, z) on
aplane, 7 ?

Recall: Three non-collinear points A,B, and P: determine a plane = .
by triangle law of addition :

OP = 0P +PP

Z“

PP=su+tv B B
Su, = L P

<l

S OP=OP +su+ty

Posrhon wector of 4 \/

; dirachion wectors
> \>om+ Nt plane. on e plane 0

<N

v

Plane in R3 x
Determined by a point P: ( %, ,4,, 2, )and two non collinear direction vectors

g =[u,,ua,ug Jandv =[v,, v, ,v, ]
Vector Equation
F= [x, y 2z I=1%,:ye » 2ol + 5Ly s uy s u 1+ tlv, v, sy, 1, s,teRr
Parametric Equations of a Plane in R3

X = xo‘l'suﬁ"b/,
Y= YotSu,+tv,
Z = 2. +9"3+tvs ) S,'t eR



Example 1: The plane r = [1,0,0]+1[1,1,1]+5s[1,-1,1];s,t €R contains the point (3,0,k) . Find the
value of k .

Pavo.me‘tv‘lb e?/aa‘{:lons : X= H—t-i's

=t-s
32:1:'1’5
Sub (S,O,k) : @+ ©)
3=1+t+s =k
t+s=2 —® O +&: Subtot
o=t-s —0 at=2 -
- t=1 QCI\ =k

k=2

Example 2: Find the vector and parametric equations of the plane that contains the points:

A(1,0,-3),B(2,-3,1) and C (3, 5, -3).

- =

59 V=AC

u: aé — = [5,5,"3] —['101-3]
= OB"OA = [Q,S,OJ

= [a-2,1]-[1,0,-3]

= [1,-3,4]

.. Veclor eq)aa'tlbn IS -
Y=[l.o03t+s[i, > +tlas0]  ster
Po.vamet\fl.c_ e?udklbhs aye . X =| +$+D'LT

H: —?>s+5'l:
Z=-3t+hks ,steR

Example 3: What does the following equation represent? Explain.

r= [-1,2,3]+s[-7,21,14 ]+ t[ 2,-6,-4 |;t,s €R

-
U and V ave collinear veclors , So the

U v / e.Tlua\tIOn VeFYesehi-s a hne in R*.



Xx=3+5t

Example 4: Determine the vector equation of the plane containing the line{y =-2-2t and the

Z=1+3t

point P(1, 2, 3).

Veclor ecpua'tlon of the lme: ¥ = [3,-2,']+ t(5,2,2] ,ter
‘3: [5,-2, 3_]
Po-‘-(?’,';!.l\ 3 P--G,:),S)

RP- OP-OF,
= [ha3]-[3,-2.1]

= [F2,4,2]
= 2[—|,a,|-_\

v=l=1,2,1]

vecf'év ecbudtion o‘F H\_a. qung (s : ?:_ [|,2,3]+5[-|,a,|] +t[§,—2,3] ,S,'E.G.TE

Practice

1.

Find the vector equation of the plane that contains line 274 and the y-

intercept of [x,y,z]=[2,1,-4]+t[2,-1,-4],t eR.

Given L, .11 =[3,2,-1]+t[1,2,-1] and L, .12 =[1,-4,2]+s[-2,-4,2]

(a)Show that the lines are parallel and distinct.
(b)Find a vector equation of the plane containing both lines

Find a vector equation of the plane that passes through the point (6, 0, 0) and contains the
linex=4-2t,y=2+3t,z=3 +t.



Practice-Solution

1. Find the vector equation of the plane that contains line . 5
the y-intercept of [x,y,z]=[2,1,-4]+t[2,-1,-4],t eR.
Vecty e:V‘-a‘*: fon oF Ine : ¥= [3 ,-S,H-]'PtEJ,-Q 3] LER
y-int:x=z=0
x=2+2t>t=-1
y=1-t
Z=-4-4t >t=-1
y=1-(-1)
=2
y-int=(0,2,0)
P,=(3,-5,4),P=(0,2,0)
P,P=[0,2,0]-[3,-5,4]
u=[-3,7,-4]
v= [-2,-2,3]
ST= |0,2,0]+5s[-3,7,-4]+1[-2,-2,3] s,teR
2. Given L, Ty = [3,2,-1]+t[1,2,-1] and L, Ty = [1,-4,2]+5s[-2,-4,2]
(a)Show that the lines are parallel and distinct.
(b)Find a vector equation of the plane containing both lines
a} m; =[1,2,-1]
me =[-2,-4,2]
L.; :11:23+t2m1 Su%:{!,,:t*'tal _;n L' : Since lte t" Vqlues are A._H‘eunt',
y=2+2t q=2+2tot=-g e lines ave Pmm“el and distmct.
zZ=-1-1 2=-1-t

P,=(3,2,-1),P=(1,-4,2)

PP =[1,-4,2]-[3,2,-1]
=[-2,-6,3]

u=[-2,-6,3]

v=[1,2,-1]

r=[3,2,-1]+q[1,2,-1]+r[-2,-6,3] q,reR



3. Find a vector equation of the plane that passes through the point (6, 0, 0) and
contains theline x =4 -2t,y=2+3t,z=3 + t.

u=[-2,3,1]

P, =(6,0,0)&P=(4,2,3)
PP=v=[-2,2,3]
r=[6,0,0]+r[-2,3,1]+q[-2,2,3]; r,qcR



The Cartesian Equation of a Plane

Recall: For a line:

B:ﬁ=|:X'XO,y-yo:|

y 4 _
i =48] n=[AB]
\ —_— —_—
Po(xo,yo) ~.nem=0 (perpendicular)
= (x,y) [A,B]-[x-xo,y-yO]=O
) Ax+By+C=0 (Cartesian Equation of a Line) in R™
—
For a plane:
Z
n

Py (-730, Yo, Zo')

T
If Po(xo, Yo, 2o), P(x, y, z) and n = [A,B,C] thenPTP e i = 0,therefore:

[x—x., Y=Y., z2-2.].[ABC]=0

AGe-=)+B(4-9) + C(2-2))=0
Ax+Bﬂ+Cz +(-Ax—By,-C20)= 0D
W

D

Scalar Equation of a Plane in R3

Ax+ Bt_A)+(2-+D=O




Ex. 1: Find the equation of « parallel to 2x -3y +4z-3 =0 that contains the point A (1, 3, 5)
n .Qx-33+‘l-2—3=0

Nn= [Q,'3 Ll‘:l

Let tre ezVAoiélon be &‘x—33+ Yz+DdD=0
Sub (l 3, 5)

2()- 3(_3)+ +(5) + D=0

2-9+20+D=0

.. ivm‘l‘.lon o.F Flame M s -
D=-13 /

Qx-35+ 4z2=—13=0
Ex.2: A line has vector equationr = [0,-5,2]+5[1,1,-2] ;s e R and lies on the plane 71.The point

P(2,-3,0) also lies on the plane 7. Determine the Cartesian equation of this plane

[ | ) I
P(o -5,3) , P(2,-3,9 { e talial "{2
PP- [2,-3,0]1-[0,-5,2] U=D0,1,-1] ; m=L[u,-a]
- [a.;z,-a] = Uxm
:.2[! 1 "|]

= [—2+|,—l+a.l-ﬂ
CAY*C&\O\V\

oi = [.'v '101

wh Is Xty +D=0 .

Sub P(ae;z‘ ) _2_3+~b - o / . -—7C+3'|"5.=
oy 7"3'5'

Ex.3: Determine the scalar equation of the plane that passes through the points P(6
Q(3, 2, 1) and is perpendicular to the planex — 4y + 52+ 5 =0

,—1,—-1) and
m_ S _Nc;ma‘ ts the Flamt xX-Hu+52=+5=0
n. =[1,-4,5] - [3 2 ﬂ"‘[en‘" __':I is the divection vectsy of Hhe
% ! Ye‘v‘wed Plame. T\",;D ,-;hgj
=[3,3,2]
—V?:.;z X-V?l -? —3*3 —3>§3
- [-3,2,2] x[1,-+.5]
= [i5+%, 2415, 12-3]
= [a3,%,4]
- Gutesian equation is 23x+1F9 +92+D=o
Sub PE,-1,-) : 3@+ HAEN +D=0
HA+D =o

. 23x+l¥3+ﬂz——u:z =0



Practice

=

Determine the Cartesian equation of the plane that passes through the point A(6,-1,1), has a
z-intercept of -4, and is parallel to the line r=[-2,-1,0]+1[3,3,-1].

X=1+1t,

. Find scalar equation of a plane contains the line{y =1-t, and is perpendicular to the plane

z=2tteR
with equation x+y + z =2.

Find a Cartesian equation of the plane which passes through A(o, 1, -3), and is parallel to the
lines

X-1_y+2 z+273 and L .XF3_y-1

L : :
5 -2 -1 -7 2

1

Find possible values of k such that the line [x, y, z] = [3, 4, 7] + t[k, 1, -2] is parallel to the
plane 3kx + ky + z- 6 = 0.



Practice-Solution

1. Determine the Cartesian equation of the plane that passes through the point A(6,-1,1),
has a z-intercept of -4, and is parallel to the line r= [-2,-1,0]+1[3,3,-1].

A(6,-1,1) &B(0,0,-4) n m
E = ['67 1, '5]

= laa A
m=[3,3,-1] / %

n=ABxm =[14,-21,-21] \ ;

=7[2,-3,-31] %
2x-3y-3z+D=0 \\
Sub pt.B(0,0,-4) : ®
-3(-4)+D=o0
D=-12

S 2X-3y-32-12=0

X=1+1,
2. Find scalar equation of a plane contains the line{y =1-t, and is perpendicular to the
z=2t,teR
plane with equation x+ y + z =2.
m - [1,-1,2] n, =[1,1,1]
n: =[1,1,1]
n=mxn, =[-3,1,2]
-3x+y+2z+D=0
Sub pt. P(1,1,0) :
-3(1)+(1)+2(0)+D=0
D=2
L -3X+y+22+2=0

n,

m

n



3. Find a Cartesian equation of the plane which passes through A(o, 1, -3), and is parallel
to the lines

Ll:x—1=y+2=z+273 amnd L :X+3=y—_1,z=1
5 -2 -1 -7 2

l?.11 = [5,'29'1] I

m: =[-7,2,0] "‘9')('
n=m.xm: =[2,7,-4] /
2x+7y-4z+D=0

Sub pt. A(0,1,-3):
2(0)+7(1)-4(-3)+D=0
D=-19

ST 2X+7Y-4Z-19=0

m:

4. Find possible values of k such that the line [x, y, z] = [3, 4, 7] + t[k, 1, -2] is parallel to
the plane 3kx + ky + z- 6 = 0.

nem=0 n m
[3k,k,1]e[k,1,-2] =0

gk*+k-2=0

3k-2)(k+1)=0

2

k=-1/, k==
3

m




Unit 5- Exit Card! #1

Name: Mark: /11

1.

i i . . X+1_2-y z-
Determine the parametric equations of the plane parallel to the line _27Y_7%5 and

contains the point P(2, 3,-10). ©

u=(3,4,6]
P(2,3,-10) & Q(-1,2,5)
v=PQ=[-3,-1,15]
r=[2,3,-10]+s[3,4,6]+t[-3,-1,15]
x=2+3s-3t
y=3+4s-t
z=-10+6s+15t ,t,seR

Given the planes 7, : -3X+2y-4z-1=0 and T =[-3,5,2]+s[1,2,-1]+1[2,-4,-3], s,t R,
determine the acute angle, 0, between the two planes. Round your answer to 1 decimal place. ®

n, =[-3,2,-4]
n, =(1,2,-1]x[2,-4,-3]=[-10,1,-8]

n, -ﬁ2J
[, ||, |
30+2+32

(J9+4+16)(J100+1+64)

0 =cos™(0.9252)

0 =cos™

0 =cos™

0=22.3°

Page 10of 2



3. Determine the coordinates of point D such that the points A(1,1,7), B(2,0,4), C(-5,3,11) and
D(k+3, k-1, k-2) lie on the same plane. @

Equation of a plane contains three points A, B and C:

u= ﬁ =[1,-1,3]
V= E =[-6,2,4]=2[-3,1,2]
n=uxv=[1,-1,31x[-3,1,2] =[1,7,-2]

Cartesian equation of a plane with the normal n is: x+7y-2z+D=0

To find the D value we sub. in point B(2,0,4) we get: 2-8+D =0
D=6
X+7y-22+6=0

Since this plane contains point D(k+3, k-1, k-2), we get:

k+3+7(k-1)-2(k-2)+6=0

6k =-6
k=-1
- D(2,-2,-3)

Page 2 of 2



52: Warm-Us

OFind the scalar equation of a plane -
a) Through A(1,2,-3) , B(&,1,5) and C(l,3,-6)-
b containing the line £, : (x,4.2) 2(3,1,5) + k(l,-1,3), keR

and parallel +o A.: ('x,\tj,z) = (3,-a,]) +m(3,5,-3),me R.



Warm-Up Solutions

® AB=[1,-1.8] | -l
Ac =Lo,l, -3] O g<30><‘l -3
n=[3-%,3, 1]
=[-5,3,1]

‘5"“'3_3 +z +D=0
sub in (1,2,-3)

“S(D+3(D+ (- +D=0 ' 4. eqn is Sx-3y-2-3 =0

D= a
® d,=[1,-1,3] -1 3
3.7 [a,5,3] 2 S %
n=[3-15 6+3, 5+2]
=[-13,4,%]
sub (a,1,5)

—-12(2) +4D +3(5) +D =0

- +9+35 +D=0 . egqnis |dx=Ay - Fz + 20=0.
D=-20



Intersection of a Line and a Plane

There are three ways for a line to interact with a plane in 3-space.
z z
= X

I > — 5y l I
A/O A/OI A/O

X X X

N

Line parallel #s to the plane Line intersects the plane Line lies on the plane

Pot of intevsection | h.m=0|
No peinls 1n Common Fonls in Common

Examples: Determine whether the line and plane intersect. If they do, find the point of

intersection.
X=1+2t
1) Liiy=-6+3t T 4X-2y+7-19=0
z=-5+2t
m=[2,2,2] 7=[#-2,]
n.m
=[.3,2].[#-21]
= §-€+2
=4 #£0o .. hne and P’mc- will indevsect.
Sub L ints T :

t(i+2t)-af e+3t)+ Cs+at)-=0
ktgt+ia—ct-stat -19 =0
"l‘t—%';o
T=2
SIAL 'b:: l.V\l; L:
X= 14+2(3) =-6+3(d)  Z=-5+2()
=0

.. Pon;.b °§ m‘tgrsec‘bo'n s (S,o,—b .




2)Lir = [0,1,-4 ]+ t[2,-1,1] T X+4y+272-4=0

L. x=at w=[l%,2]
'j:.l-t
2::-‘1-—!-‘{‘-' . T\) —
W?;La,-l,l] = [2-, |] D"fﬂ-:l
= 2 -4+
= O . lne amJ Plo.m_ are Powa“el.
SuL Lk T

.’2t+'l-(l-‘|:)+:2(—tl.+-l;)-t+.-_o
ak+ 4-4-1:-%-1-:{—;:0
-3=0

" line 1S PaVauel and distinct & fhe Flane

X=-4+3t
3)L:iy=0 J. X-2y-3Z2+4=0
z=t
W
[l -2,-2].[3,0,1]
= 3-0-3
=0
SML L \.'l-t; Tr
—‘l--l-S‘li —:z[o) -3t +#=0
oO=0D
-TKe. Ilnc. IS on |'ke,‘>|av\¢ . Eurj Tomb on‘u‘ |me, Is o ?om‘l‘.‘ o-t |nbusec|:um
Nl*h ‘kﬁ, Fl«»\e
4) Where does the line r = [6,10,-1] + t[ 3,4,-1] meet the xz-plane?
X=6+3t 7(.2--|>|ome. =?y=0 7C=6+3(-_55_)
Y= lo+it . o=lotht xe 125
2. -t yt=—10 2
) t=--5 =2
2
Z=—11+5
=2
Zz=3.
2

" The lne meet Fe Xz-?lame at (-}2_,0,%



5-3: Warm-Up

® Find the intersection .

T Ax +5y+3z =1 and At a3 _yyg9-Z
a -3

BT :3x+5y+Qz =-4 and Ay: «3_ yra= Z



Warm-Up Solukons

la) £ : = at+3 sub £ into TG, ©

y=
Zz=-3t 2(Qt+3) +5(+£-2) +3(-3+) = |
Yt +L+5t-10-9t =]
Ot =5 false stotement
ve LT are //4}&|’s’n‘ncb
b} /e: X= Ht3
y=t-a sub Linto T(, !
z=-3t
33t +3) +5(+ 2) ta(-36) =-4
Gb+aA+5t -10-6b=-Y%
5t=-3
t=23
S
*=a(2)+3 y= -2 z=-3(-2)
=-E 43 =-13 =3
S 5 B
=3
5



Recall: | prijg V= lui \\II

Distance between Skew Lines in R3

Let P4 be a point on L, with direction vectorm, and let P, be a point on L, with direction vector m, such
PP, o (i, x17,)

that Ly and L, are skew lines. The shortest distance between these skew lines is| d = |_ — |
m, xm,

nty X N

Proof:

d= | prey P72 |
\P‘P,. 7 .

_.\PP m xm3‘ .
aEszAl / D\I’K/“

Example : Find the distance between the following skew lines
[x,y,z]=][-1,2,-8]+t[-3,1,2]
[x,y,2z]=[2,511]+5s[1,2,3].

pB= [a,501)-[-1,2 -1
= [3,3,14]

= Ixd,

=[~2,,=1x[12,2]

= [2-w,249,—¢-1]

Cyn,-F] =|=3+33—133|
SNICH
d = pR.7l = loz
2y EXICE
:.\LE o) Iq__] -E‘" '”’—:’t]\ =T .8 uv'\li's

NEY R G



The Distance between a Point and a Plane in R3

Distance from a Point to a Plane

d=|Ax1 + By, + Cz, + D|

The distance from a point O(x,, y,,z,) to the plane 4x+ By +Cz+ D=0 is

JA +B+C*
z n
Proof: © = ]PrDJ PoQ l Q (z1, 31, 2)
= |7& A
|w)
= '&H—Wo, ¥\—U,, 2 |—2.°] . LA,B,C]'
N AT R CH

= [Ax, - Ax+By —-By +Ca ,— Cz.,,l

[AX|+&‘\ +C_*J+:DI

NIErTIn
—-|A7“+'5‘4.+C2= (Ax.,j-/%?,,-pCz‘)}/ JA B

A AR e
Example: Find the shortest distance between the plane 4x + 2y + z — 16 = 0 and each point.

a) P(10,3,-8) b) B(2,2,4)
&z. IA?‘)“‘B&‘-)'CE‘*’)\ A:. JA?‘.['E‘BS,'\‘CEI":Dl
N A% g c? NA=g2c?
= |1 (o) +3@) + 1 CH—1¢] = 4@ +a@D +1(®) -1¢ |
,*:._‘_23-_"'; \IH‘ 2 +|
= O
= 22
\N2)
Distance between Two Planes
_ _ . Ax+By+Cz+D, =0 | D, -D,|
Distance between two parallel planes with equations is:|d =
Ax+By+Cz+D, =0 «/A2+B2+C2
Example: Find the shortest distance between the planes with equations 3x — 4y + 5z -10 = 0

and 6x — 8y + 10z — 10 = 0.

X2
TC\'- Bx"ﬁl'jﬂ'sz"‘lo =0 ——'—’5 6-7(—%31‘102—7&):0

lD|—’-:DzI
\IA‘—t-B +C* \1 200 )
= E Unl‘l_s
]—'20-}!0‘ E 2
-,-m —1——

10



Exit Card!
1) Determine the value(s) of k for which the planes x-2y +2z+k =0andx-2y+2z=k-2 havea

distance of 8 units. :D,-‘-k X — 23 +am— (K-z);,o
W =[,-22] )2_=-6<-‘2)
W = [-2=]
TR
?lomes are -Fen’o.”e‘
d= |-l
TS
R = Ik‘l"k-zl
NI k-1=*12
Qy = ]ak—:.\ k-1 212 or k-1z—12
a4 = a|k—|| k=12 M<=—1u]
(jo § zlk-\l

2) The shortest distance between the skew lines

[%,y,z]=[1,1,K]+1t[2,-1, 1];teR
[x,y,z]=[0,0,2]+s[3,1,2];s€R

.P?Pz = Dn I'k-ll

1s 4/35 units .

Find the value(s) of K .

= [2,-1,dx[2,,2]
= [2-1,3-4,2+3]
= [F3,-1,5]
d= [Pro) P72l

_ 5.7
|~
Ezl[l,),k—z] Lz,-us]l
\I‘ﬁ+\+25
J3s= -3 —14sk-1o)
NESS
35 =| sk -l
sk-m = £35
5|<_]l—|- =25 or Sk-l"\' =-35
Sk.= 49 sk = —21

11



Exit Card #3!

Name: Mark: /10

1. Determine the value(s) of k if the angle between the planes with equation \/gx +z-5=0and
kx+2,/32+10=0 is % e

n1°n2

cos(0)= -
cos(£j=[\/§,o,1]o[k,o,2\/§]
(2)(x/k2+12)
i _aksas
2vk* +12

)/g )gk+2

2 4JKk*+12
vk?+12=k+2 (k>-2)
k*+12=k*+4k +4

8=4k

2. The distance from P(3, - 3, 1) to the plane with equation AX-2y+6z =0 is 3. Determine all
possible value(s) of A for which this is true.®

nz

P =(3,-3,1) Q_(O 0,0) & ﬁ:[A,'296:|
‘PQon

‘Pro.]n

n
_[3:-3,1]+[A,-2,6]

JA®+4+36

3JA®+40=[3A +6+6|

/f«/A2+40=3/|A+4| i AeR,A %-4
A®+40=A%+8A +16
24 =8A
A=3




5-4 Warm -Up

@ Find the distance from the point Q (1,3,-2) and 4re plane
Gx-y-2z+¢6=0.

@Find the distonce between the lires, if possibe:
Lii7F=(21,0)+t(1,-1,),teR

L: 4= (30,-D) + 5(23,-1) , s R



Warm-Up  Soludions

O PL.on plane I Let x=| | y=l

4-]1-z+b =0 Pe=[0,a,-1]

. z=9
d=| Plti-ln l = | 4= (3)- () + 6
n e N 2 2
=[[0.:2.-ll:| '[d""l"[]l J (B4 (A)+()
= "3+Q*6|
J (1) (- +()* l L\‘
V13
"ot Ee 2w = %g or &.13u
) l—l | =] |
”F“f‘% -| R
R P, P.=(3,0:)-(2,1,0)
n=[1-3 a+l,3+a7] =[1,-1,-1]
=(-a,3,5]
,P"Qj.RP'PI\ = ﬁiﬁ
Inl
=C-1,-13-[-a,3,5]
J(D>+ (5%
=|-2-3-5]|
V38

-—

Ic =
— = l(o&u
V33



Intersection of Two Planes

There are three ways for 2 planes to interact in 3-space. ﬂ7(+'B\&+ Cz+D=0

z
z z

»
»

Y X
* .. Parallel and coincident
Parallel and distinct Intersect in a line
. ) (intersect at every point)
(no intersection) — l’\‘ ¥ knz

n =kKn
=Kr, D.#kD, =Rty
e The planes are parallel and distinct or coincident iff (if and only if) the normals are collinear
(scalar multiples).
e The planes intersect iff the normals are not collinear.

Examples: Investigate the intersection of the planes and find the equation of the line of
intersection if applicable.

T 14X-5y-2Z-1=0 (vole: can set- W=0 or
n _ X0 or Z0)
m&%ﬁd (D g, :X-y-22=0 Set S;Q " L°+h %«a{'lﬂns
—_
m=[r-5-2] 4 -5-2 4 -5 -2 hx-22=1 —O
— L‘ _21 S e el e x—az=0 —D Sul: O
n= Lol O-&: -2z=-L
T'l:% kT\:_ =2 le\cs Qvre no‘t qua“é’ 3x= —~——
™ =Ry XN, x=3 <
SN
":‘? L: :Jl_‘la‘l"?: 4‘1‘5] " The QVUI'Ew” o-F'H\'e line O_F |h'£¢vsefklon IS
2) 7 ;(+2y+3z 6=0 [:L O'L]"'t\} ¢,] ,LER
T2t 4X + 8y +127 = 25
_hT;l-_l,Q,B:l Dlz-é
n,= [“I’.?,‘::l Dz‘ —a5
n, = H-WT

' .Tﬁa 2 P’ames ore Para“el omJ Jls'l:l;‘\c:‘:-
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Examples: Investigate the intersection of the planes and find the equation of the line of
intersection if applicable.

) M, :14X-5y-2Z2-1=0
M, :X-y-2Z=0

Me,lt'oc’ @
Shep 0 Check for parmllel p\anes (iF not spechred)
= [4 5-2] Ry =172 oR, kA, -9 plones are net porallel
1
SHp®: :Salgmlgfﬁn_? CSDO\UQ ons wrth 3 unknowns
*- 3 o ® i (;sohl:hon will ot bo. unigue bt o line
.. x- ‘6 £ = of intersection mw\w\% one pamme-\-e,r
Eliminade x: tliminade Y
O-4xD: -\3+G)Z-| =0 O-5x@: -x+8z-1=0

\a,=62"l x= zi 'l
Step ®:- pssign o vaviable 4o be the parameter
Lot 2=+, €cR (+he parameer)
.~ The pammc\'nc. qumhons ot dhe line of Intersechon are:

X=8%-1
Y= 6t-1 | \Jere LR
2=+t
Note: Divechon vetor is [8,6,1] which can be found using. XN,
ﬁ.xﬁzz [q).s‘-j‘l X [\)"1‘&] C\me off \n-\-ersec-l-.on of the p\anes he in

=[8\6,‘]€'a-‘| 'ead\P\Q“e,SOd 5.11-"‘0“““)



X=-4+S$
3)m:iy=s+3t
Z=-s-2t

?:. [-'LI-,O,O]+$[|1 |,"'] +t [013:-2] S t €ER

[ 1 =t a!

w=[,1,-0x[o,3-2]

X=8+6u+2v
T2 {y=3Uu+5v

Z=uU-V

Y= [?,o,o:li-tl[s ,3,|]+v[2,‘5,-l] ,Uv€R

] =

O 3-2r03 -2 e
n,= 5 - 4
= [F242,042,3-0] > [e2 x5 g ; X g ?5-:
Refaa) n, = | -3-5,2+¢, 30-€]
=[-8, %,24]
T,: x+ay+32+D=0 n=8[1;1:3]  Poirt (30,9
Sub (-4,0,0):
-44+H =0
D=k —"a: x-q—32—%‘=0
.°.'IT‘: X+y+3Z+H=0
Methed O: 3
7V\=’=ﬁ?x7': i‘ ,..:ll ..g || —-3; —‘:‘s
=[1,2,3\x[ 10:3)
=fe+2, 3437-2] Method O:
: or let 2=t:
=[3,¢72] T: x4 +3E44 =0
=3[1,-2,1] ' 'x—\9/3{- -8=0
Sub 20 w T, T, : 3us 6440 =0
.. Q=
xt+y=-4 — O T =T " 3
7"—‘3: T —& ‘3:_&&—4
O-6:3y=-12 T+ 0,0 3x-3t-12=D
Sub @ :
X+ 2Cw)=-4 - The parametric ?.O\UO&\GY\S of
;::+8 e line ore:
| | s K=t
" The epabion of the line. of wtersechion i g=-3k-4 LeR
Y = [H',’LI',OJ'I'-I:D;';"] ,‘(‘,GR 2:_1: )
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Special Cases

Two planes are perpendicular iff -V?. .0 =0

Perpendicular Planes

— e M
~ A" 1 — -
—_
Two planes are parallel iff _ n,= kﬁ’;

Parallel Planes
AT

Angle between two planes:

The angle between two planes is the same as angle between their normals!

- r— NieN
A > c0os0 = ————

n:||Ns2

H/



Angle between a line and a plane

cosf = ——

Ex. Line ¢ with equation r = [5,-1,4]+t[2,-2,0] ,t eR intersects the plane n: ax+z=5a+4atan

"
angle of Z .Find the value of a, where a is a positive constant -

g P % =[0,0,1]

=1L =1 L=_2a

Zx c = R=TF 2 Jeow)
- —
= |602'= %a.z+?

Cos(IL\= |La,0,! .[Q,—:l,o-_\

(3) L — 8&2-;?

(No™+1 )(J ) | .

a,:.|

E=Ta>o

Practice

1. Determine the intersection of the planes m:: 6x -3y + 12z =9 and m2: 4x - 2y + 8z = 6 if it
exists. If it does, determine the acute angle between the two planes.

2. Determine the intersection of the planes 71: x + 3y + z =2 and m2: 2x + y - z = -1 if it exists.
If it does, determine the acute angle between the two planes.

3. Find the intersection of 71: 2x + y + 3z = -7 and w2 :x - y+ z = -5 by using the cross product of
the two normal vectors to find a direction vector of the line. When finding your point, set x=0 in
both equations and solve for y and z.

4. The planes with equations 71: 3x - 5y + 2z = 1 and m2: 3x - 5y + 2z = k are parallel keR.
a. A line intersects 7, perpendicularly at the point (2, 1, 0), where does it intersect 2?
b. Find all values of k for which the distance between the planes equals 3.

15



Practice

1. Determine the intersection of the planes m1: 6x-3y + 12z=9and m2: 4x-2y + 8z =6
if it exists. If it does, determine the acute angle between the two planes.

6,-3,12] , D, =-9
4,-2,8] , D,=6

n =§ﬁ1 and D2=§D1
2 2

.. Two planes are coinsident

2. Determine the intersection of the planes 71: x + 3y + z=2and n2: 2x + y- z=-1if it
exists. If it does, determine the acute angle between the two planes.

=]

=]

n, =[1,3,1], D,=-2 cos(0)=——=

n, =[2,1,-1] , D,=1 n,jn,|

= i, x 1, _ [1,3,1][2,1,-1]
~[-4,3,-5] (\/12+32+12)(\/22+12+12)

Lety=0:x+z=2 (1)
2x-z=-1 (2)
(1+(2):3x=1 0=60.5°

5
=)

3 3

L:f'=|:l,09§:|+t['4935'5] ,teR
3 3

3. Find the intersection of m1: 2x + y + 3z = -7 and m2 :x - y+ z = -5 by using the cross
product of the two normal vectors to find a direction vector of the line. When finding
your point, set x=0 in both equations and solve for y and z.

n=[2,, 3] 2 1 3 2.1 3

'nf: l,—l,l] L =y~ 7=

r?:_VT),)(—VT:, ®+@ :

— e =9— hz=-12

m = [‘ t3,3-a,72 1) —m——y .. The &lpafmn of the
= D, 1,-3] sl line. 15 -

Sub x=0 i T+ T,: y+3@3)=-% v=[oa2]+tlni,-2],

y+3z=-Ff — O ==F+9 ter

-‘j-l-'i': -5 —& 3:2




4. The planes with equations m:: 3x - 5y + 2z = 1and m2: 3x - 5y + 2z = k are parallel
keR.

a. A line intersects 1 perpendicularly at the point (2, 1, 0), where does it intersect m2?
b. Find all values of k for which the distance between the planes equals 3.

A A=[3-5,2] m=[3-52]
7, =", The planes ave me”e.’-

Zy,m‘l:wn °‘F lme 15 ¥ = [:l,l,o-_l +'|:[3,—5,1:|

x=2+3t
y= | -5t
2= akt

Sub in T : 3@+st)-5(-sD +2(at)= k
’ (é+:g- 5-(|-asi:+ yt=k
3gt+i=k
t=k-1
3%

Sub Fomame.‘l:vic eVAa{:um's .

xX= 2+3(J<_,’;%'-) Y= I—S[%_L—g) z:a(_%

X= A+3k-3 = 3%-5k+5
33 3 —35 2= k-
A = Fe+3k-3 y= 43 —sk 19
33 38
x = F3+3k
33

Wl kersect T. ot [#3+3k ,3-sk |<_|> kemr
3% 3%z 1)’

L) cl: lbl-'zl

N[ETS oy
3=Il—1+kl

I3
13=--1+k

53
iaﬁ-l-l:k

k=143/3% or k=-1+3{3%




Name: Exit Card #2 Mark: /10

Part A. Multiple Choice. Chose the best choice for questions 1-3

C
— 1
D
— 2.
D
- 3.
4.

What value of k will make the planes n, : 2x-Kky +3z-1=0 and m, :2kx+3y-2z =4
perpendicular? @

A. 2 B. 4 C. 6 D. 8

Which of the following is a line parallel to the line of intersection of two planes given by equations:
-3x+y-z=-2and 5x-2y-3z=-9?0

A X=-s+12,y =-45+3,Z=2S C. x=s+12,y=-125,Z2=3
B. x=-4s+12,y =-135+ 34,Z=S D. x=-55+10,y=-145s+3,z=S+5

Determine the value of k for which the planes x — 2y + kz +7 = 0 and x — 2y — 2 = 0 have an angle
of intersection of 60°. ®

A 3 B. /10 c. *4 D. /15

Given the two planes below, find the value(s) of k (if there is any) that make the two planes intersect
in the desired way, if possible. Explain your reasoning.

6x-9y +15Z=21

10x-15y+kz= 35

a) Along a whole plane ©

Let o, : 6x-9y +15Z-21=0,divide by 3, we get o, :2x-3y+5Z-7=0.

Let mt, : 10x-15y + kz - 35 = 0, divide by 5, we get =, : 2x-3y+(£)z-7=0.
5

For s, and 7. to intersect in a plane, they have to be coincident, or more precisely,

the same plane. Looking at the equations, when 5= E ,or , the two planes
5

will have the same equation and hence will be coincident.

b) Along a single line. ©®
If k+25, then the normal of 7, is not parallel to the normal of 7t. and therefore, two
planes must intersect in a line.

¢) No intersection ®

The only way &, and . can have no intersection is if they are parallel and distinct.
However, from (a), we see that if they are parallel (same normal vectors) they will
also have the same equation, and will be coincident. Therefore, there is no value of
k for which the two planes will be parallel and distinct.



5. Suppose ! is the line of intersection of the two planes 7, : 2X-3y+4z=3 and 7, : 2X+3y -2z =-3.
Determine the point on { that is closest to the point P (2,1,-2) .®

T, :2X-3Y+4Z=3
7, 12X+ 3y-2Z=-3
Let m be the direction vector of the line of intersection.
m=[2,-3,4]x[2,3,-2]
=[-6,12,12]
=6[-1,2,2]
set :2x-3y=3

2X+3y=-3

Equation of the line of intersection: r = [0,-1,0]+s[-1,2,2]

Let point A (-s,-1+2s,2s) is the point lies on the line
that has closest distance to point P(2,1,-2),

since AP . m , we have APem =0

AP =[2+s,2-25,-2-2s]

[2+s,2-25,-2-25]¢[-1,2,2]=0

-2-S+4-4S-4-4S=0

9s=-2




MCV4UE Mid-Review

1. Given the line r = [12,-8,-4]+t[-3,4,2], find the intersection(s) with the xy- plane.
2. Find vector and parametric equations of the plane that contains the two intersecting lines ,
r= [3,-1,2]+ s[4,o,1]and,f =[3,-1,2]+t[4,0,2].

3. Find a scalar equation of the plane that contains the origin and the point (2, -3, 2) and is

perpendicular to the plane x+2y-z+3=o0.

4. Determine the parametric equations for the plane containing the 2 parallel lines:
L,:r=[0,1,3]+t[-6,-3,6 |and L, :r = [-4,5,-4 | +s[4,2,-4].

5. Determine the scalar equation of the plane parallel to the plane =, :3x+y-2z-4=0 and
containing the point of intersection of lines L, : x =7 +2s,y =2+s,2=-6- 3sand
L,:r=[3,9,13]+t[15,5].

6. Find the scalar equation of the plane that is perpendicular to the
plane r =[4,-5,2]+s[2,1,3]+t[-1,4,0] and intersects it at the line T =[4,-5,2]+1t[1,-1,1] .

7. Find the vector equation of the line of intersection between the plane 5x -2y +3z-2 = oand the
xy-plane.

8. Consider the lines 1, :r=[1,-2,4]+5s[1,1,-3] and 1, :r =[4,-2,k]+ t[2,3,1] Determine the equation of the
plane that contains /, and is parallel to 7, .

9. Find the equation of the plane that contains the line r=[3,1,0]+t[2,1,4] and is perpendicular to the
plane m:p=[1,1,1]+k[1,0,5]+s[-4,2,3].

10. Determine the measure of the acute angle to the nearest degree between the lines:

1 :r= [1,-2,3]+t[4,1,-1] and 1,: x=3-t, y=t ,z2=3+2t.

11. Determine the Cartesian equation of the plane that contains the point (2,-1,1) and is perpendicular

to the line joining points (-1,3,2) and (4,0,-2).

12.Determine the value of k if the acute angle between the planes 2x+ky-8=0 and x-3y+z+4=0 is60°.



MCV4UE Mid-Review-Solution
1. Given the line r = [12,-8,-4]+t[-3,4,2], find the intersection(s) with the xy plane.

Equation of xy- plane: z=0
x=12-3t

y =-8 +4t
z=-4+2t—=° >5t=2
P.0.I:(6,0,0)

2. Find vector and parametric equations of the plane that contains the two intersecting lines ,

r=[3,-1,2]+s[4,0,1] and, r=[3,-1,2]+t[4,0,2].

r= [3,'1,2] +p|:4a0a1:| + q|:23031:| sP,q€ R

X=3+4p+2q

y=-1

Zz=2+p+q
3. Find a scalar equation of the plane that contains the origin and the point (2, -3, 2) and is

perpendicular to the plane x +2y -z +3=0.

n, = [1,2,-1]
OP =[2,-3,2]
n. = n, x OP
=[1,2,-1] x[2,-3,2]
=[1,-4,-71
equation of plane: x-4y-7z=0

4. Determine the parametric equations for the plane containing the 2 parallel lines:
L, :r=[0,1,3]+t[-6,-3,6] and L, : r=[-4,5,-4]+s[4,2,-4]

u=PQ=[0,1,3]-[-4,5,-4 | =[4,-4,7]

m, =-3 [2,1,-2] , m. = 2(2,1,-2]

v =[2,1,-2]

equation of plane : x =4s + 2t
y=1-4s+t
Zz=3+7s-2t



MCV4UE Mid-Review-Solution

5. Determine the scalar equation of the plane parallel to the plane =, :3x+y -2z-4=0 and
containing the point of intersection of lines £ : x =7+2s,y =2+5,z=-6-3sand

L:r=[3913]+¢[1,55].

L :x=7+2s L,: x=3+1 — » m:3x+y-2z+D=0 ,point(1,-1,3)
y=2+s y=9+5t 3-1-6+D=0
Zz=-6-3s z =13+ 5t D=4
7+2s=3+t——2s-t=-4 (1) .'.:r[:3x+y-2z+4=o|
2+s=9+5t——>s-5t=7 (2)

-6-3s=13+5t———>3s+5t=-19 (3)
From (2) & (3):s=-3 ,t=-2
Check: 2s-t=-4
2(-3)-(-2) =4
|P.O.I is (1,-1,3)|

6. Find the scalar equation of the plane that is perpendicular to the plane
r'=[4,-5,2]+s[2,1,3]+t[-1,4,0] and intersects it at the line 7~ =[4,-5,2]+¢[1,—-1,1].

;11=[2,1,3]x[-1,4,0] =[-12,-3,91=-3[4,1,-3] — n:2x+7y+5z+D=0 (4,-5,2)

m =[1,-1,1] 8-35+10+D=0

n=n,xm D=-17
=[4,1,-31x[1,-1,1] |.'.7[:2X+7y+5z-17=()|
=[-2,-7,-51
=-[2,7,5]

7. Find the vector equation of the line of intersection between the plane 5x -2y +3z-2=0and the xy-
plane.
Equation of xy-plane : z=0
Scalar equation of line of intersection between two planes: 5x-2y-2=0
m=[2,5]
r=[0,-1]+1[2,5]
8. Consider the lines [, :r=[1,-2,4]+s[1,1,-3] and 1, :»=[4,-2,k]+12,3,1] Determine the equation of the
plane that contains /, and is parallel to /, .



MCV4UE Mid-Review-Solution

n= [1,1,-3]%[2,3,1] =[10,-7,1]
10x-7y+z+D =0 «(1,-2,4)
10+14+4+D=0

D=28

. w:10x-7y+z+28=0|

9. Find the equation of the plane that contains the line »=[3,1,0]+#2,1,4]and is perpendicular to the
plane r: p=[1,1,1]+4[1,0,5]+ s[4,2,3].

n. =[1,0,5]x[-4,2,3] =[-10,-23,2]
) m:-47x+22y+18z+D=0 3,1,0)

. -141+22+D=0

n=n;xm D=-119
=[-10,-23,2]x[2,1,4]
= ['943 44, 36]
=2[-47,22,18]

El =[2,1,4]

|.;:-47x+22y+182-119=0)|

10. Determine the measure of the acute angle to the nearest degree between the lines:
l:r=[1,-23]+t[41-1]and L,: x=3-t, y=t ,z=3+2t.
;11 ° Ile

cos0 = P ——
|m1 me-

[4,1,-1][-1,1,2]
(«/16+1+1)(\/1+1+4)
)
V108

0=118.7°

cos0 =

11. Determine the Cartesian equation of the plane that contains the point A(2,-1,1) and is
perpendicular to the line joining points B(-1,3,2) and C(4,0,-2).

n=BC=[5,-3,-4]

n:5x-3y-4z+D=0 C
Aen:10+3-4+D=0 A

D=-9

M:5X-3y-4Z2-9=0




MCV4UE Mid-Review-Solution
12. Determine the value(s) of k if the acute angle between the planes 2x+ky-8=0 and x-3y+z+4=0
iS60°.

1_ [2,k0]°[1,-3,1]
2 («/4+k2 )(m)

=& (2-3k>0 or k<E)
3

1
2 «/11(4+k2)

11(4 +k*) = 4(2-3k)*
44 +11k* =16-48k + 36k*
0=25k*-48k-28

Ko 242 2./319
25




5-5 Narm -Up .

@Inves-\-igod't +he intersection of

T, @x- 5y+3z=13 and T[,: 3x+4y-32=6.

@ Find the parametric form of the line of intersection of the. planes

—ﬂ:and_sz.
—IT‘: x= —th+g T %= 8 +Lu+Qv
y= S+3t Y= 3u+ Sv

Z= -3-2t t,3 R z=u-v, u,veR



Warm - l)p Solutions

Method 1:
on=02,-531 A #£kn, . THKT
-ﬁ:.= [314|'3]
Tx3. G:x-l55+‘12=3b Tx4: 89(-&03+I&)Z= 4
TxQebx t 8y -6z = 1 TC, x5 @I5x +Q0y = |52=30
-&35+l5z=°?'-} A3% -3z = 338
=15, Q% X=3 3¢
=5z 55 237 Tas
.'. Jet z=t Jet =t Je,-b 3:'(3
x=3 4+ 38 Y= StoI? xegtrlE
°?3 é) Z=Q?19<-9.6 > =
_ = Z=33, 4
Y=t 3k e 5t
Method At

Veckor that is Po.r‘a.\lel o beth plo.nezs
> x® -20y + 2z =48

d =[Q.'5. 3—-\)([314')—3] 5x@®903 -5z =30
=[3,15,23] -3z=31%
Z=-db
Find the common point on beth planes sub into O:
Let x=0 .
-5y +3(-206) =12
T,: O -5y +3z=1a 3 —53)=C{0
=Sy +3z=R0 =-[8
Tt 30) +4y-32=6 pb.is (O,-18,-24)
4y-3z=6 @

o« the equation of the line of int.

is (x,4,2)=(0,-18,-26) +1 (3,15,83)1ef



@ Find scalar e%uod—ions of T, 2T, :

n=L1,1,-0 x (o,3,-3 n, =[6,3,03 x[a,5,-1]
= Cl, 23] = [-3, 8,441

U Rzkn ST X

pt (-4,0,0) pt (%, 0,0)
SEp * (xt4,y4,2)-(1,2,3)=0 SEr, * (%-8,y,2)" (8,8,29-0
T x+dy+3z +4=00@ T 8x—8y -z~ (=0 @
€ liminate Xx.: Eliminate g:
M8 : Bx+[by+tz +32=0 Ox4° Ux+RY + Az +16=0
@ O 8x -3y -AYz —L4=0 ® ®3x-8y -4z -L$=0
Q'-ch+481 +9% =0 ] lax  —laz - 43=0
IN o= -48z -
4 Q=132+ 48
‘3 x= z+1
Jet z=¢
x=t+

Y=-2-4 , £€R



oY -7 (> =2 D)
Steps: O Pralyze R Baoly @ Prelyze 05,0, D5 < duck R+ (R, x0) =0
4 br
Intersection of Three Planes ) rp_c\»{.a, solve,

1. All three equations represent the same plane.

e normals are all scalar multiples of each other
o All three "D" values are the same scalar multiples.

%, = K, = ST,
D| = KD’- = SD& 7\m k')sem

» Parallel & Coincident
» Infinite solutions in the form of a plane equation

2. Two equations represent the same plane, the third is parallel.
> =
R,=Kn, =sf;
e normals are all scalar multiples of each other
% e two "D" values are the same scalar
W multiples (not the third one).
D, #kD, = SD,

» Two planes are Parallel & Coincident, one is Parallel & Distinct
> No solution

3. All three planes are parallel and distinct.
e normals are all scalar multiples of each other

T\’| = kﬁa = SKS

e all "D" values are distinct

k D§¢KDJ.7‘:SD3

» All three planes are Parallel & Distinct
» No solution

4. Two planes are parallel and distinct, the third is not parallel.

e two planes have normals that are all scalar
n#

multiples of each other = kﬁ; + SKB

e direction vectors of the two lines of D, # sz
intersection are scalar multiples

m,=tm,

» Two planes are Parallel & Distinct, one plane intersects both at parallel lines.( No solution)




5. Two of the equations represent the same plane, the third plane is non-parallel.

e two planes have normals and "D" values that are

scalar multiples (coincident) X = 'ﬂ’ £kn
e the third plane intersects both planes n=3 3 K Ny
/f// = D |= SD 3
[Vl -

» Two planes are Parallel & Coincident, one plane intersects both at a single line.

> Infinite solutions in the form of aline — [\nd o line oF intersection etween T, ond|TC,

6. None of the three planes are parallel — no single intersection. oG ard T3
Tr'mnodxlar e The normals are distinct but not parallel (_ ore
Prism R 2K, 457, wplonar)

/ um«%pta&a\arpmdm:\'hsae'rf:mmls
\) are wplonar. e K‘- (sz rTQ =0

» Pairs of planes intersect in 3 parallel lines

» No solution

7. None of the three planes are parallel — intersect in a line.
Pinwhee) e The normals are coplanar but not parallel

4{ ﬁl 7‘ek-ﬁ,z #S-ri; b F"\‘Cﬁz"ﬁ\'b =0

> All three planes intersect at one line - scle Jor line of

> Infinite solutions in the form of aline - ytorgechion heheen any
Q plores.

8. None of the three planes are parallel — intersect in a point.
e The normals are not parallel and not coplanar

N 2k, #si,
R, (¥, x ) #0

» All three planes intersect at one point
One distinct solution in the form of a point

Tor coses %)‘4‘8 - solve us'\no& eliminotion 4o chshnq)uishm ase8. Soludhons con ke:
D Contradichon (ie. O=3)—> (ase. ¥6 (Tnon%ular Prism)-no solden

2) True Srlement (ie. 0=0)-» Case ¥+ (vadhed} - tine of infersechon

3 Unigue volug Jov- variobles > (ase ¥8- single point of inlersection. .8



Intersection Of Three Planes Ax+Bu+ Cz+D=0

***Major Step: Determine how many normal vectors are parallel to each other™**

Case 1: (Three'normals are parallel to each other. ie. ny = kn; = sn;, k,seR
e Therefore, we have 3 parallel planes.

Porelle) < dishnct  glones comadent % | dishngt 3 plones parellel ond coinadent
9 T,
T
/ T, /L_/% 3 Mm
; 3 Fad
One pair of D values Two pairs of D values
No pair of D values are scalar multiples are scalar multiples
are scalar multiples D, = kD, D, = kD, = sD3

Case 2:(Two'normals are parallel to each other.

e Therefore, we have 2 parallel planes Check to see if two planes are coincident.
¢ If not, you have the first picture

Ty »
T3 T2 o No Intersection
m e If so, you have the second picture
T3 o Planes intersect in a line
Note: For the second picture:
n_{ = kﬁ; and D1 = kDZ

Case 3: (N0 normals are parallel to each other
e Therefore, we have O parallel planes

>Check if normals are coplanar i.e. Perform n- (n; X n3) =0 ?2? or Eirecﬂy SolveJ

If normals are coplanar (i.e. 71, - (; X 73) = 0) you have:| If normals are not coplanar
Triangular Prism Pinwheel (i.e. n; - (n3 x73) # 0 ) you have:
T T
/ T -
T, or 3
T3
T
T3 T,
No intersection Line of intersection One point of intersection

>You must solve the system to determine which case.
Strategy: Use @ and @ to get @, then ® and @ to get ©. Use ® and ® to solve for variables.

Find: 1) Contradiction (0=3)  2) True Statement (0=0) or 3) Unique values for variables



Definitions:
A system of three planes is consistent if it has one or more solutions.
A system of three planes is inconsistent if it has no solution.

Method for solving (possible) intersection of 3 planes

1. Check the normals for parallel or coincident planes. Suppose three distinct planes have
normal vectors 7, 1,, i1,. To determine if there is a unique point of intersection, calculate

n, e( n,xn,)
> If n,e(n,xn,)#0,the normal vectors are not coplanar.

* There is a single point of intersection
» If 0, e(i,xn,)=0,the normal vectors are coplanar.

* There may or may not be points of intersection
o Ifthere are any points of intersection then they lie.on.a line

2.  Using IT: and IT>, solve for 2 variables in terms of the third (similar to intersection of 2

planes).
3.  Substitute new equations into IT; and interpret results:
a) Point (solution of parameter eg. t = 4)
b) Line (infinite possible # of solutions for parameter eg. ot = 0)
c) Plane (infinite possible # of solutions eg. IT: = kIT- = mI1s)
d) None (if ot = #)

Introduction to Matrices

Mathematicians often develop new notation and ideas to help ease complicated calculations or
procedures. The process of solving the system can be simplified by using a matrix to help
organize and eliminate variables efficiently.

Informally, a matrix (the plural form is matrices) is an array of m rows x n columns.

For example,

-1 2 O
A=|3 -4 5
1 2 7

A is a 3x3 matrix since it has 3 rows and 3 columns.

We often use a single, capital letter to represent a matrix, such as A in our example.
Further, Ajj is the notation used to reference the element in the ith row and jth column of
matrix A. In this example, Az1=1.

6 6 -1 7
ROW MATRIX: [1 75 - l] COLUMN MATRIX: | 0 SQUARE MATRIX: | 5 7 9
15 -4 -5 0
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To translate a system of linear equations into matrix form, we write the coefficients and the
constant terms of the linear equations as elements in the corresponding locations in the matrix.
From example
lz + 2y — 4z =3
—22 + 1y 32 =4
e — 3y —1z =—2

becomes

1 2 -4 3
-2 1 3| 4
-3 —1|-2

Such a matrix that includes the constant terms is known as an augmented matrix, and the
elements in the matrix to the left of the vertical line form the coefficient matrix.

Gaussian Elimination

The benefit of using matrices becomes obvious when solving linear systems using a process

known as Gaussian elimination.

In Gaussian elimination, the aim is to transform a system of equations in augmented matrix
form, such as

1 2 —4 3
4 -3 -—-1|-2
into another augmented matrix of the form
a b c|d
D=]10 e fl|g
0 0 h|:1

where D is known as a matrix in row echelon form.

Row Operations

To transform the original augmented matrix into row echelon form, we perform row operations.
Possible row operations are as follows:

Multiplying each entry in one row by a (non-zero) scalar

Adding (or subtracting) one row to (from) another

A combination of the above two row operations

Interchanging rows

20



Examples: Investigate the intersection of the planes.

M, :12X-y+32-2=0
M, :14X-2y+6Z2-3=0
M, :X-3y+22+10=0

2 -1 3|2 1 -3 2]-10 1 -3 2]-10
4 2 6|3 |RoR |4 2 6/3 | (2)xR+R>R[4 2 63
1 -3 2-10 2 -1 3|2 0 0 0]-1

The third row of the matrix corresponds to the equation oy =-1, which has no solution.
Thus, this system of equations has no solution and therefore, the three corresponding planes
have no points of intersection.

To visualize this geometrically, we note that
n =2m
[4,-2,6]=2[2,-1,3]
D, #2D,

The normal vector of the third plane, r, = [1,-3,2] is not parallel to either of these, so the third

m

plane must intersect each of the other two planes in a line.

Using your GDC:

1

Press for the “matrix” menu. Cursor to the right to the EDIT menu. Choose the number for the matrix
you want to edit. Enter the number of rows, and the number of columns you want for the matrix when

prompted for Dxl:’ , then press . For example 3x4 for a system of 3 equations.
Enter the values of the coefficients and the constant from the system into the matrix. When you are finished

entering the values, press to go back to the home screen.

Press for the “matrix” menu, cursor to the right to the MATH menu. Scroll down and choose B: rref( for
“reduced row echelon form” then press enter.

When prompted for the matrix name, press for the “matrix” menu, then choose the number for the
matrix you are working with under the NAMES menu. Press enter.
1 0 0 a
The screen should give you the solution in the form of [0 1 0 b] where the solutionisx = a,y = b,z = c.
0 0 1c
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Investigate the intersection of the following planes.
m i2x-y+3z-2=0 — @
1) 7,:x-3y+2z+10=0 —@
7, :5X-5y+8z+6=0 —®

S*er@ : 7?,: [&,-l ,5:' 7\7: r.l '-3'2] ?’:’; [5:‘5:83
No Pa%r s collinear

Check .Fo{ cop |ana§|13 L:J -cwo.lucd;ln n. (ﬁ':_ x’ﬁ’s):
[2.-1,3] .([l,-s,z]x[s,-s,s]) L -3 .2 1. -3 2

y -ggve -5 %
= [:2,-\,31[—.’24+|o,lo-%,—5+ls:\

- [a~1,3].[-14,2,10) Suce e il scnlo product s geve

= -as-atdo / e H‘\ree nomals ave Corlww’- Hence:

=0 ﬂfe_ lanes e.\“:e\/ have a lme. n Commen o¥ No
Pewf\' WM Coammon.

. Sob ﬂ:e s s+m:
S‘I‘P@ 6;._2)‘@3. AX-y+32-2=0
- 2x-%ythz+20=0

Sy-z =22 —_—®

sx®—-0B: 5x-154y+102+50=0
5X—b5u4+82+€ =O

~loy+az =-4%4+— @
2@ +®: loy-22= 4

=10y +2z =44

0=0 Tyue S‘E:a{'.emehl- %nmed'e So\ubm

F"°""® L Z= 53—22
From @ L X= 35—22—\0
Lc'l: 3: 'l'-'
z=st-22a
x = 3t-2a(6t-23)—Io
X = 3t-1ot +44—10
X=-FE+3%

zvqbon o-F H:-,_ e o m‘te.rsec{'.non IS .
¥=[3w,0,-23] + t[71,5] ,ter
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2 -1 3
2) 1 -3 2
5 -5 8

2
-10
-6

e 2x—y+3z-2=0 2 -1 3)2
M x-3y+2z+10=0 1 -3 2/-10
ne  Ix—5y+8z+6=0 |[5 -5 8|-6

1 -3 2|-10]
ReoOR — |2 -1 3|2
5 -5 8|6 |

2xR+R, >R, |1 3 210
0 5 -1(22

1 -3 2|-10
-2xR,+R, >R, |0 5 -1/22
0O 0 O0fO0
S5y—z=22
{x—3y+22=—]0
Let y=1t,
z=-22+5t
{x—3t+2(—22+St)=—10—>x=34—7t

Equation of line of intersection

r=[34,0,-22]+1[7,1,5]




3)

M, 1X+3y-2+9=0 —@®

M, :X-y+z-11=0 —@
n,:x+2y+4z-5=0 —&@
ﬁz[‘ 13,"'] ﬁ:ﬁ-[' 1,1 ?\;:.['ﬁ?:":l .. No Pqiv is colhnear

Ay. ALxNy
:D,3,-l__‘.([t,-l,|']x[;'.:z.4]) t
= [1,3-1] . [-4-a,1-4,2+1]

= [‘:3,-‘_.!~[- 6,-3 .3]

c-¢-9 -3

--18 #0

-1 .1
- e Bl N 2

T[le- VIOYMAls are 'lb‘t C-oP “M‘\Y .

-mere. s mFolVfl: O,F, m"Jevsect!éh-

Solwv\j e .sas‘bem:
O-® - hy-22=-20 —®
O-@ - Yy-5z=-1 —

®-4x® : 1I¥2=3¢
[Z=2]

Subm ®:

=—14+5(2)

g=—F

Sub m@:
x+3CH)-2+9=0
A=5

U The 3 Plomes witevsect of o POi"l: CS,-‘I-,:.)
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M, :2X+3y+z-1 =0
4) M,:X-y+z2-2=0
M, 12X-2y+27-4=0

n, = [313, 1] D=~

C ? 2=i=t |
= [, ]x0,-1,1] i e |
= [341,1-3,-2-3)

= [4,-1,-3]

Su'o 'j;o s W<,
Ax+z=1 —O
X+z2=2 —®
@—@Z ==\
Subm@®: Z2=2+I
[Z=3]
.. The equa ion of the lne o{‘_ mbersection iIs -
Y= E’\,O,'s]-\"t[l-l-,-h‘g] "EQ‘R
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2x+y-3z+5=0 —Q
5) X+y+z-6=0 —@®
4x-5y+z+3=0 — Q@
7!’,:. [2,|,—3] YT:= D.': 1] 71;:["",-5', 1] Ne paiy 18 collinear .
. mxr § ot
=[2,1,-31.(01 1,10 x [#,-5,1])
=[2,1,-3]. [1+5,4-1,-5-%]
- [_2,',-3]. [‘l 3;‘ﬂ]

2 RR+3+2F -
=42 -'/=O The mrm.ls arve m‘t c,,quu.v. There s o Fo-n't O-F m'tevsecfwn.

O —-a2x®: 2xty-3z+5=0
2AxX+Ay+2-12=0
-4-52 =-IF
Y= 1¥-52 — @

Ux@® -0@: kxt4ythz-at=0
bx-54y+Z2+3=0
45 + 32 =%
y+z=9 — O

Sub® n®: 3(1#-52)+==9
S5l-152+2 =9
""f}:-‘f-a

‘2'= 3|
Sub n®: 35+3=‘7
33:6
5:2

Sub m® : x+2+3—£=0
xX=|

.. The 3 P’qhes mtersect of a Pol'nt (l,Q,%)_



Practice

1. Given the related augmented matrix, find the solution to the system

1 o o|3 1 0 4|12
a. [o 1 0|2 c.|lo 1 2|7
0 0 1|5 0 0 1|4
(0 2 0|6 o o 1|7
b.|o o -3|9 d. |3 1 ol4
_4008 0O 0 0|-5

2. Use Gauss-Jordan elimination to find the intersection of each of the following sets of planes

X+3y-z+9=0 X-y-22-5=0
a. X-y+z-11=0 b. 2x+2y+z-1=0
X+2y+4Z-5=0 X+3y+3z-10=0
2X+3y+7Z-1=0 2X-y+3z2=0
c. X-y+z-2=0 d -2x-3y+2z+10=0
2X-2y+272-4=0 5X-5y+8z+6 =0

3. Find value(s) of a and b so that the planes
2X+y-Z=0
X+2y+3z=0
3x+ay+2z+b=0

(a) intersect in a line
(b) intersect at a point.

4. For what value of k will the following set of planes interesting in a line?
7, 1X-2y-32=0
7T, X+9y-52=0
7, kx-y+z=0

Answers
2. a. (5,-4,2) .a. a=3,b=0
1. a. (3,2,-5) >4 : ’ ’
b. (2,3.-3) b. Nosolution. b. a*3,beR
S c. ¥=[0,2,0]+t[2,1,-1
C. (_4a_134) [16 22] [ ] -9
d. No solution. d. r=[—,=—,0]+1t[7,-1,5] 4. k=—=
5 5 37
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Warm -up

Determine the intersection of the following planes

X-y+z=-2
a. 2x-y-2z=-9
3X+y-z=-2

X+y+2z=-2
b. 3x-y+14z=6
x+2y=-2

3X+2y-z=0

C. 3X-5Y+4z=3
2x-y+z=1

X-y+4z=5
d. 3x+y+z=-2
5X-Yy+9z=1

Ans: [(-1,3, 2)]

Ans: [x,y, z] =[1,-3,0] +[—4, 2, 1]

Ans: £ =[2,-3,0]+[-1,5,7]
77

Ans: No intersection exists
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MCV4UZ Unit 5 Review: Equations of Lines & Planes

1. Find the distance between the following skew lines

X_Y-4_,. g

3 4

, XFt1_y-5_z+2
2" o 5 2

a) L :[xy,z]=[-211]+t[3,1,1];teR b) ¢, :
L, :[x,y,z]=[7,-4,3]+s[-1,1,0];s€eR

2. Solve the following systems of equations. Give a geometrical interpretation of the
system and its solution.

) 5 :x-5y+22-10=0 b) 7,:2X+y+62-7=0
m,:X+7y-2Z2+6=0 M, 13X+4y+32+8=0

M, :8X+5y +2-20=0 M, X-2y-42-9=0

X=3s
3. Determine the shortest exact distance from the point A(1, 2, 3) and the line {y =1+4s.
Z=5+S

4. The shortest distance between the point (1,3,2) and the line is /3 units. Find

x-1=y-3:z-k
-1 1 2
the value(s) of k.

5. Consider the following three planes:
® 4x+3y+3z=-8

@ 2x+y+z=—-4
® 3x-2y+(m*—6)z=m-4
Determine the value(s) of m for which the planes intersect in a point.

6. Prove that the following planes may intersect in a line provided that a® + b®> +¢* =1-2abc .
M, i-X+ay+bz=0
M,:axX-y+CZ =0
mM,:bx+cy-z =0
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MCV4UE Unit 5 Review: Equations of Lines & Planes

1. Find the distance between the following skew lines

a) L, :[xyz]=[-2,1,1]+t[3,1,1];teR b) r:-=""%-2-8
L2:[X’y’z]=[7’_4’3]+s[_1’1’0];sER ?{+14y—5 Z+2
0, > = 5 = 5

P=(-2,1,1) & Q(7,-4,3) P=(0,4,8) & Q(-1,5,-2)
T :[_2, -5 2:' ﬁi = [-1, 1, -10:'
m, xm, =[3,1,1]x[-1,1,0 m, xm, =|3,4,1]x[2,5,2]
- : [-21’4] = [3, -4, 7:|
PQ- (ml sz) - [9’-5’2] ¢ [-1’ -1’4] W) ° (EXE) - I:'la 1a'10] ¢ [3,'43 7:'

j4 2 2 — 77
‘mlxmz = 1" +1* +4* =32 ‘mlxm2 =3 +4°+7° =74
d- ‘PQ-(mlxmz) _ |4| _ 2\/5 anits ‘PQo(mlxmz) |_77|

|m1 xm, 32 3 d= ‘m xm ) J74 - 8:95 units

2. Solve the following systems of equations. Give a geometrical interpretation of the
system and its solution.

) 7 :x-5y+2z-10=0
M, X+7y-2Z2+6=0
M, :8X+5y+2-20=0

1 -5 2|10 1 -5 2|10 1 -5 210
—R,—>R
'Rl Rz R2 \ 2 2
1 7 -2/-6 _SR;R;RS >0 12 -4 |-16 ﬁ) o 3 -1/-4
8 5 120 0 45 -15-60| ®*° ° |o 3 -1]-4
1 -5 210
Ra+R;ORy | o 3 -1]-4
o 0o o|o

3y-z=-4 and x-5y+2z=10
Lety=t then z=3t+4 and x=5t-2(3t+4)+10 or x=-t+2

Equation of line of intersection:r = [2,0,4]+t[-1,1,3] ,teR




MCV4UE Unit 5 Review: Equations of Lines & Planes

b) m:2x+y+6z-7=0
M,:3X+4y+32+8=0
M, :X-2y-42-9=0

2 1 6|7 1 -2 -4|9 1 -2 4|9
3 4 318 —/"%5/3 4 3-8 —FRRl0 10 15135
1 -2 -4|9 2 1 6|7 0O 5 14(-11
. 1 -2 4|09 1 -2 4|9
—R,—R, -5R,+R, >R
—1* 30 1 1.5[-3.5 233 510 1 1.5-3.5
0 5 14|-11 0O 0 6.56.5

6.52=6.5 =
y+1.52=-3.5 ——
X-2y-4z=9 %

Point of intersection:(3,-5,1)

X=3s

3. Determine the shortest exact distance from the point A(1, 2, 3) and the line {y =1+4s.
Z=5+S

A(1,2,3),B(0,1,5)[Blies on the line]
AB=[-1,-1,2] , m=[3,4,1]
ABxm =[-1,-1,2]x[3,4,1]
=[-9,7,-1]
ABxm

d =
m|

\j32 +42 +11
= \/131 or \/3406 units

\J26 26




MCV4UE Unit 5 Review: Equations of Lines & Planes

4. The shortest distance between the point (1,3,2) and the line = _11 = y; S _2
the value(s) of k .
P(1a332) and Q(1,3ak) d =—P0me|

ﬁi=[1,39k]'[19392]=[O,O9k'2] 5 I;=['19192]

m

is /3 units. Find

PQxm =[-1,-1,2]x[0,0,k-2] \F;/z(\z/;k)z
6

=[2-k,2-k,0]

|P4Q’><B|=J2(2-k)2 \/E:«fz(z-k)z

|ﬁ|=m 18=2(2-k)*

9=(2-k)
=6 +3=2-k

3=2-k or -3=2-k

k=-1

5. Consider the following three planes:
® 4x+3y+3z=-8

@ 2x+y+z=-4
® 3x-2y+(m*—6)z=m—-4
Determine the value(s) of m for which the planes intersect in a point.

4 3 3 -8 2 1 1 -4 2 1
2 1 1 -4 |—R2R 514 03 3 | -8 2hRoR 500 1
) ) SRR R,

3 -2 m*-4m-4 3 -2 m*-4m-4 o 7
L 2

2 1 1 -4

7R,+R; >R,
—=2 " " 5l0 1 1 o

0 0 2m®-8|2m+4

To have only one point of intersection we must have m = —2.

k=5
1 -4
1 o

2. 152m+4

2




MCV4UE Unit 5 Review: Equations of Lines & Planes

6. Prove that the following planes may intersect in a line provided that a®> +b* +¢®* =1-2abc .
M, :-X+ay+bz=0
M,:axX-y+CZ =0

m,:bx+cy-z =0

Three planes intersect inaline iff n, o( n,xn, )= o.

F1,a,ble([a,-1,c]x[b,c,-1])=0

Fi,a,b]e[1-c*,cb+a,ac+b]=0
-1+c*+a(cb+a)+b(ac+b)=0
~1¢c*+acb+a*+bac+b*=0

La*+b*+c¢*=1-2abc



Quiz: Equations Of Planes Name:

1. Determine two points on the plane OP =[2,0,-1]+s[0,2,-1]+1[5,3,4] .

SuL s=0 ;'t:O .érm'nt (2’0’_')
Sub s=1, t=o0=> FOM‘E (;,; ’-_2>

2. Determine the parametric equations for the plane [x -2,y,z-3] =s[1,1,1]+t[0,3,5].

¥=[20,3] s, d+t[o28

qume‘l:n'c. e_al}m'hons =2 A=24+s

Y= s-1-31‘: s ’-t ER
Z=3+s+5
3. Give a vector equation for the plane described by x =3-s+4t ,y=2t, z=1+4s-5t.

7= [30,0+sf1,0u1+t[+,25]  ster

4. Find a normal to the plane r=[3,1,-6]+s[0,1,1]+t[-1,2,1].

W=[°:'.']XE':Q»‘] G 11 o |
n= [1-2,-1-0,0t1] -l

W= [0-1,1]

5. Find vector and parametric equations of each plane.
a) plane parallel to xy- plane through the point (1, 3, 5).
Y= [,35]+s[hecl+t[o,1,0] ster
AX=1+s
y=3+t s, temR
Z2=5
b) The plane through (3, -5, 1) and parallel to the plane given by

xX=s+3t-5,y=2+s-t,z=s+t-5

or ¥el-s,arsleslnd+t[3, 1,0 ,s.ter
Veclsy EJVAA'L'lon of Flome T

?: [3,—5,|]+ME,|,I]+n[3,-l,l-_l m,n ER

Pavqme‘lwc e,vm‘tl'ons = X=3tmt3n
tj.-_—b‘+m—n m, h €R

Z=l+rm+n
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A B c
c¢) The plane through the points (1, -3, 2), (0, 1, -2) and (9, 2, 0).
— ——>
d\ :AB = [-IJ "l'p-q']
c_j:_:. A-? = E?»g.v-z]

Vecloy evm'l.:lo'n 0'(1 the 'Plama Is _Y_>= E,‘?a,?_-_“l-S[—l,q-,-ﬂ +t[?,5,"f_l s,t ER

Pavamednc abois ave X =I1-S+st

: 7 =—3+4s+5L
2 = 2-4s-at

6. Find a scalar equation for each plane .

s,teR

a) The plane with direction vectors [1, 5, -2] ,[0,0,1] through the point (3,4,1).

w=[1,5-2]x[o,0,1] | 5 -2 1 5 -2
w=[s,-1,0] g ovi7moero |
EX-y+D =0
Sub (3,#,) © 5()-4+Dd=0
D=-1!

.. The scalav e,?ua‘tlo'h s 5x-y-l=0
b) The plane containing the line[x,y,z] =[1,3,-1]+1r[3,2,2] and parallel to the
x=2+3s8,y=-25,2=4=> ¥ =[2,0,4]+s[3,-2,01 ,sER

- .7
W=dixd, 3 2 .2_.3.,2 2

= [312113)( [Bl—alo] -:’) -2 0 3 -2 O
= [0+4-,6—o,—5~€] . AX+3y-€2+D=0

= [4,6,~12] Sub (1,3,71) : 2())+3 (3)—((_3.,.3;@
= 2[2,3,—6?\ 2+ﬁ+c:_jl>;;o

. The o:l'_lbn 1S 2x+-35-—€z-—|:,r.=o
c¢) The plane through the point (0,2,-1) and perpendicular to the line [x, y, z] =t[3,-2,4]
T
d=n-= [3 ~a,4 ]
3Xx =2y + 4z +D=0O

Sub (O,R,—D :
3@-30)+ #() 4 Dao
-8+D=0
D=2

.. The sml«v 67/ua'kl.on s 3x—23+l|-2+?.—_o
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